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PREFACE 


The  ”New  Complete  School  Algebra”  is  intended  for  the 
use  of  the  same  classes  as  was  the  earlier  ”  Complete  School 
Algebra,  Revised  Edition.”  The  present  book  combines  the 
material  of  the  ”New  First  Course  in  Algebra”  and  the  ”New 
Second  Course  in  Algebra”  in  a  form  convenient  for  use  in 
courses  of  more  than  a  year  in  length. 

A  large  amount  of  review  material  is  to  be  found  at  the  point 
where  the  second  year  of  work  commences,  since  it  was  felt  that 
there  should  be  an  adequate  opportunity  for  the  pupil  to  return 
to  the  fundamentals  of  algebraic  technique  before  proceeding 
with  the  more  advanced  work  of  the  second  year. 

As  in  the  case  of  the  former  edition,  emphasis  has  been  placed 
on  the  Oral  Exercises  which  appear  at  the  beginning  of  the 
treatment  of  each  new  topic.  The  hint  has  also  been  used 
freely  in  the  lists  of  written  exercises  in  order  to  call  the  atten¬ 
tion  of  the  pupil  to  the  best  approach  to  the  particular  problem 
represented  in  the  new  exercises,  before  he  has  had  a  chance  to 
develop  wrong  habits  in  the  performance  of  his  task. 

The  work  on  graphs  has  been  considerably  modified  in  treat¬ 
ment  to  conform  to  modern  tendencies  in  graphical  presenta¬ 
tion.  The  first  approach  to  the  subject  is  from  the  direction 
of  graphing  statistics.  The  pupil  will  probably  already  be 
familiar  with  graphs  as  they  appear  in  the  daily  newspapers 
and  current  periodicals.  This  work  is  included  early  in  the 
text  as  it  is  of  interest  to  the  student  and  tends  to  make  him 
feel  more  at  home  in  the  subject  of  algebra. 

The  next  approach  to  graphs  is  from  a  more  purely  mathe¬ 
matical  angle.  The  graphs  of  equations  and  functions  are  used 
to  bring  out  the  idea  of  the  variable.  The  method  of  plotting 
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the  graphs  of  linear  equations,  as  well  as  quadratic  and  higher- 
degree  equations,  is  discussed  and  explained.  The  entire  pres¬ 
entation  of  the  subject,  as  well  as  the  accompanying  exercises, 
is  intended  not  only  to  be  of  practical  value  to  the  pupil  but  to 
stimulate  his  interest  in  the  study  of  the  algebraic  expression. 

Throughout  the  book  every  effort  has  been  made  to  provide 
the  pupil  with  problems  of  real  interest  dealing  with  situations 
already  more  or  less  familiar  to  him.  In  doing  this,  equal  care 
has  been  taken  to  make  certain  that  such  scientific  and  en¬ 
gineering  formulas  as  are  given  shall  be  accurate  and  of  real 
use  in  the  fields  from  which  they  have  been  taken.  Thus  the 
pupil  will  be  less  likely  to  receive  a  distorted  picture  of  the 
type  of  problem  in  which  the  applied  scientist  is  interested, 
and  will  therefore  gain  familiarity  with  the  way  in  which  the 
formula  is  used  in  scientific  work.  This  familiarity  should  be 
of  value  to  him  in  his  future  work  in  scientific  subjects. 

The. chapter  on  Linear  Systems  does  not  include  solution  by 
determinants,  as  it  was  felt  that  the  inclusion  of  this  topic  at 
this  point  might  confuse  the  pupil  and  divert  his  attention  from 
points  more  essential  to  a  clear  understanding  of  the  elements 
of  the  subject.  But  since  there  are  many  teachers  who  do  wish 
to  give  their  classes  a  knowledge  of  the  solution  of  linear 
systems  by  the  method  of  determinants,  a  separate  chapter 
on  Determinants  and  their  application  in  the  solution  of  equa¬ 
tions  has  been  included. 

The  chapters  on  Logarithms  and  Trigonometry  have  been 
placed  together  and  somewhat  earlier  in  the  book  than  was 
formerly  the  case,  as  these  topics  are  of  interest  and  value  to 
the  pupil  in  fields  other  than  algebra. 

The  authors  wish  to  take  this  opportunity  to  express  their 
appreciation  to  the  many  teachers  in  all  parts  of  the  country, 
whose  criticism  and  suggestions  have  been  of  such  great 
assistance  in  the  preparation  and  revision  of  this  series. 
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CHAPTER  I 

INTRODUCTION 

1.  Numbers  and  symbols  in  arithmetic.  In  arithmetic, 
integers  or  integral  numbers,  such  as  5,  18,  203,  etc.,  are 
used  to  indicate  the  number  of  objects  or  units  in  a  given 
group  which  have  been  or  which  can  be  counted.  In  each 
case  these  symbols  for  integers  consist  exclusively  of  the 
Arabic  numerals  0,  1,  2,  3,  4,  5,  6,  7,  8,  and  9. 

When  in  the  study  of  arithmetic  one’s  attention  is  called 
to  less  than  or  more  than  all  the  parts  of  one  object,  the 
amount  considered  is  represented  by  a  fractional  number, 
such  as  I,  f,  f,  0.8,  and  1.25. 

The  fundamental  processes  of  arithmetic  included  addi¬ 
tion,  subtraction,  multiplication,  and  division,  which  were 
indicated  by  the  symbols  ,  X,  and  -f-  respectively. 

The  number  symbols  and  the  symbols  of  operation  with 
numbers  which  were  used  in  arithmetic  will  be  used  in 
algebra  as  well.  One  of  the  striking  features  which  will 
appear  as  the  student  enters  upon  his  work  in  algebra 
will  be  the  extent  to  which  additional  symbols  are  used 
to  represent  numbers. 

2.  Number  symbols  of  algebra.  In  arithmetic,  letters  are 
rarely  used  for  numbers,  but  in  algebra,  letters  as  well  as 
Arabic  numerals  are  used  to  represent  numbers. 
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Thus,  in  the  statement  interest  =  principal  X  rate,  i  may 
be  used  to  represent  the  number  of  dollars  in  the  interest 
paid,  p,  the  number  of  dollars  in  the  principal  or  sum  bor¬ 
rowed,  and  r,  the  rate  of  interest.  Then  the  fact  that 
interest  =  principal  x  rate  is  expressed  in  terms  of  these 
letters  by 


i  =  pxr 


The  practice  of  representing  numbers  by  letters  illus¬ 
trates  one  of  the  main  features  of  algebra  as  distinguished 
from  arithmetic.  By  this  means  we  are  frequently  able  to 
condense  into  a  compact  form  a  statement  which  is  much 
longer  and  often  less  clear  when  expressed  verbally. 

3.  Symbols  of  multiplication  in  algebra.  In  addition  to 
the  symbol  X,  which  is  used  in  both  arithmetic  and  algebra 
to  indicate  the  process  of  multiplication,  frequent  use  is 
made  in  algebra  of  the  dot  ( •  )  placed  between  two  num¬ 
ber  symbols,  as  in  a  •  b,  to  indicate  the  multiplication  of 
a  and  h.  The  product  of  numbers  is  also  indicated  by  writ¬ 
ing  the  number  symbols  in  immediate  succession,  as  in  2  a, 
5  X,  cd,  etc. 

Hence  the  product  of  five  and  t  may  be  expressed  as  5  X 
as  5  •  /,  or  as  5  t,  of  which  the  last  method  is  the  most  common 
in  algebra. 

A  number  multiplied  by  itself  is  said  to  be  squared,  and 
the  resulting  product  is  called  the  square  of  the  original 
number.  The  symbol  for  the  operation  of  squaring  a  num¬ 
ber  is  a  small  2  placed  at  the  upper  right  of  the  number 
squared.  Thus  2  squared  =  2  •  2  =  2^  =  4. 


INTRODUCTION 


o 

o 


ORAL  EXERCISES 

Express  the  following  in  words : 


1.  3  X  4. 

14.  p  •  r  = 

2.  5  X  a. 

15.  A  =  Iw. 

3.  2  •  s. 

16.  d  =  rt. 

4.  7  c. 

17.  p  =  2  1  2  w. 

5.  s  +  5. 

18.  A  =  ^  X  ah. 

6.  c  -  6. 

19.  A  =  s\ 

7.  2  m  +  3. 

20.  N  =  s%. 

8.  a  2. 

21.  A  —  r^. 

9.  4  X  <  =  '8. 

on  d 

22.  ^  =  7* 

O 

• 

CO 

II 

00 

• 

V 

11.  c  —  5  =  8. 

23.  d  =  1  gf. 

12.  5  X  +  2  =  12. 

24.  V  =  Iwh. 

IS.  S  n  —  n  =  18. 

2S.  V  =  r%. 

Origin  of  symbols.  Many  of  the  symbols  that  are  in  common  use 
in  algebra  at  the  present  time  have  histories  which  not  only  are 
interesting  in  themselves  but  which  also  serve  to  indicate  the  slow 
and  uncertain  development  of  the  subject.  It  is  often  found  that 
symbols  which  seem  without  meaning  represent  some  abbreviation 
or  suggestion  long  since  forgotten,  and  that  operations  and  methods 
which  we  find  hard  to  master  have  sometimes  required  hundreds  of 
years  to  perfect. 

In  the  early  centuries  there  were  practically  no  algebraic  symbols 
in  common  use ;  one  wrote  out  in  full  the  words  plus,  minus,  equals, 
and  the  like.  But  in  the  sixteenth  century  several  Italian  mathema¬ 
ticians  used  the  initial  letters  p  and  m  for  +  and  —  .  Some  think 
that  our  modern  symbol  —  came  into  use  through  writing  the  initial 
m  so  rapidly  that  the  curves  of  the  letter  gradually  flattened  out, 
leaving  finally  a  straight  line.  The  symbol  +  may  have  originated 
similarly  in  the  rapid  writing  of  the  letter  p.  In  the  opinion  of  others 
these  symbols  were  first  used  in  the  German  warehouses  of  the 
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fifteenth  century  to  mark  the  weights  of  boxes  of  goods.  If  a  lot  of 
boxes,  each  supposed  to  weigh  100  pounds,  came  to  the  warehouse, 
the  weight  would  be  checked,  and  if  a  certain  box  exceeded  the 
standard  weight  by  5  pounds,  it  was  marked  100  +  5 ;  if  it  lacked 
5  pounds,  it  was  marked  100  —  5.  Though  the  first  book  to  use  these 
symbols  was  published  in  1489,  it  was  not  until  about  1630  that  they 
could  be  said  to  be  in  common  use. 

Both  the  symbols  for  multiplication  given  in  the  text  were  first 
used  about  1630.  The  cross  was  used  by  two  Englishmen,  Oughtred 
and  Harriot,  and  was  probably  an  adaptation  of  the  letter  x,  which 
is  found  some  years  earlier.  The  dot  is  first  found  in  the  writings  of 
the  Frenchman  Descartes.  It  is  interesting  to  note  that  Harriot 
was  sent  to  America  in  1585  by  Sir  Walter  Raleigh,  and  returned 
to  England  with  a  report  of  observations.  He  made  the  first  sur¬ 
vey  of  Virginia  and  North  Carolina,  and  constructed  maps  of  those 
regions. 

It  is  strange  that  the  line  was  used  to  denote  division  long  before 
any  of  the  other  symbols  here  mentioned  were  in  use.  This  is,  in 
fact,  one  of  the  oldest  signs  of  operation  that  we  have.  The  Arabs, 

as  early  as  a.d.  1000,  used  both  ^  and  a/b  to  denote  the  quotient  of 

a  and  6.  The  symbol  -r-  did  not  occur  until  about  1630. 

Equality  has  been  denoted  in  a  variety  of  ways.  The  word  equals 
was  usually  written  out  in  full  until  about  the  year  1600,  though 
the  two  sides  of  an  equation  were  written  one  over  the  other  by  the 
Hindus  as  early  as  the  twelfth  century.  The  modern  sign  =  was 
probably  introduced  by  the  Englishman  Recorde,  in  1557,  because, 
he  says,  ''Noe.  2.  thynges  can  be  moare  equalle”  than  two  parallel 
lines.  This  symbol  was  not  generally  accepted  at  first,  and  in  its 
place  the  symbols  II,  oc,  and  oo  are  frequently  met  during  the  next 
fifty  years. 

EXERCISES 

Use  symbols  to  indicate  the  following  numbers  and 
operations  with  numbers : 

1.  Three  increased  by  two.  3.  A  less  six. 

2.  Twelve  decreased  by  five.  4.  C  increased  by  8. 
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6.  Two  times  a. 

6.  One  increased  by  5  times  x, 

7.  M  added  to  7. 

8.  2  plus  a, 

9.  Four  minus  2  times  y. 

10.  Area  of  a  rectangle  equals  length  times  width. 

11.  Area  of  a  triangle  equals  one  half  the  product  of  the 
base  and  altitude. 

12.  Area  of  a  circle  equals  ^  times  the  square  of  its 
radius. 

13.  Distance  equals  speed  times  the  time. 

14.  Perimeter  of  a  rectangle  equals  twice  the  length 
plus  twice  the  width. 

15.  Average  of  two  numbers  equals  their  sum  divided 
by  2. 

16.  Area  of  a  square  equals  the  square  of  its  side. 

17.  Volume  of  a  rectangular  solid  equals  the  product  of 
the  length,  breadth,  and  thickness. 

18.  Volume  of  a  cylinder  equals  the  area  of  its  base 
multiplied  by  its  altitude. 

19.  A  certain  number  divided  by  3  is  7  with  a  remainder 
of  2. 

4.  Algebraic  expressions.  A  letter  or  a  group  of  number 
symbols  involving  one  or  more  letters  which  stand  for 
numbers  is  called  an  algebraic  expression. 

Thus,  if  n  stands  for  some  number,  7n,  n  +  2,  5n  —  1, 
—f  etc.  are  algebraic  expressions. 

Algebraic  expressions  in  which  the  letters  stand  for  the 
measures  of  distances,  volumes,  intervals  of  time,  or  other 
quantities  are  often  called  formulas. 
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Since  each  letter  in  an  algebraic  expression  or  formula 
stands  for  some  number,  it  follows  that  the  entire  expres¬ 
sion  stands  for  some  number  and  depends  for  its  value 
on  the  values  of  the  several  letters  involved. 

Thus,  if  a  =  2,  then  the  algebraic  expression  a  +  5  stands 
for  7 ;  but  if  o  =  9,  then  a  +  5  stands  for  14. 

Again,  if  m  =  4  and  n  =  6,  then  mn  stands  for  24,  and 
mn  —  2  stands  for  22  ;  but  if  w  =  5  and  n  —  then  mn  stands 
for  35  and  mn  —  2  stands  for  33. 

ORAL  EXERCISES 

1.  What  number  does  3  d  represent  if  d  =  10  ?  if  d  =  100  ? 

2.  What  number  does  5  x  +  2  represent  ifx  =  l?ifa:  =  3? 

3.  What  number  does  2d— 7  represent  if  d=4?  if  d=10? 

4.  What  number  does  I  +  w  represent  i^l  =  6  and  w  =  21 
if  ^  =  10  and  w  =  SI 

5.  What  number  does  a  +  6  +  c  represent  if  a  =  12, 
6  =  5,  and  c  =  9  ?  if  a  =  8,  6  =  15,  and  c  =  10  ? 

6.  The  fact  that  p,  the  distance  around  a  square,  is  four 
times  the  length  of  one  of  the  sides,  s,  is  stated  by  the  ex¬ 
pression  p  =  4  s.  Find  p,  if  s  =  3  inches ;  if  s  =  5  inches ; 
if  s  =  12  inches ;  if  s  =  15  feet ;  if  s  =  21j  feet. 

7.  The  fact  that  the  perimeter  of  a  rectangle  is  the  sum 
of  twice  the  length  increased  by  twice  the  width  is  ex¬ 
pressed  hy  p  =  2l-\-2w.  Find  the  perimeter  of  a  rectangle 
which  is  4  inches  long  and  3  inches  wide.  Find  p  if  /  =  4 
inches  and  w  =  Q  inches ;  if  Z  =  9  inches  and  w  =  S  inches ; 
if  Z  =  10  feet  and  w  =  1  foot ;  if  Z  =  18  feet  and  w  =  1^  feet. 

8.  A  classroom  is  28  feet  by  36  feet.  Find  its  perimeter. 
If  it  were  1  foot  longer  and  5  feet  wider  what  would  be 
its  perimeter  ? 
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9.  If  p  is  the  perimeter  of  a  triangle  and  the  sides  are  a, 
h,  and  c  respectively,  then  p  =  a  +  6  +  c.  Find  the  perim¬ 
eter  of  a  triangle  whose  sides  are  3  inches,  4  inches,  and  6 
inches  respectively.  Find  p  if  a  =  10  inches,  6  =  5  inches, 
and  c  =  12  inches ;  if  a  =  2  feet,  6  =  5  feet,  and  c  =  3 J  feet. 

10.  The  fact  that  the  area  of  a  rectangle  is  the  product  of 
the  length  and  width  is  expressed  'by  A  =  Iw,  where  these 
dimensions  are  expressed  in  the  same  unit  of  measure. 
Find  the  area  of  a  rectangle  which  has  a  length  of  8  inches 
and  a  width  of  5  inches.  Find  A  if  /  =  10  inches  and  w  —  A 
inches ;  if  ^  =  4  feet  and  w  =  2  feet  6  inches ;  if  Z  =  20  rods 
and  =  40  rods ;  if  Z  =  6  feet  and  w  =  21  inches. 

11.  Since  the  interest  earned  equals  the  product  of  the 
principal  invested  and  the  rate  paid,  then  i  =  pr.  Find  i 
if  p  =  $400  and  r  =  0.06. 

12.  Compute  the  corresponding  values  of  i  for  the  given 

values  of  p  and  r  in  ^  =  pr  and  complete  the  following 
table :  i  =  pr 


If  p  = 

$200 

$100 

$150 

$275 

$620 

$1220 

$2000 

and  r  = 

5% 

6% 

5% 

7% 

6i% 

4i% 

4f% 

then  i  = 

$10 

? 

7 

• 

? 

• 

? 

7 

13.  The  fact  that  the  area  of  a  square  equals  the  square 
of  its  side  is  expressed  by  A  =  s  x  s  or  A  =  s^.  Complete 
the  following  table,  giving  the  correct  values  for  A  for 
each  of  the  several  values  of  s : 

A  =  s2 


If  s  = 

3  in. 

5  in. 

3-|  in. 

12  in. 

2  ft. 

5  yd. 

7frd. 

50  mi. 

then  A  = 

9  sq.  in. 

7 

7 

7 

7 

7 

7 

7 

8 
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14.  The  fact  that  the  volume  of  a  rectangular  solid,  such 
as  a  chalk  box,  a  block  of  ice,  or  a  rectangular  room,  is  the 
product  of  the  length,  width,  and  height  of  the  solid  is 
stated  as  y  =  Iwh,  Compute  the  volumes  of  the  rectangu¬ 
lar  solids  for  the  given  values  of  the  dimensions  and  com¬ 
plete  the  following  table : 

*V  =  lwh 


If 

1  = 

3  in. 

5  in. 

Tin. 

6  in. 

5  ft. 

8  ft. 

3  ft. 

and 

w  = 

8  in. 

6  in. 

10  in. 

12  in. 

8  ft. 

2j  ft. 

10  in. 

and 

h  = 

2  in. 

4  in. 

12  in. 

ij  in. 

2  ft. 

4  ft. 

15  in. 

then  V  = 

48  cu.  in. 

9 

• 

9 

• 

9 

• 

9 

• 

9 

• 

9 

• 

15.  The  approximate  distance  which  a  falling  body 
travels  through  in  a  given  number  of  seconds  is  expressed 
by  d  =  J  afy  in  which  d  =  the  distance  fallen  in  feet,  a  has 
the  constant  value  32,  and  t  =  the  time  in  seconds.  Find 
the  distances  fallen  for  each  of  the  time  intervals  given 

•  d  =  hafi 


a,  = 

32 

32 

32 

32 

32 

32 

32 

t,  in  seconds  = 

2 

3 

5 

1 

6 

10 

20 

dy  in  feet  = 

64 

9 

9 

• 

9 

• 

9 

• 

? 

9 

5.  Number  representation  through  algebraic  symbols.  It 
has  been  shown  that  the  value  of  an  algebraic  expression 
which  involves  one  or  more  letters  depends  upon  the  values 
assigned  to  these  letters.  The  fact  that  a  given  expression, 
such  as  I  •  Wy  can  represent  the  area  of  any  rectangle  or 
that  p  •  r  can  represent  any  interest  payment  illustrates 
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one  of  the  principal  advantages  of  algebraic  over  arith¬ 
metic  methods.  The  manner  of  expressing  one  number  in 
terms  of  one  or  piore  other  number  symbols  is  illustrated 
below. 


Example 

Write  the  expression  for  a  number  which  is  2  greater  than 
a  given  number,  n. 

Solution.  Let  n  =  the  given  number. 

Then  n  +  2  =  the  required  number. 


EXERCISES 

Write  an  algebraic  expression  for  a  number  which  is 

1.  3  greater  than  h,  5.  Five  times  as  great  as  r. 

2.  5  less  than  r.  6.  One  half  as  great  as  x. 

3.  r  less  than  5.  7.  Two  thirds  as  great  as  x. 

4.  Twice  as  great  as  6.  8.  Three  times  d. 

9.  Equal  to  the  product  of  h  and  b. 

10.  One  half  of  the  product  of  a  and  b. 

11.  Equal  to  the  quotient  of  b  divided  by  5. 

12.  Five  less  than  3  h. 

13.  Two  greater  than  the  product  of  m  and  n. 

14.  Twelve  less  than  the  quotient  of  x  divided  by  /. 

15.  Equal  to  the  sum  of  ten  times  a  and  three  times  6. 

16.  Equal  to  the  area  of  a  rectangle  whose  base  is  b  and 
whose  altitude  is  a. 

17.  Equal  to  the  area  of  a  square  whose  side  is  s ;  whose 
side  is  x. 
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18.  Equal  to  the  cubic  units  in  the  volume  of  a  box 
whose  length  is  I,  whose  width  is  w,  and  whose  height  is  h ; 
whose  length  is  10,  whose  width  is  w,  and  whose  height  is  h. 

19.  The  speed  of  one  automobile  is  two  thirds  that  of 
another.  Represent  the  speed  of  the  slower  if  the  faster 
moves  24  miles  per  hour ;  r  miles  per  hour. 

20..  A  boy  is  five  years  older  than  his  brother.  If  b  repre¬ 
sents  the  age  of  the  boy,  represent  the  age  of  the  brother. 

21.  A  child  deposits  p  cents  in  a  savings  bank  each 
week.  Another  child  deposits  each  week  five  cents  less 
than  the  first  child.  How  many  cents  does  the  second 
child  deposit  weekly? 

22.  If  a:  represents  a  given  number,  what  will  represent 
a  number  one  greater  than  x  ?  two  greater  than  x  ?  three 
greater  than  x  ? 

Even  integers  are  those  exactly  divisible  by  2.  Odd 
integers  are  those  not  exactly  divisible  by  2. 

Consecutive  integers  are  integers  arranged  in  the  natural 
order,  like  4,  5,  6,  7,  8,  etc. 

Consecutive  odd  integers  are  odd  integers  arranged  in 
the  natural  order,  like  5,  7,  9,  11,  13,  etc. 

Consecutive  even  integers  are  even  integers  arranged  in 
the  natural  order,  like  4,  6,  8,  10,  12,  etc. 

23.  What  is  the  difference  between  any  two  consecu¬ 
tive  integers  ?  between  any  two  consecutive  odd  integers  ? 
between  any  two  consecutive  even  integers? 

24.  If  n  is  an  integer,  what  is  the  next  consecutive 
integer?  If  x  is  an  integer,  what  are  the  next  two  con¬ 
secutive  integers  ? 

25.  If  m  is  an  odd  integer,  what  is  the  next  consecutive 
odd  integer?  the  next  two  consecutive  even  integers? 
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26.  If  X  is  an  odd  integer,  is  a:  +  1  odd  or  even  ?  If  x  is 
even,  what  of  x  +  1  ? 

27.  If  X  is  an  odd  integer,  what  ofx  +  S?  a;  +  6?  If^ 
is  even,  what  of  y  -\- 21  2/  +  3? 

28.  If  a  is  an  integer,  is  2  a  odd  or  even  ?  Is  2  a  +  1  odd 
or  even  ? 

29.  Is  the  sum  of  two  consecutive  integers  always  odd  ? 

Hint.  Express  the  integers  algebraically,  add  them,  and  divide  by  2. 

30.  Is  the  sum  of  three  consecutive  integers  always  even  ? 

31.  By  what  number  is  the  sum  of  three  consecutive 
integers  always  divisible  ? 

32.  Write  four  consecutive  integers  the  first  of  which  is 
n;  n-\-2;  n  7 ;  four  the  last  of  which  is  72  +  12 ;  n  —  6; 
72  —  3. 

33.  Write  a  series  of  three  consecutive  even  numbers. 
If  72  stands  for  an  even  number,  what  will  represent  the 
next  two  consecutive  even  numbers  ? 

34.  If  72  represents  an  odd  number,  what  will  represent 
the  next  two  consecutive  odd  numbers  ? 

35.  If  a  boy  is  17  years  old  at  present,  how  old  was  he 
2  years  ago?  n  years  ago?  How  old  will  he  be  5  years 
hence  ?  n  years  hence  ? 

36.  If  a  boy  is  y  years  old  and  his  sister  is  twice  as  old 
as  he,  how  old  will  she  be  3  years  hence?  7  years  hence? 
How  old  was  she  three  years  ago  ?  n  years  ago  ? 

37.  If  72  represents  the  number  of  nickels  in  a  collection, 
what  will  represent  their  value  in  cents?  their  value  in 
dimes?  in  dollars? 

38.  If  q  represents  a  number  of  quarters  in  a  certain  col¬ 
lection,  what  will  represent  their  value  in  cents?  in 
nickels?  in  half  dollars? 
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39.  If  a  collection  is  composed  of  d  dimes  and  h  half 
dollars,  represent  the  value  of  the  collection  in  cents ;  in 
nickels ;  in  dimes ;  in  dollars. 

40.  How  much  change  should  be  received  from  a  five- 
dollar  bill  in  payment  for  an  article  costing  $2  ?  dollars  ? 

6.  Simplifying  algebraic  expressions.  In  the  same  way 
that  it  is  possible  to  add  two  number  symbols  such  as  5 
and  3,  just  so  it  is  possible  to  add  two  or  more  number 
symbols  which  involve  the  same  literal  parts.  , 


Thus 

5t  +  2t=7t 

and 

3a-\-4a  —  la  =  6a 

and 

2jr  +  5  +  x  +  2=  3x  +  7. 

EXERCISES 

Simplify  the  following  by  collecting  the  like  number 
symbols : 

1.  5  +  2.  6.  5r  —  2r  +  3.  9.  5x  —  6a:  +  3x. 

2.  8  —  5.  6.  2  +  10  —  2.  10.  2  —  m  +  7  +  5  m. 

3.  4  s  +  2  s.  7.  12  +  10  —  2.  1 1.  5  a  +  6  —  3  a. 

4.  5/i  —  3/i.  8.  3  +  2a  +  5a  —  2.  12.  ^  x  —  2  y  —  1  y  —  x. 

13.  4  m  +  7  —  2  w.  17.  4  +  7  =  33  —  11. 

14.  3  a  +  2  a  =  10.  18.  6  r  —  5  r  =  1  +  8. 

15.  5  r  —  3  r  =  8.  19.  A:  +  8  A:  =  20  —  2. 

16.  12  a:  —  5  X  =  18  +  3.  20.  s  —  8  s  +  12  s  =  32  —  7. 

7.  Solving  equations.  A  statement  of  equality  between 
two  equal  numbers  or  number  symbols  is  called  an 
equation. 
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Thus  3  /  =  36  is  an  equation,  for  it  is  obviously  true  when 

/=  12. 

Also  5  ^  +  2  =  12  is  an  equation,  for  it  is  true  when  t  =  2. 

The  process  of  determining  the  particular  value  of  the 
letter  for  which  the  statement  is  true  is  called  solving  the 
equation.  Skill  and  accuracy  in  solving  equations  are  fun¬ 
damental  to  the  study  of  algebra. 


Examples 

1.  Solve  for 

10(f=250. 

Solution. 

10f/  =  250. 

Dividing  by  10, 

d  =  25. 

Check.  Substituting  25  for  dmlQd  =  250, 

10  X  25  =  250, 

or 

250  =  250. 

2.  Solve  for  m. 

27n4-3772  =  35  -f-5. 

Solution. 

27n-t-3772  =  35  -|-5. 

(1) 

Collecting, 

5m  =  40. 

Dividing  by  5, 

00 

11 

Check.  Substituting  8  for  m  in  (1), 

2X8  +  3x8  =  35  +  5, 

or 

40  =  40. 

EXERCISES 


Solve  each  of  the  following  equations  for  the  number 
represented  by  the  letter  involved : 


1.  2  =  10. 

2.  3ri  =  21. 

3.  5  ri  =  20. 

4.  4  u  =  20  -j-  8. 


5.  3  X  =  35  -  2. 

6.  7  r  =  47  +  2. 

7.  9  s  =  15  +  30. 

8.  12  m  =  38  —  2. 


9.  8  ?^  =  60  —  4. 

10.  15  p  =  50  —  5. 

11.  2  +  3  =  15. 

12.  5  r  —  2  r  =  30. 
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13.  3  /i  +  7  =  100. 
U.12h-^h  =  56. 

15.  3  m  —  m  =  12. 

16.  26-|-36  =  6-l-9. 


17.  5  a:  —  3  a:  =  12  —  4. 

18.  X  X  ^  X  '=■  2  -f"  8. 

19.  h-\-2th-\-2h'=  48. 

20.  5  m  —  m  +  3  m  =  70  —  7. 


8.  Use  of  symbols  in  problem  solving.  By  means  of  alge¬ 
braic  symbols  and  equations  involving  number  symbols  a 
simple  and  direct  method  is  provided  for  the  solution  of 
certain  types  of  problems. 

In  order  that  problems  may  be  expressed  in  form  suit¬ 
able  for  algebraic  treatment,  it  is  often  necessary  to  trans¬ 
late  a  verbal  statement  containing  number  relationships 
into  an  expression  involving  algebraic  symbols.  The 
ability  to  do  this  is  one  of  the  most  important  results  of 
the  study  of  algebra. 


Example 

Find  two  numbers  such  that  one  is  four  times  the  other  and 

their  sum  is  110. 

Solution.  Greater  number  -}-  less  number  =  110. 

Let 

1  =  the  less  number. 

Then 

4  Z  =  the  greater  number. 

+ 

II 

o 

• 

5Z=110. 

Dividing  by  5, 

no 

/  =  =  22,  the  less  number, 

o 

Then 

4  /  =  4  X  22  =  88,  the  greater  number. 

Check.  Testing  in  the  conditions  set  by  the  problem, 

88  =  4  X  22 

and 

88  +  22  =  110. 
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PROBLEMS 

1.  The  sum  of  two  numbers  is  72.  One  number  is  5 
times  the  other.  Find'  the  numbers. 

2.  Two  boys  together  have  40  dollars.  The  first  has 
7  times  as  much  as  the  second.  How  many  has  each? 

3.  The  first  of  three  numbers  is  twice  the  second,  and 
the  second  is  twice  the  third.  Their  sum  is  77.  What  are 
the  numbers  ? 

Hint.  Let  x  equal  the  third  number. 

4.  Three  boys  together  own  50  chickens.  The  first  has 
four  times  as  many  as  the  third,  and  the  second  has  five 
times  as  many  as  the  third.  How  many  has  each? 

6.  Three  newsboys  together  sold  108  papers.  The  first 
sold  three  times  as  many  as  the  second,  who  sold  twice  as 
many  as  the  third.  How  many  did  each  boy  sell  ? 

6.  What  is  the  area  of  a  triangle  whose  base  is  twice 
as  long  as  the  altitude,  and  the  sum  of  whose  base  and 
altitude  is  18  inches  ? 

Hint.  A  =  ^  base  x  altitude. 

7.  The  perimeter  of  a  rectangle  is  200  feet.  The  length 
is  four  times  the  width.  Find  the  dimensions. 

8.  The  perimeter  of  a  rectangle  is  96  feet.  It  is  7  times 
as  long  as  it  is  wide.  Find  the  dimensions. 

9.  The  perimeter  of  a  certain  square  is  116  inches. 
What  is  the  length  of  one  side  ? 

10.  What  is  the  side  of  a  square  whose  perimeter  is 
256  feet  ?  of  one  whose  perimeter  is  320  feet  ? 

11.  The  perimeter  of  a  rectangle  formed  by  placing  two 
equal  squares  side  by  side  is  72  inches.  Find  the  side  of 
each  square. 
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12.  The  perimeter  of  a  rectangle  formed  as  in  Problem  11 
is  432  inches.  What  is  the  side  of  the  square  ? 

13.  A  rectangle  is  three  times  as  long  as  it  is  wide.  Its 
area  is  147  square  feet.  Find  its  dimensions. 

14.  There  are  four  numbers  whose  sum  is  288.  The 
second  number  is  twice  the  first,  the  third  number  is  3 
times  the  first,  and  the  fourth  is  3  times  the  second.  What 
are  the  numbers? 

15.  The  perimeter  of  a  certain  rectangle  is  460  feet.  It 
is  4  times  as  long  as  it  is  wide.  Find  its  dimensions. 

16.  Three  equal  squares  are  placed  side  by  side;  the 
perimeter  of  the  rectangle  thus  formed  is  64  feet.  What 
are  the  dimensions  of  the  squares? 

17.  Four  equal  squares  are  placed  together  so  as  to  form 
another  square  whose  perimeter  is  96  feet.  What  is  the 
side  of  each  square? 

9.  Terms.  Algebraic  expressions  are  often  regarded  as 
made  up  of  parts  separated  by  the  signs  of  operation  + 
or  — .  Each  of  these  parts  is  called  a  term. 

Thus,  3  n  is  an  expression  of  one  term ;  n  +  3,  of  two  terms ; 
na  +  2  5  —  c,  of  three  terms,  etc.  Each  of  these  expressions  is 
an  algebraic  symbol  for  a  number. 

10.  Factors.  A  factor  of  a  product  is  any  one  of  the 
number  symbols  which  when  multiplied  together  form  the 
product. 

Thus  2  mn  means  2  times  m  times  n.  Here  2,  m,  and  n  are 
each  factors  of  2  mn. 

Again,  4(Z  +  i^)  means  4  times  the  sum  of  I  and  w.  Here 
the  number  4  and  I  +  w  are  factors  of  the  expression. 
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EXERCISES 


1.  Name  the  factors  in  3  x  5 ;  in  2  x  7  x  11 ;  in  5  ; 

in  Iwh ;  in^  ba;  in^  Ba;  in  a(x  +  r) ;  in  h(h  +  a). 


Find  the  value  of  each  of  the  following  expressions  for 
the  following  values  of  the  factors :  a  =  6,  6  =  2,  n  =  7, 
I  =  A,  w  =  and  x  =  9. 

2.  5  a.  3.  3  n.  4.  ah,  5.  Iw.  6.  ^  ha.  7.  nah. 


8.^. 

w 

9. - [-  1* 

w 

10.  bnlw-\-^. 

11.  2  /  +  2 


12.  ha  2. 

13.  a-\-h-\-w. 

14.  3  a  —  +  X. 

•  15.  a  —  h~[-n  —  l. 
16.  ah  —  n  wx. 


17.  3x-|“'^  —  /  -f-1* 

18.  4  —  ^  +  3  X  —  6. 

19.  7  +  -- 

0  W 
90 

3 


11.  Exponents.  An  exponent  is  a  positive  integer  written 
at  the  right  and  a  little  above  another  number  to  indicate 
how  many  times  the  number  is  to  be  used  as  a  factor. 

(Later  this  definition  will  be  extended  to  include  frac¬ 
tions  and  other  numbers  as  exponents.) 

Thus,  3^  means  3x3;  2^  means  2x2x2x2;  ¥  means 
6x6x5;  and  3  means  3  x  s  X  s. 

If  a  number  is  used  once  as  a  factor  its  exponent  is  1,  as  in 
2  ab  This  exponent  is  usually  not  written. 


ORAL  EXERCISES 

1.  What  operations  are  indicated  in  5^?  in  3^?  in  3  X  7^? 
in  3  X  5^?  in  3^  x  2^? 

2.  Name  the  exponents  used  in  the  several  terms  of 
Exercise  1. 

3.  Name  the  exponents  in  2  a^,  5  x^,  3  c,  2  mV ;  in 
3  x^  1,  a6  X  2,  s%. 
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In  the  following  substitute  2  for  m  and  5  for  n  and  find 
the  value  of  each  expression : 


4.  w?. 

5.  +  1. 

6.  +  n. 

7.  w?  +  V?, 

8.  2 


9.  +  5. 

10.  25  + 

11.  mV. 

12.  m^n  +  1. 

13.  3  mri^  —  2. 


14.  5  + 

15.  +  mn  + 

16.  3  -  m  +  n\ 

17.  v?  —  V  —  nm. 

18.  -\-n^  —  3. 


12.  Coefficients.  If  a  number  is  the  product  of  two  or 
more  factors,  either  of  these  factors  is  called  the  coefficient 
of  the  product  of  the  others. 

Thus,  in  5  X  3,  5  is  the  coefficient  of  3,  and  3  is  the  coeffi¬ 
cient  of  5.  In  3  a}x,  3  is  the  coefficient  of  x  is  the  coefficient 
of  3  a^,  and  is  the  coefficient  of  3  x. 


The  numerical  coefficient  1,  as  in  1  a,  1  mn,  etc.,  is  usu¬ 
ally  omitted,  but  is  understood. 


ORAL  EXERCISES 
Find  the  value  of  the  following : 

1.  4  if  =  5 ;  if  =  3. 

2.  \ih  =  2  and  k  =  3. 

3.  5  if  m  =  2 ;  if  m  =  1 ;  if  m  =  5. 

4.  rs^  if  r  =  2  and  s  =  5. 

5.  2lw^  if  1  =  b  and  w  =  A. 

6.  3  a^h  if  a  =  2  and  6  =  3;  if  a  =  5  and  6  =  2. 

7.  Read  the  numerical  coefficients  in  the  terms  of  the 
preceding. 

8.  Read  the  exponents  of  each  factor  in  the  terms  of  the 
preceding. 
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13.  Parentheses  and  radical  signs.  If  two  or  more  terms 
connected  by  signs  of  operation  are  inclosed  in  parenthesis, 
the  entire  expression  is  treated  as  a  single  number  symbol. 

Thus  2(5  +  3)  means  2  X  8,  or  16 ;  (6  +  3)  x  (5  —  2)  means 
9  X  3,  or  27 ;  (7  —  1)  -i-  2  means  6  -j-  2,  or  3  ;  (2  +  5)^  means 
7^  or  49  ;  3(0^  +  ¥)  means  3  times  the  sum  of  and  ¥. 

As  in  arithmetic,  the  symbol  for  square  root  is  V  , 

and  that  for  cube  root  is  V  . 

The  name  radical  sign  is  applied  to  all  symbols  like  the 

following :  V  ,  V  ,  V  .  The  small  figure  in  the  radical 
sign,  like  3  in  V  ,  is  called  the  index  of  the  radical. 


ORAL  EXERCISES 

Find  the  value  of 

1.  3(2  +  5).  6.  (9-3)  -f- 3. 

2.  5(6  -  1).  6.  (12  -  8)  -5-  (6  -  4). 

3.  (2  +  1) (3  +  4).  7.  (a  +  x)^  if  a  =  6  and  x  =  l. 

4.  (3  +  2)(9  —  7).  8.  (m  —  n)Mf  m  =  9  and  n  =  A, 

9.  V9  +  12.  6  +  15.  ^5*  +  2. 

10.  V6  +  3.  13.  42  -  Vi.  16.  V(2  +  5)(8-  1). 

11.  22  +  Vi.  14.  V32  +  42.  17.  V3(2  +  l)(7-4). 

18.  wn  +  X  —  2/  if  w  =  25,  a;  =  4,  and  y  =  6. 

19.  (Vx  —  3)  +  4/  if  X  =  49  and  y  =  2. 


Note.  There  has  been  a  considerable  variety  in  the  symbols  for 
the  roots  of  numbers.  The  symbol  V  was  introduced  in  1544  by 
the  German,  Stifel,  and  is  a  corruption  of  the  initial  letter  of  the  Latin 
word  radix,  which  means  "root.”  Before  his  time  square  root  was 
denoted  by  the  symbol  used  nowadays  by  physicians  on  prescrip¬ 
tions  as  an  abbreviation  for  the  word  recipe.  Thus  Vs  would  have 
been  denoted  by  ^“*5.  Some  early  writers  used  a  dot  to  indicate  square 
root,  and  expressed  V2  by  •  2. 
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14.  Order  of  fundamental  operations.  In  evaluating  such 
an  expression  as  36  -j-  3  —  2  X  6,  the  numbers  12, 10,  and  a 
final  result  of  60  are  obtained  if  the  operations  are  per¬ 
formed  in  the  order  in  which  they  occur.  If,  however,  the 
indicated  division  and  multiplication  are  performed  before 
the  indicated  subtraction,  the  result  is  12  minus  12,  and  a 
final  result  of  0  is  obtained.  These  results  show  that  the 
value  of  numeric  expressions  may  depend  on  the  order  in 
which  the  indicated  operations  are  performed.  It  is  cus¬ 
tomary  to  observe  the  following 

Rule.  In  a  series  of  operations  involving  addition,  subtraction, 
multiplication,  and  division  of  arithmetical  numbers,  the  multipli¬ 
cations  and  divisions  shall  be  performed  first  in  the  order  in  which 
they  occur. 

The  additions  and  subtractions  in  the  resulting  expression  shall 
then  be  performed  in  the  order  in  which  they  occur  or  in  any 
other  order. 

If  parentheses  occur,  each  expression  within  a  paren¬ 
thesis  should  first  be  simplified  in  accordance  with  the 
preceding  rule  and  the  rule  then  applied  to  the  entire 
expression. 


Examples 

Simplify : 

1.  18 2 -}- 5  -  4  X  2. 

Solution.  18-T-2-1-5  —  4x2  = 

9  +  5  -  8  =  6. 

2.  24  -r  8  •  2  -  4(7  -  3)  -i-  8  -h  2(5  -f  6  •  3). 

Solution.  24  ^  8  •  2  -  4(7  -  3)  -r  8  +  2(5  +  6  •  3)  = 

6-  2-1-  46  =50. 
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EXERCISES 


Simplify  the  following : 

1.  20  -  5  +  6  -  8. 


5.  14  -  (16  -  7)  +  12  -  5. 

6.  6  2  +  2. 

7.  8  •  6  4  -  10. 

8.  24(2  +  3). 


2.  16+  (8  +  3). 

3.  12-  (5  +  2). 

4.  9-  (7-3). 


9.  23  -  2  •  6  -  8  -  (5  -  1). 

10.  (10  -  3)  •  (16  -  3  •  3  +  8  -4-  2). 

11.  (14-3)(16-4-5)  +  8-2. 

12.  (16  -  6)  (17  -  7)  100  •  5  +  13. 

13.  32  +  2  •  3  +  22. 

14.  82  -  2  •  7  •  3  +  3^ 

15.  3  •  4  -  6  •  0  +  3  X  5  -  22  X  7  -  32. 

16.  22 . 32  -  2  X  2  X  3  X  5  +  52. 

Find  the  value  of 

17.  (a  +  6)2  if  a  =  2  and  6  =  3;  if  a  =  5  and  6  =  2. 

18.  {x  —  ^)2  if  X  =  5  and  y  =  2;  if  x  =  6  and  2/  =  4. 

19.  +2  -  2  A  -  8  if  A  =  10 ;  if  A  =  8;  if  A  =  12. 

20.  m2  +  m  —  110  if  m  =  12 ;  if  m  =  10. 

21.  x2  +  (a  —  6)2  if  a:  =  8,  a  =  10,  and  6  =  6. 

22.  a2  +  ■\/62  +  c2  if  a  =  6,  6  =  3,  and  c  =  4. 

23.  {h  —  ky  —  y/h^  —  A;2  if  =  5  and  A:  =  3. 
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GRAPHICAL  REPRESENTATION 

15.  Use  of  graphs.  One  often  finds  it  difficult  to  grasp 
the  important  facts  indicated  by  a  column  of  figures,  even 
though  the  meaning  of  each  individual  number  is  perfectly 
understood.  When,  however,  these  numbers  are  presented 
in  the  form  of  a  diagram  or  picture,  the  facts  frequently 
stand  out  in  a  clear  and  striking  manner.  Such  a  pictorial 
representation  made  for  the  purpose  of  comparing  several 
similar  or  related  quantities  is  called  a  graph. 

Today  one  finds  graphs  in  newspapers,  in  popular  maga¬ 
zines,  in  scientific  journals,  and  in  social,  industrial,  and 
business  reports.  The  ability  to  grasp  quickly  the  impor¬ 
tant  points  presented  by  a  graph  —  that  is,  the  ability  to 
comprehend  a  graph  —  is  necessary  for  all  who  would  read 
with  understanding.  Furthermore,  the  ability  to  present 
statistical  data,  whether  of  a  scientific  or  a  commercial 
nature,  effectively  by  means  of  a  graph  is  often  very 
desirable. 

16.  Types  of  graphs.  There  are  many  ways  of  comparing 
quantities  by  means  of  graphs,  but  only  three  types  will 
be  considered  here.  These  three  types  illustrate  the  most 
important  methods  of  graphic  presentation  and  compari¬ 
son.  They  are : 

1.  The  bar  graph,  in  which  the  comparison  is  shown  by 
parallel  bars  of  the  same  width,  but  with  lengths  propor¬ 
tional  to  the  quantities  represented. 
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2.  The  hroken-line  graph,  drawn  through  points  located 
at  distances  from  the  base  line  proportional  to  the  quanti¬ 
ties  they  represent. 

3.  The  circle  graph,  in  which  the  relative  sizes  of  the 
quantities  compared  are  represented  by  sectors  of  the  same 
circle. 

These  methods  will  be  treated  in  the  order  mentioned 
above. 

17.  The  bar  graph.  In  this  device  the  several  numbers 
or  quantities  to  be  compared  are  represented  by  bars  or 
heavy  lines.  This  type  of  graph  is  well  adapted  to  the 
comparison  of  quantities  or  magnitudes  which  are  similar 
but  which  are  not  necessarily  related  to  one  another. 

Example 

The  railroad  mileage  in  each  of  several  European  coun¬ 
tries,  to  the  nearest  500  miles,  is  as  follows : 

Germany .  39,500  miles 

France .  32,000  miles 

Great  Britain .  26,500  miles 

Italy .  12,000  miles 

Bulgaria .  1,500  miles 

Indicate  the  relationship  between  these  values  by  means 
of  the  bar  graph. 

Solution.  It  will  be  convenient  to  let  one  of  the  horizontal 
divisions  represent  the  length  of  five  thousand  miles  of  rail¬ 
way.  Then  we  can  draw  a  bar  for  Germany  7.9  units  in  length, 
for  France  6.4  units,  for  Great  Britain  5.3  units,  for  Italy 
2.4  units,  and  for  Bulgaria  .3  unit  in  length.  If  we  make  each 
of  the  bars  one  half  unit  in  width  we  shall  get  the  graph  shown 
on  the  following  page. 


24 


NEW  COMPLETE  SCHOOL  ALGEBRA 


Germany 
France 
Great  Britain 
Italy 
Bulgaria 


10,000 


20,000 

Miles 


EXERCISES 

Use  bar  graphs  to  show  the  following  relationships : 

1.  The  basins  of  the  following  rivers  contain  the  indi¬ 
cated  number  of  square  miles  to  the  nearest  100,000 : 

Mississippi  and  tributaries  ....  1,300,000 

Yukon .  300,000 

Columbia .  300,000 

Amazon .  2,500,000 

Nile .  1,100,000 


2.  The  naval  expenditures  to  the  nearest  $1,000,000  of 
the  Great  Powers  for  the  year  1921-1922  were  as  follows : 


Great  Britain 
United  States 
France  .  .  . 
Italy  .  .  .  . 
Japan  .  .  . 


$406,000,000 

426,000,000 

182,000,000 

81,000,000 

249,000,000 


3.  In  1922  various  crops  were  produced  in  the  United 
States  in  the  following  amounts  to  the  nearest  iOO  million 
bushels : 


Corn .  3700  million  bushels 

Wheat .  3000  million  bushels 

Oats .  3000  million  bushels 

Barley .  1000  million  bushels 

Rye .  800  million  bushels 
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4.  The  average  monthly  production  of  cement  to  the 
nearest  100  thousand  barrels  in  the  United  States  for  a 
period  of  years  was  as  follows : 


Thousands 
OF  Barrels 


1913  . 7,700 

1914  . 7,400 

1915  . 7,100 

1916  . 7,600 

1917  . 7,700 

1918  . 5,900 


Year 

Thousands 
OF  Barrels 

1919  .  .  . 

.  .  .  .  6,700 

1920  .  .  . 

.  .  .  .  8,300 

1921  .  .  . 

.  .  .  .  8,200 

1922  .  .  . 

.  .  .  .  9,500 

1923  .  .  . 

.  .  .  .  11,500 

Query.  How  did  the  slump  in  the  building  trades,  which  lasted 
from  1918  to  1920,  affect  the  cement  production  in  the  United  States? 


18.  The  broken-line  graph.  This  type  of  graph  is  particu¬ 
larly  effective  for  representing  the  relation  between  two 
quantities  or  magnitudes.  This  type  of  graph  is  frequently 
used  for  the  representation  of  changes  in  some  quantity 
taking  place  during  some  particular  interval  of  time. 


Example 

Plot  the  data  contained  in  the  following  table : 

Number  of  Immigrants  Arriving  in  United  States,  1912-1923 


1912  .  840,000 

1913  .  1,200,000 

1914  .  1,220,000 

1915  .  330,000 

1916  .  300,000 

1917  .  300,000 


1918  . 110,000 

1919  .  140,000 

1920  .  430,000 

1921  .  810,000 

1922  .  310,000 

1923  .  520,000 


Solution.  Let  one  space  along  the  base  line  represent  an  in¬ 
terval  of  one  year  and  let  one  space  along  the  vertical  line  at 
the  left  represent  100,000  immigrants, 
c 
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Then  the  following  graph  shows  the  trend  of  immigration 
over  the  period : 


Queries.  What  effect  did  the  outbreak  of  the  European  war  ap¬ 
parently  have  on  the  immigration  into  the  United  States? 

Did  the  entry  of  the  United  States  into  the  war  have  any  notice¬ 
able  effect  on  the  curve? 


EXERCISES 

Use  broken-line  graphs  to  show  the  following  data : 

1.  The  number  of  motor  cars  to  the  nearest  10,000  (both 
passenger  cars  and  trucks)  registered  in  the  United  States 
on  January  1  of  each  of  several  years  was  as  follows : 


Year  Number  of  Cars  Year  Number  op  Cars 

1915  .  2,450,000  1920 .  9,230,000 

1916  .  3,510,000  1921 .  10,470,000 

1917  .  4,980,000  1922 .  12,240,000 

1918  .  6,150,000  1923 .  13,000,000 

1919  .  7,570,000  1924 .  15,280,000 


Queries.  Assuming  that  the  trend  during  the  next  year  is  the 
same  as  that  over  the  past  several  years,  what  will  be  the  approxi¬ 
mate  number  of  cars  in  the  United  States  in  1925? 

Did  the  World  War  have  any  effect  on  the  registration  of  cars? 
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2.  The  population  of  Philadelphia  to  the  nearest  1000 
for  several  census  dates  was  as  follows : 


Year  Population  Year  Population 

1860  .  566,000  1900 .  1,294,000 

1870  .  674,000  1910 .  1,549,000 

1880  . 847,000  1920 .  1,824,000 

1890  .  1,047,000 


3.  The  cotton  production  in  the  United  States  to  the 
nearest  100,000  bales  for  a  ten-year  period  was  as  follows : 


Year 

Thousands 

OF  Bales 

Year 

Thousands 
OF  Bales* 

1912.  .  . 

.  .  .  .  13,700 

1917.  . 

'.  .  .  .  11,300- 

1913.  .  . 

.  .  .  .  14,100 

1918.  .  . 

.  .  .  .  12,000 

1914.  .  . 

.  .  .  .  16,100 

1919.  .  . 

.  .  .  .  11,400 

1915.  .  . 

.  .  .  .  11,200 

1920.  .  . 

.  .  .  .  13,400 

1916.  .  . 

.  .  .  .  11,500 

1921.  .  . 

.  .  .  .  8,300 

4.  The  number,  to  the  nearest  100,  of  secondary  schools 
in  the  United  States  reporting  to  the  commissioner  of 
education  was  as  follows : 


Year 

1890-189l' 

1900-1901 

1910-1911 

1919-1920 

Secondary  schools 
in  United  States 

4500 

8200 

12,200 

16,400 

5.  Enrollments  in  the  secondary  schools  of  the  United 
States  were  as  follows : 


Year 

1890-1891 

1900-1901 

1910-1911 

1919-1920 

Number  of  pupils 

310,000 

650,000 

1,115,000 

2,041,000 

Query.  From  the  trends  shown  in  the  graph,  estimate  the  ap¬ 
proximate  number  of  pupils  there  will  be  in  the  public  secondary 
schools  in  1930. 


28 


NEW  COMPLETE  SCHOOL  ALGEBRA 


6.  The  depth  of  a  river  was  measured  every  five  feet 
from  bank  to  bank,  giving  the  following  records:  0, 
1  foot,  2  feet  6  inches,  4  feet,  7  feet  9  inches,  10  feet, 
15  feet,  16  feet  6  inches,  16  feet,  17  feet,  18  feet  8  inches, 
17  feet  3  inches,  15  feet,  14  feet  6  inches,  12  feet,  10  feet 
9  inches,  10  feet,  8  feet  3  inches,  6  feet,  5  feet  9  inches, 
3  feet,  2  feet  9  inches,  1  foot  3  inches,  0.  Plot,  using  a 
line  graph. 

Query.  If  these  quantities  were  plotted  as  distances  below  the 
horizontal  axis,  what  would  the  appearance  of  the  curve  suggest  ? 


•  7.  The  enrollments,  to  the  nearest  1000,  reported  for 
California  secondary  schools  for  a  period  of  years  were  as 
follows : 


School  Year 

N  UMBER 

OF  Pupils 

ScHooT  Year  ‘  Number 

SCHOOL  YEAR  OF  PUPILS 

1912-1913  .  . 

.  .  .  58,000 

1917-1918 

.  125,000 

1913-1914'  .  . 

.  .  .  66,000 

1918-1919 

.  137,000 

1914-1915  .  . 

.  .  .  76,000 

1919-1920 

.  162,000 

1915-1916  .  . 

.  .  .  95,000 

1920-1921 

. 191,000 

1916-1917  .  . 

.  .  .113,000 

1921-1922 

....  225,000 

8.  The  gold 

coin  held  in 

the  United 

States  during  a 

given  period  was  as  follows : 

Value  in 

Value  in 

Millions  of 

Millions  of 

Year 

Dollars 

Year 

Dollars 

1913  .  .  .  . 

.  .  .  1870 

1919  .  . 

. 3110 

1914  .... 

.  .  .  1890 

1920  .  . 

. 2710 

1915  .... 

.  .  .  1990 

1921  .  . 

.  3300 

1916  .... 

.  .  .  2450 

1922  .  . 

.  3790 

1917  .... 

.  .  .  3020 

1923  .  . 

. 4210 

1918  .... 

.  .  .  3080 

Query.  What  effects  of  the  following  occurrences  are  indicated 
on  this  curve?  (1)  the  outbreak  of  the  World  War ;  (2)  the  entrance 
of  the  United  States  into  the  war ;  (3)  the  close  of  hostilities  in  1918 ; 
(4)  the  industrial  depression  in  1920. 
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9.  The  average  price  of  gas  in  dollars  per  thousand  cubic 
feet  for  fifty-one  cities  in  the  United  States  is  given  in  the 
following  table : 


Year  Price  Year 

1913  .  .  $0.95  1917 

1914  ....  0.94  1918 

1915  ....  0.93  1919 

1916  ....  0.92  1920 


Price  Year  Price 

$0.92  1921  ....  $1.32 

0.95  1922  ....  1.28 

1.04  1923  ....  1.26 

1.09 


10.  The  values,  in  millions  of  dollars,  of  the  exports 
from  the  United  States  and  from  England  for  a  given 
period  were  as  follows : 


Year 

United 

States 

England  . 

Year 

United 

States 

England 

1913 

2400 

2600 

1919 

7800 

3600 

1914 

2100 

2100 

1920 

8100 

4800 

1915 

3500 

1800 

1921 

4400 

2700 

1916 

5400 

2400  ' 

1922 

3800 

3200 

1917 

1918 

6200 

6000 

2500 

2400 

1923 

4200 

3500 

Plot  on  the  same  diagram  a  solid  line  for  the  exports  of 
the  United  States  and  a  broken  line  for  the  exports  of 
England. 

Queries.  Point  out  the  effect  of  the  war  on  the  trade  of  the 
United  States  in  relation  to  the  trade  of  England. 

Does  the  relation  seem  to  be  returning  to  that  which  prevailed 
before  the  war? 

19.  Circle  graphs.  When  it  is  desired  to  show  the  rela¬ 
tion  of  several  quantities  to  one  another  and  to  the  whole 
of  which  they  are  parts,  the  circle  graph  is  useful. 

The  method  of  making  a  circle  graph  is  illustrated  on 
the  following  page : 
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Example 

The  areas  of  the  states  of  Maine,  New  Hampshire,  Ver¬ 
mont,  Massachusetts,  Rhode  Island,  and  Connecticut  are 
33,040,  9341,  9564,  8266,  1250,  and  4965  square  miles 
respectively.  Represent 
the  relation  between 
these  areas  by  a  circle 
graph. 

Solution.  The  sum  of  the 
areas  of  the  six  states  is 
66,426  square  miles.  The 
percentages  of  this  total 
area  for  the  various  states 
are  Maine  49.7%,  Rhode 
Island  1.9%,  Connecti¬ 
cut  7.5%,  Massachusetts 
12.5%,  New  Hampshire 
14.0%,  Vermont  14.4%. 

Since  there  are  360°  around  the  center  of  a  circle,  the  number 
of  degrees  representing  the  area  of  Maine  is  49.7%  of  360°,  or 
178.9° ;  Rhode  Island,  1.9%  of  360°,  or  7° ;  Connecticut,  7.5% 
of  360°,  or  27°;  Massachusetts,  12.5%  of  360°,  or  45°;  New 
Hampshire,  14.0%  of  360°,  or  50°;  Vermont,  14.4%  of  360°, 
or  52°. 

These  figures  may  be  given  in  tabular  form  as  follows : 


State 

Area 

Per 

Cent 

Angle 

Maine . 

33,040  square  miles 

49.7 

179° 

New  Hampshire  . 

9,341  square  miles 

14.0 

50° 

Vermont . 

9,564  square  miles 

14.4 

52° 

Massachusetts  .  . 

8,266  square  miles 

12.5 

45° 

Rhode  Island  .  .  . 

1,250  square  miles 

1.9 

7° 

Connecticut  .  .  . 

4,965  square  miles 

7.5 

27° 

GRAPHICAL  REPRESENTATION 
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EXERCISES 

1.  The  area  of  Europe  is  about  3,900,000  square  miles 
and  is  divided  as  follows : 


Cultivated  lands . 27  % 

Prairies . 24  % 

Forests . 28% 

Unproductive  lands . 21  % 


Plot,  using  circle  graph. 

2.  The  area  of  North  and  South  America  is  17,550,000 
square  miles.  Of  this  area  18%  is  mountains,  frigid  and 
other  unproductive  lands;  30%,  forest;  40%,  prairies, 
pampas,  and  savannahs;  12%,  cultivated  lands.  Plot 
these  statistics,  using  circle  graph. 

3.  The  items  of  expense  of  a  certain  family  have  the 
relative  importance  shown  below.  Indicate  this  situation 
by  means  of  the  circle  graph. 


Food . 43.1  % 

Shelter . 17.7  % 

Clothing . 13.2  % 

Fuel,  heat,  etc .  5.6  % 

Sundries . 20.4  % 

Total . 100.0  % 


4.  The  population  of  the  earth,  to  the  nearest  1,000,000 
people,  is  divided,  according  to  races,  approximately  as 


follows : 

Caucasian  (white) .  821,000,000 

Mongol  (yellow) .  645,000,000 

Semitic .  75,000,000 

Negro .  139,000,000 

Other  races  .  68,000,000 


Indicate  this  distribution  by  means  of  the  circle  graph. 


CHAPTER  III 


POSITIVE  AND  NEGATIVE  NUMBERS 

20.  Meaning  of  positive  and  negative  numbers.  On  the 
thermometer  diagram  shown  at  the  right  the  reading  is 
40°  above  zero.  If  the  temperature  should  drop  25°,  the 
thermometer  reading  would  be  40°  —  25°,  or  . 

15°.  If  it  should  drop  70°,  then  the  read¬ 
ing  would  be  40°  —  70°,  or  30°  below  zero, 
which  is  indicated  by  —  30°,  etc.  A  record 
such  as  —  30°  means  that  the  reading  shows 
a  temperature  which  is  30°  below  that  read¬ 
ing  which  is  called  zero  degrees,  or  0°.  In 
contrast  to  the  readings  below  zero,  such  as 
— 10°,  — 15°,  —  20°,  etc.,  the  readings  above 
zero  are  indicated  by  prefixing  plus  signs  to 
the  numerical  records,  as  in  +10°,  +  25°, 

+  43°,  etc. 

A  similar  method  is  used  in  recording 
latitude  readings,  those  in  the  Northern 
Hemisphere  being  plus,  or  positive,  read¬ 
ings,  and  those  in  the  Southern  Hemisphere 
being  minus,  or  negative,  readings.  Thus 
latitude  10°  north  is  expressed  + 10°  and 
latitude  10°  south  is  expressed  —  10°. 

Again  amounts  of  money  on  deposit  in  the  bank  may 
be  regarded  as  positive  and  the  amounts  of  overdrafts  may 
be  regarded  as  negative. 
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21.  Illustrations  of  positive  and  negative  numbers.  In 
general,  the  uses  made  of  positive  and  negative  num¬ 
bers  arise  in  connection  with  measures  of  quantity  which 
may  be  regarded  as  existing  in  opposite  senses;  as,  for 
example,  money  on  deposit  in  a  bank  and  overdrawn 
accounts,  distances  measured  in  opposite  directions  from 
a  fixed  point,  time  measured  before  and  after  a  fixed 
date,  etc. 

Any  rise  in  the  thermometer  reading,  or  upward  change, 
is  indicated  by  placing  the  sign  +  before  the  number  of 
degrees  indicating  the  amount  of  change ;  thus,  a  change 
of  +  15°  in  temperature  means  a  rise  of  15°. 

Similarly,  a  fall  in  the  thermometer  reading,  or  down¬ 
ward  change,  is  indicated  by  placing  the  sign  —  before  the 
number  of  degrees  indicating  the  change ;  thus,  a  change 
of  —  10°  in  temperature  means  a  fall  of  10°. 

From  the  above  it  is  evident  that  to  indicate  a  + 15° 
change,  that  is,  to  add  15°  to  a  given  reading,  we  count  up 
15°,  and  to  indicate  a  —  15°  change  we  count  down  15°, 
from  the  given  reading. 

Similarly,  the  latitude  reached  by  sailing  north  20°  is 
indicated  by  adding  +  20°  to  the  given  latitude  reading, 
and  sailing  south  20°  is  indicated  by  counting  down  or 
south  20°,  that  is,  by  adding  -  20°  to  the  given  latitude 
reading. 

Likewise,  the  increasing  of  one's  deposits  at  the  bank  is 
equivalent  to  adding  positive  sums  to  the  account,  and 
taking  out  money  from  the  bank  is  equivalent  to  adding 
withdrawals  or  negative  sums  of  money. 

Thus, 


and 


$25  +  ($  +  15)  =  $  +  40, 
$100  +  ($  -  25)  =  $  +  75. 
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22.  Addition  and  subtraction  by  use  of  a  scale.  Let  us 
suppose  that  equal  distances  are  taken  on  a  line  and  that 
the  successive  points  of  division  are  marked  with  the  nat¬ 
ural,  or  positive,  numbers  as  follows : 

0123456789  10 

■  -  I _ I _ L_l _ I _ I _ I _ I _ I _ I _ ■  ■  ■  ■  ) 

(A) 

Such  a  scale  of  numbers  may  be  used  to  illustrate  both 
addition  and  subtraction  as  performed  in  arithmetic. 

Thus,  in  adding  5  to  2  we  may  begin  at  2  and  count 
5  spaces  to  the  right,  obtaining  the  sum  7.  We  shall 
obtain  the  same  result  if  we  begin  at  5  and  count  2  spaces 
to  the  right.  This  process  may  be  stated  in  general  terms 
thus: 

Rule.  To  add  the  number  a  to  the  number  b,  begin  at  b  and  count 
a  spaces  to  the  right. 

In  subtracting  3  from  5  we  may  begin  at  5  and  count 
3  spaces  to  the  left,  thus  obtaining  2.  This  process  may 
be  stated  as  follows : 

Rule.  To  subtract  the  number  a  from  the  number  b,  begin  at  b 
and  count  a  spaces  to  the  left. 

If  we  attempt  to  subtract  4  from  3  by  the  preceding 
rule,  we  arrive  at  the  first  point  of  division  to  the  left  of 
zero.  Arithmetic  has  no  number  to  represent  such  a  result ; 
in  fact,  the  subtraction  of  4  from  3  is  there  regarded  as 
impossible.  We  can,  however,  subtract  3  of  the  4  units 
from  the  3  units,  leaving  one  of  the  4  units  unsubtracted. 
Now  in  algebra  it  is  both  convenient  and  necessary  to 
speak  of  subtracting  a  greater  number  from  a  less,  and  to 
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call  the  portion  of  the  greater  number,  which  is  unsub¬ 
tracted,  the  remainder.  The  fact  that  such  a  subtraction 
is  incomplete  is  indicated  by  writing  a  minus  sign  before 
the  result ;  thus,  3  —  4  =  —  1.  Hence  the  first  point  of 
division  to  the  left  of  zero  may  be  thought  of  as  correspond¬ 
ing  to  —  1.  Similarly,  3  —  5  =  —  2 ;  and  to  —  2  may 
correspond  the  second  point  of  division  to  the  left  of  zero. 

In  like  manner  6  —  9  =  —  3,  which  corresponds  to  the 
third  point  to  the  left  of  zero.  In  the  same  way  the  fourth 
point  of  division  to  the  left  of  zero  would  correspond  to 
—  4,  the  fifth  point  to  —  5,  etc. 

Such  numbers  as  —  1,  —  2,  —  3,  etc.  are  called  negative 
numbers.  The  minus  sign  is  never  omitted  in  writing  a 
negative  number,  though  a  letter,  as  x,  may  denote  one. 

The  relative  order  of  positive  and  negative  numbers  is 
indicated  in  the  following  scale : 

-8-7-6  -5  -4  -3  -2  -1  0  +t  +2  +3  +4  +5  46  +7  ! 

_ I— I _ I _ I _ I _ I I 1 1 1 _ I _ ‘  ■  ) 

(B) 


ORAL  EXERCISES 


Perform  the  following  additions  and  subtractions  by 
counting  along  the  preceding  scale : 


1.  Add  4  to  3. 

2.  Add  3  to  +  4. 

3.  Add  7  to  —  3. 

4.  Add  4  to  —  4. 

5.  Add  2  to  —  5. 

6.  Add  6  to  —  8. 


7.  Subtract  4  from  6. 

8.  Subtract  5  from  2. 

9.  Subtract  5  from  3. 

10.  Subtract  5  from  —  3. 

11.  Subtract  3  from  —  4. 

12.  Subtract  4  from  —  2. 
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..  23.  Addition  of  positive  and  negative  numbers.  As  we 
have  seen,  subtraction  by  the  use  of  scale  (B)  is  performed 
by  counting  spaces  to  the  left.  Now  a  negative  number 
represents  an  unperformed  subtraction ;  therefore  to  add 
a  negative  number  to  another  number  means  to  perform 
this  subtraction. 

For  example,  in  subtracting  7  from  4,-3  was  obtained 
by  beginning  at  4  and  counting  7  spaces  to  the  left,  arriv¬ 
ing  at  3  to  the  left.  Hence  when  we  wish  to  add  —  7  to  any 
number,  we  count  7  spaces  to  the  left  from  that  number. 

To  add  —  9  to  16  we  begin  at  16  and  count  9  spaces 
to  the  left,  obtaining  7  as  the  result ;  that  is, 

+  16  +  (-  9)  =  +  7. 

Similarly,  to  add  —  5  to  —  3  we  begin  at  —  3  and  count 
5  spaces  to  the  left,  obtaining  —  8  as  the  result ;  that  is, 

_  3  +  (-  5)  =  -  8. 

.Hence,  in  general,  to  add  a  negative  number  w  to  a  given 
number,  begin  at  the  given  number  and  count  n  spaces  to 
the  left. 

ORAL  EXERCISES 

Add  the  following  numbers  by  the  use  of  scale  (B) : 


L  +  5,  +  2. 

5.  7,  -  2. 

9.  4,  -  6. 

2.  +  5,  —  2. 

6.  —  7,  —  1. 

10.  -3,-4. 

3.  —  5,  -|-  2. 

7.  -  6,  -  2. 

11.  -  5,  +  5. 

4.  -  5,  -  2. 

8.  6,  -  3. 

12.  —  7,  -J“  9. 

The  preceding  exercises  illustrate  the  correctness  of  the 
following  working  rules : 

Rule  I.  To  find  the  sum  of  two  or  more  numbers  all  of  which 
have  the  same  sign^  add  the  numbers  arithmetically ^  and  prefix 
the  common  sign  to  the  result. 
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Rule  II.  To  find  the  sum  of  two  numbers  with  unlike  signsi 
subtract  the  number  with  the  smaller  numeric  value  from  the 
number  with  the  greater  numeric  value^  and  prefix  the  sign  of  the 
greater  number  to  the  result. 

These  rules  are  used  throughout  the  whole  of  algebra. 
Errors  are  likely  to  occur  in  carrying  out  processes  gov¬ 
erned  by  Rule  II.  It  is  important,  therefore,  that  correct 
habits  in  adding  be  formed  as  rapidly  as  possible. 

The  algebraic  sum  of  two  or  more  numbers  is  the  number 
obtained  by  adding  them  according  to  these  rules. 

The  numeric,  or  absolute,  value  of  a  number  is  its  value 
regardless  of  its  sign. 

Thus,  the  absolute  values  of  —  7,  +  10,  and  —  15  are  7, 
10,  and  15  respectively.  Note  that  two  different  numbers, 
as  +  4  and  —  4,  may  have  the  same  numeric,  or  absolute, 
value. 

The  algebraic  sum  of  two  numbers  is  not  always  the 
same  as  the  sum  of  their  absolute  values;  for  example, 
the  algebraic  sum  of  +  8  and  —  3  is  +  5,  but  the  sum  of 
their  absolute  values  is  11. 

Hereafter  the  word  add  will  mean  find  the  algebraic  sum. 


ORAL  EXERCISES 

♦ 

Perform  the  indicated  additions : 


1.  +  6  +  (+  7). 

2.  —  6  +  (—  7). 

3.  +  6  -j-  (—  7). 

4.  -  6  +  (+  7). 

5.  -}-  8  +  (—  6). 

6.  —  8  +  (+6). 


7.  —  7.1  16.3. 

8.  8.3  -|-  ( —  2.6). 

9.  —  5.3  -f"  8.7. 

10.  —  3  +  (+  3)  +  (+  5). 

11.  2  +  (+  6)  +  (+  4)  +  (—  3). 

12.  7  +  (—  2)  +  (—  3)  +  (+  5). 
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Answer  the  questions  asked  in  the  following : 


13«  8  “1”  ?  —  10. 

18.  -  9  +  ?  =  -  6. 

14.  8  +  ?  =  2. 

19.  -  10  +  ?  =  -  15. 

16.  9  +  ?  =  12. 

20.  -  10  +  ?  =  4. 

16.  9  “1”  ?  =  5. 

21.  12  +  ?  =  6. 

17.  -  9  +  ?  =  -  10. 

22.  -  12  +  ?  =  6. 

24.  Subtraction  of  positive  and  negative  numbers.  If  we 
wish  to  subtract  9  from  14,  we  may  do  so  by  answering 

the  question,  ''What  number  added  to  9  gives  14?’'  By 
answering  a  similar  question  we  can  subtract  7  from  13, 
or  16  from  27,  or  any  number  a  from  another  number  b. 
Exercises  13-22,  above,  are  therefore  exercises  in  subtrac¬ 
tion,  for  each  asks  a  question  similar  to  the  one  in  the  first 
sentence  of  this  paragraph. 

This  point  of  view  brings  out  the  relation  that  the  oper¬ 
ation  of  subtraction  bears  to  that  of  addition. 


ORAL  EXERCISES 


Perform  the  following  subtractions  by  answering  in  each 
case  the  question,  "What  number  added  to  the  first  num¬ 
ber  gives  the  second  number  ?  ” 

Subtract : 


1.  4  from  6. 

2.  7  from  12. 

3.  8  from  4. 

4.  12  from  5. 


6. -4  from  4. 

7.  6  from  —  11. 

8. -7  from  —  3. 

9.  10  from  —  17. 


5.  —  7  from  8. 


10.  —  25  from  12. 
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11.  In  Exercises  1-10,  change  the  sign  of  the  first  num¬ 
ber  (if  +,  to  — ;  if  — ,  to  +)  and  then  add  it  to  the  second 
number.  Are  the  same  answers  obtained  as  before? 

These  results  illustrate  the  following  principles : 

I.  Subtracting  a  positive  number  is  the  same  in  effect  as 
adding  a  negative  number  of  the  same  absolute  value. 

To  illustrate:  a  decrease  of  $100  in  a  man’s  assets  is 
equivalent  to  an  increase  of  $100  in  his  liabilities,  provided 
we  consider  his  financial  standing  as  a  whole  in  each  case. 

II.  Subtracting  a  negative  number  is  the  same  in  effect  as 
adding  a  positive  number  of  the  same  absolute  value. 

To  illustrate :  a  decrease  of  $75  in  a  man’s  liabilities  is 
equivalent  to  an  increase  of  $75  in  his  assets,  as  far  as  his 
net  financial  condition  is  concerned. 

Hence,  for  the  subtraction  of  positive  and  negative  num¬ 
bers,  we  have  the 

Rule.  Change  the  sign  of  the  subtrahend  (if  +,  to  —  ;  if 
to  +).  Then  find  the  algebraic  sum  of  the  subtrahend  (with  its 
sign  changed)  and  the  minuend. 


ORAL  EXERCISES 

Subtract  the  second  number  (subtrahend)  from  the  first 
(minuend)  in  Exercises  1-18 : 


1.  8,  -|“ 

7.  —  14,  5. 

13.  -  14,  -  17. 

2.  8,  -  3. 

1 

1-H 

1 

00 

14,  0.  “1“  2. 

3.  -1-  3,  —  8. 

9.  +  7,  +  7. 

15.  -2,-2. 

4.  -f-  3,  -p  8. 

• 

1 

1 

• 

o 

16.  2,  -  2. 

5.  14,  +  5. 

11.  7,  -  7. 

17.  -  3.5,  2.2. 

6.  14,  -  5. 

12.  —  7,  -j-  7. 

18.  6.5,  - 1.7. 
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Supply  the  missing  numbers  in  the  following : 

19.  13  -  (+  2)  -  (+  4)  =  ? 

29.  -  8  +  ?  =  -  7. 

20.  -  11  -  (+  2)  -  (+  4)  =  ? 

30.  —  8  “1”  ?  =  8. 

21.  -  10  -  (-  2)  -  (-  4)  =  ? 

31.  9  -  ?  =  4. 

22.  18  -  (-  4)  -  (+  6)  =  ? 

32.  -  6  -  ?  =  -  4. 

23.  +  7  +  ?  =  11. 

33.  +  5  -  ?  =  -  8. 

24.  -  7  +  ?  =  -  11. 

34.  -  8  -  ?  =  5. 

25.  -  4  +  ?  =  0. 

35.  -  4  -  ?  =  0. 

26.  “1“  5  “1“  ?  =  0. 

36.  3  -  ?  =  0. 

27.  +  5  +  ?  =  5. 

37.  4  -  ?  =  15. 

28.  -  7  +  ?  =  -  4. 

38.  7  +  ?  =  -  3. 

PROBLEMS 

1.  A  thermometer  registers  —  10°.  What  is  the  temper¬ 
ature  when  the  thermometer  registers  twice  as  far  below 
zero?  three  times?  four  times?  five  times? 

2.  One  man  owes  $5.  A  second  man  owes  twice  as  much. 
How  much  does  the  second  man  owe  ? 

3.  The  car  shortage  for  March  on  a  certain  line  was 
376.  This  is  the  same  as  saying  the  line  had  —  376  cars 
more  than  were  needed.  What  number  would  express  a 
shortage  twice  as  great  ?  three  times  as  great  ? 

4.  Death  Valley  is  about  325  feet  below  sea  level ;  that 
is,  its  elevation  is  —  325  feet.  The  Dead  Sea  is  four  times 
as  far  below  sea  level  as  Death  Valley.  What  number 
would  express  the  elevation  of  the  Dead  Sea  ? 

25.  Multiplication  of  positive  and  negative  numbers. 
From  the  preceding  problems  we  see  that  even  in  arithme¬ 
tic  we  might  multiply  negative  numbers  as  well  as  positive 
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numbers.  This  is  more  often  necessary  in  algebra  than  in 
arithmetic,  as  algebra  deals  with  negative  numbers  as  well 
as  with  positive  numbers. 

Four  cases  of  the  multiplication  of  numbers  may  arise ; 
for  example, 

(+3).(+2)  =  ?  (+3).(_2)=? 

(-3).(+2)=?  (-3).  (-2)=? 

From  arithmetic  we  have  learned  that  (+3)  •  (+2)  = 
(+  3)  +  (+  3)  =  +  6. 

In  (—  3)  •  (+  2),  —  3  is  to  be  added  twice,  which  is  the 
same,  as  adding  —  6  once ;  hence  (—  3)  •  (+  2)  =  —  6 ;  in 
(+  3)  •  (—  2),  +  3  is  to  be  subtracted  twice,  which  is  the 
same  as  subtracting  +  6  once.  Therefore  (+  3)  •  (—  2)  = 
—  6.  Lastly,  (—  3)  •  (—  2)  means  that  —  3  is  to  be  sub¬ 
tracted  twice,  which  is  the  same  as  subtracting  —  6  once. 
But  subtracting  —  6  is  the  same  as  adding  +  6.  Therefore 

(-3).(-2)  =  +  6. 

In  general  terms, 

(+  u)  •  (+  c)  =  +  aCf 

(-  a)  •  (+  c)  =  -  ac, 

(-1-  a)  •  (-  c)  =  -  ac, 

(—  a)  •  (—  c)  =  +  ac. 

Therefore  we  have  the 

Rule.  The  product  of  two  numbers  having  like  signs  is  a  positive 
number,  and  the  product  of  two  numbers  having  unlike  signs  is  a 
negative  number. 
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ORAL  EXERCISES 

Find  the  products  of  the  following : 


L  +  3,  +  4. 

8.  -[“  3,  —  4. 

15.  -  4,  -  6,  -  2. 

2.  “h  4,  -|-  11. 

9.  -  7,  -  8. 

16,  12,  -|-  0,  —  4. 

3.  —  4,  -|-  6. 

10.  -  1.6,  -  .2. 

17.  8,  -  10,  -  0. 

4.  -  2.5,  3. 

11.  -j-  0,  -j-  5. 

18,  —  4,  -f-  8,  —  8. 

5.  —  1  f  -\-  9. 

12.  -  8,  0. 

19.  -  3,  -  4,  -  5. 

6.  -  7,  -  5. 

13.  “h  4,  —  8,  -|-  6. 

20.  3,  -  3,  +  9. 

7.  -  11,  +  9. 

14.  “h  4,  —  7,  —  6. 

21.  -  1.5,  0.4. 

Note.  The  famous  German  mathematician  Leopold  Kronecker 
(1823-1891)  once  observed  that  "the  good  Lord  made  the  positive 
integers,  but  man  is  responsible  for  all  the  rest  of  the  numbers.”  This 
expresses  the  truth  about  numbers  as  accurately  as  one  can  in  a  single 
sentence.  We  count  objects  from  our  earliest  years,  and  so  use  the 
positive  integers  naturally.  It  is  only  when  we  come  to  study  mathe¬ 
matics  that  the  necessity  for  any  other  kind  of  numbers  is  forced  upon 
us.  Here  we  see  that  negative  numbers  are  a  great  convenience  if  we 
wish  to  represent  the  relations  between  objects  where  oppositeness  in 
any  of  its  many  forms  is  involved.  But  the  artificial  character  of  nega¬ 
tive  numbers  delayed  their  intelligent  use  for  many  hundred  years. 
To  be  sure,  the  Hindus  said  that  "the  square  of  negative  is  positive,” 
but  the  statement  probably  did  not  mean  anything  to  those  who  read 
it.  It  was  not  until  after  the  time  of  Descartes  (see  page  284)  that  the 
rules  for  operating  on  negative  numbers  were  understood,  even  by 
great  mathematicians. 

26.  Division  of  positive  and  negative  numbers.  When  16 
is  divided  by  8,  the  result  is  2.  To  test  whether  2  is  the 
correct  value  of  16  8,  we  check  thus :  8  •  2  =  16.  To 

check  12  4  =  3,  we  multiply  the  quotient  3  by  the  divisor 

4  and  get  12,  the  number  divided.  This  test  will  be  used 
to  determine  whether  when  positive  and  negative  numbers 
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are  divided,  the  answer  is  positive  or  negative.  All  the 
cases  which  may  arise  are  represented  by  the  four  questions : 


(а)  +  16  -  (+  8)  =  ? 

(б)  -16  ^  (+8)=  ? 


(c)  +  16  ^  (-  8)  =  ? 

(d)  -  16  -f-  (-  8)  =  ? 


These  questions  are  answered  thus : 

{cb)  “h  16  -i-  (“h  8)  =  -f"  2,  because  -h  2  •  (-{-  8)  =  -f"  16. 

(6)  —  16  -^-  (+  8)  =  —  2,  because  —  2  •  (+  8)  =  —  16. 

(c)  +  16  H-  (—  8)  =  —  2,  because  —  2  •  (—  8)  =  +  16. 

(d)  —  16  -5-  (—  8)  =  +  2,  because  +  2  •  (—  8)  =  —  16. 

In  (a)  and  (d)  the  dividends  and  the  divisors  have  like 
signs  and  the  quotients  are  positive.  In  (b)  and  (c)  the  divi¬ 
dends  and  the  divisors  have  unlike  signs,  and  the  quotients 
are  negative. 

Therefore  we  have  the 

Rule.  When  two  numbers  having  like  signs  are  divided,  the  quotient 
is  a  positive  number;  when  two  numbers  having  unlike  signs  are 
divided,  the  quotient  is  a  negative  number. 

27.  Division  by  zero.  The  result  of  multiplication  by 
zero  is  given  a  definite  meaning  in  arithmetic  and  algebra, 
namely  zero;  but  in  both  subjects  division  by  zero  is 
always  excluded.  If  zero  were  used  as  a  divisor,  numer¬ 
ous  contradictions  would  arise,  of  which  the  following  is 
an  illustration : 

Obviously,  0-3  =  0, 

and  "  0-5  =  0. 

Therefore  0  -  3  =  0  -  5. 

Dividing  each  by  zero,  3  =  5, 
which  is  false. 
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Note.  The  Hindus  were  the  first  to  express  the  laws  that  govern 
the  operations  with  the  number  0.  In  fact,  they  were  the  first  to  have 
such  a  symbol.  In  the  twelfth  century  a  Hindu  writer  stated  that 
a  +  0  =  o,  that  Vo  =  0,  and  that  0^  =  0.  Of  course  he  did  not  express 
himself  in  terms  of  these  symbols,  but  in  the  notation  of  his  time  and 
country. 

ORAL  EXERCISES 


In  Exercises  1-12  divide  the  first  number  by  the  second  : 

9.  —  12,  -j-  3. 


1.  “h  10,  -j-  5. 

2.  -  10,  -  2. 

3.  -  15,  +  5. 

4.  +  14,  -  7. 


5.  -  21,  -  3. 

6.  —  6,  +  6. 

7.  0,  -j-  4. 

8.  -  4,  -  4. 


10.  -j~  12,  —  3. 

11.  -  12,  -  3. 

12.  +  36,  2. 


MISCELLANEOUS  ORAL  EXERCISES 
Simplify  the  following : 


1. 

(6)  +  (5). 

11.  - 

6  +  9. 

21.  8(-  4). 

2. 

(6)  -  (5). 

12.  9  +  (-  11) 

• 

22.  (-5)(-  11). 

3. 

(6)  -  (-  5). 

13.  12 

-16. 

23.  (—  3)8. 

4. 

(-  6)  +  (5). 

14.  — 

16  -  12. 

24.  -  4  •  6. 

5. 

(-  6)  -  (-  5). 

15.  18 

-16. 

25.  6  •  0. 

6. 

-6  +  5. 

16.  + 

8-0. 

26.  0  •  (-  8). 

7. 

(-  8)  -  (4). 

17.  0- 

-2. 

27.  5  •  8. 

8. 

-8-4. 

18.  (- 

3)  (5). 

GO 

• 

1 

CO 

• 

• 

9. 

-  11  +  (-  12). 

19.  (- 

3)  (7). 

29.  12  -4-  (-  3). 

10. 

-6- (-9). 

20.  (- 

7)5. 

30.  -  6.8  ^  (-  0.2). 

31.  -  38  -J-  (-  2). 

36. 

0 

-  4  -f-  (-  5). 

32.  45  -  (+  15). 

36. 

8, 

.4  -5-  .4. 

33.  -  45  -4-  (+  15). 

37. 

3 

-7  +  8. 

34.  0  -f-  (-  7). 

38. 

•  4  +  5  —  2  +  1. 
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Supply  the  missing  term  in  the  following : 

39.  =  5.  40.  =  2.  41.  =  -  4. 

•  •  • 

Add: 

42.  8  43.  6  44.  8  45.-4  46. 


-2  -2 

3  +3 

-  6  -4 

Simplify : 

47.  3  •  8  -i-  2. 

48.  -  3(8)  (-  2). 

49.  3(-  8)  ^  2. 

50.  4  •  6(-  7)  ^  (-  16).  ' 

61.  18  ^  (3)  •  6  (-  4). 

62.  2\ 

63.  (-  2)2. 

64.  (3)2. 

66.  (-  3)2. 

66.  (-  3)2  +  (3)2. 

67.  -  (-  4)2. 

68.  -  (-  4)2. 


-6  +9 

-2  +3 

5  -6  +4 


69.  -  2(3)2(2). 

60.  -3(-  2)(-  3)2. 

61.  -2(-  4)2(-  5). 

62.  2(4)2 . 5 

63.  3(5)2  .  (_  0)_ 

64.  -  4(5)2  ^  2. 

66.  -  4(5)2  ^  (_  2). 

66.  -  4(6)2  ^  6 

67.  4(-  6)2  (-  6). 

68.  3  •  5(-  7)2  -S-  21. 

69.  3  •  5(7)2  ^  (_  21). 

70.  -  4  •  2  •  (9)2  H-  (6)2. 


REVIEW  EXERCISES 


Simplify  the  following : 


'  1.  42  -  (2)2. 

2.  42  +  (-  2)2. 

3.  32  -  (-  2)2. 

4.  32  +  (-  2)2. 


6.  (5-2)(3  +  2). 

6.  (5-3)(4  +  2). 

7.  (5-2)(7-3)  -  (3-9).- 

8.  (-  1)2  +  (-  1)2  -  (-  2)2  -  (-  2)2. 
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9.  9  +  3  ■  2  -  18  H-  3. 

10.  52  +  4-1-2^  (-  6)(-  3). 

11.  3-6^-9  +  2-  6^4-(-  3)2. 

12.  (-  3)2  +  2  ■  3  ■  (-  4)  -f-  42. 

13.  (+2)2-2(2)(-3)2+(-3)2. 

14.  3(4)2(-  5)  -  (-  5)2. 

15.  42  -  3(4)2(-  3)  +  3(4) (-  3)2  -  (-  3)2. 

16.  32  +  3(3)2(-  2)2  +  3(3)(-  2)2  +  (-  2)2. 

17.  (-  3)2  -  3(-  3)2(0)  +  3(-  3)(0)2  -  02. 

18.  (-  5)2  +  3(-  5)2(+  4)  +  3(-  5)(+  4)2  -  (4)2. 

19.  2(-  3)2  +  6(-  5)2(+  4)  +  6(-  5)(+  4)2  +  (4)2. 

If  X  =  —  3, 2/  =  2,  find  the  value  of  the  following : 


20.  y\ 

24.  2/2. 

28.  3  y^. 

32.  x^  +  y‘^. 

21.  2/2. 

25.  x\ 

29.  3  x^. 

33.  x^  +  y^. 

22.  x2. 

26.  3  2/2. 

30.  5  xy. 

34.  2  x^  +  4  X?/  +  y^. 

23.  x2. 

27.  3  x2. 

31.5  xy. 

35.  2  x^  —  4  XT/  +  y^. 

36.  x^—Sx^y+Sxy^—y^.  39.  3  x2  —  6  xj/  +  5  y‘‘. 

37.  x"*  —  y*.  40.  (x  +  yYix  —  «/)2. 


38.  3  x2  +  6  X2/  +  3  y\  41.  2x^+6x‘^y+6xy^+2yK 

42.  x"*  +  4  x^y  +  6  x^y^  +  4  xy^  + 

43.  Does  4  X  -  2  =  2  X  -  12,  if  X  =  -  5? 

44.  Does  3x  —  5  =  2x  +  8,  ifx=12? 

45.  Doesx2-x-12  =  0,ifx  =  3?  if  x  =  -  3?  if  x  = +4? 

46.  Doesx2  +  10x  =  -25,ifx  =  |?ifx  =  -4?ifx  =  -5? 

47.  Does2x2-20x  +  50  =  0,ifx  =  -5?ifx  =  5?ifx  =  |? 

48.  Does  x2  +  a:  — 12  =  0,  if  a;  =  +  4?  if  x  =  — 8?  if 
x  =  —  4?  if  x  =  3? 

49.  Does  x2  —  7  X  =  —  12,  if  X  =  6?  if  X  =  5?  if  X  =  —  3? 


POSITIVE  AND  NEGATIVE  NUMBERS  47 

50.  Using  positive  numbers  to  represent  excess,  and 
negative  numbers  to  represent  shortage,  express  the  fol¬ 
lowing  records  on  the  number  of  freight  cars  available 
during  the  first  six  months  of  a  certain  year:  January, 
excess  of  560  cars ;  February,  excess  of  420  cars ;  March, 
shortage  of  176  cars;  April,  shortage  of  360  cars;  May, 
shortage  of  574  cars ;  June,  excess  of  564  cars. 

61.  The  temperature  is  +  15°.  What  will  represent  the 
temperature  after  a  drop  of  (a)  5°?  (6)  10°  ?  (c)  20°  ? 

62.  The  temperature  is  now  —  18°.  What  will  it  be 
(a)  after  a  rise  of  8°?  (6)  after  a  rise  of  14°  ?  (c)  after 
a  rise  of  30°  ?  (d)  after  a  change  of  —  10°?  (e)  after  a 
change  of  +  30°? 

53.  The  temperature  at  6  a.m.  was  —  12°.  During  the 
day  it  rose  at  the  rate  of  3°  per  hour.  What  was  the 
temperature  at  9  a.m.  ?  at  10  a.m.  ?  at  12  M.  ? 

54.  The  speed  of  a  trolley  car  going  in  a  certain  direc¬ 
tion,  taken  at  half-hour  intervals,  was  as  follows :  20  mph 
(miles  per  hour),  25  mph,  15  mph,  0, 10  mph,  0,  —  25  mph, 
—  10  mph,  0,-5  mph.  Plot  these  values,  using  the  line 
graph.  What  is  the  meaning  of  the  negative  velocities 
given? 

Where  an  initial  direction  has  been  assumed,  we  are  fre¬ 
quently  confronted  with  negative  directions.  This  is  particu¬ 
larly  true  in  physics  and  the  applied  sciences. 

55.  A  man  withdraws  $50  from  his  bank  one  week.  The 
second  week  he  withdraws  $10  less  than  the  first  week; 
the  third  week  $10  less  than  the  second  week ;  and  so  on 
for  a  period  of  eight  weeks.  Represent  these  withdrawals 
by  means  of  a  line  graph.  Interpret  the  negative  values 
found  after  the  sixth  week. 
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28.  Monomials.  A  monomial,  or  term,  is  a  number  symbol 
which  is  not  the  indicated  sum  or  difference  of  two  or 
more  number  symbols. 

Thus  6,  —  b,  (j?,  h'^c,  and  —  3  cd?  are  monomials,  or  terms. 
Frequently,  where  no  confusion  would  arise,  expressions  like 
(5  —  3),  2{x  +  y),  4  and  —  x  are  called  terms,  for  in 
such  cases  one  thinks  not  of  the  parts  but  of  a  single  number 
for  which  the  whole  stands.  We  may  think  of  the  expression 
(5  —  3)  not  as  two  numbers  but  as  the  one  number  2. 

29.  Similar  terms.  Terms  are  similar  when  they  are  alike 
in  all  respects  except  their  coefficients. 

Thus  2,  —  6,  and  8  are  similar  terms,  as  are  h,  3  b,  and 

—  5  6.  Also  Vs  and  2  Vs  are  similar  terms,  as  are  2  a?x, 

—  5  aH,  and  6  a^x. 

30.  Addition  of  similar  terms.  It  is  clear  that  6  6  +  46 
=  10  6  j  also,  that  3  ax  +  2  ax  +  8  ao:  =  13  ax.  In  like 
manner  4  abc  +  (—  3  abc)  +  12  abc  +  (—  8  abc)  =  5  abc,  and 
the  sum  of  3  xy,  —  xy,  Sxy,  —  4  xy,  and  xy  is  7  xy. 
The  terms  —  xy  and  +  xy  are  equivalent  to  —Ixy  and 

+  1X2/. 

For  adding  similar  terms  we  have  the 

Rule.  Find  the  algebraic  sum  of  the  numeric  coefficients  and  prefix 
this  result  to  the  common  literal  part. 
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ORAL  EXERCISES 
Find  the  algebraic  sum  of : 


1.  5  6,  3  6. 

6.  +  5  r,  —  8  r. 

2.  —  12  a,  +  7  a. 

7.  —  11  a,  +  19  a. 

3.  —  9  c,  —  3  c. 

8.  —  2  ac,  —  3  ae. 

4.  —  2  a,  —  3  a. 

9.  —  a:2/,  +  3  xy,  —  4  xy. 

6.  +  8  X,  —  2  x. 

10.  —  6  mn,  +  2  mn,  —  mn. 

Combine : 

\ 

11.  ax  2  ax  —  S  ax 4:  ax. 

12.  3  am  —  5  am  —  9  am  +  7  am. 

13.  5  a6  —  4  a6  +  11  a6  —  8  ab. 

14.  9  a6  —  7  a6  +  4  a&  —  5  ab. 

15.  4  axy  +  3  axy  —  7  axy  +  14  axy. 

16.  —  abc  +  4  abc  +  abc  —  5  abc  +  11  abc. 

17.  10  6c  —  6  6c  +  12  6c  —  8  be. 

18.  4  6c  —  7  6c  +  10  6c  —  8  6c  +  12  be. 

19.  6  xy,  —  xy,  —  7  xy,  +  xy,  S  xy,  —  4  xy,  xy. 

20.  3(x  + 1/),  -  4(x  +  ?/),  +  6(a:  +  2/),  -  (x  +  y),  -  5(x  +  y)- 

31.  Order  in  adding  terms.  Obviously,  3 +  4  + 6  =  4+ 6  + 3 
=  6  +  4  +  3,  etc.  This  illustrates  the  law  that  in  addition 
the  terms  may  be  arranged  and  added  in  any  order. 

Hence  56  +  6c  =  6c+5  6,  and  the  sum  of  4  and  6  is  either 

4  +  6  or  6  +  4  ;  also  6  +  c  =  c  +  6  and  x  +  y  +  z  =  z-\-y-\-x. 

32.  Addition  of  dissimilar  terms.  An  algebraic  expression 
for  the  sum  of  two  terms  which  are  not  similar,  such  as 

5  X  and  3  k,  is  obtained  by  writing  ‘them  one  after  another 
with  the  plus  sign  between  them ;  thus,  5  a:  +  3  A:. 
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Similarly,  the  sum  of  4  a  and  —  5  m  is  4  a  +(—  5  m)  or 
4  a  —  5  m,  and  the  sum  of  2  a:,  4  y,  and  —  2  2:  is  2  x  +  (+  4  2/) 
+  {— 2  z),  or,  omitting  the  parentheses,  2x-\-4:y  —  2z. 
For  adding  dissimilar  terms  we  have  then  the 

Rule.  Write  the  terms  one  after  the  other  in  any  order,  giving  to 
each  its  proper  sign. 

EXERCISES 

Write  the  sum  of : 

1.  2  a,  3  6,  —  2  c.  4.  6  x^y,  —  4  xy^,  2  c^y,  —  cy^. 

2.  S  X,  —  h,  b  y,  S.  6.  5  x,  —  2  a,  3  6,  —  4  x,  4  y. 

3.  2  a^h,  Sbx,  —2  cy,  aW.  6.  2  a^, + 3  6^  —  8  c^,  —  5  6^  6  0?. 

7.  4  a,  —  7  6,  +  4  c,  6  6,  —  3  c^. 

8.  4  a^h,  —  4  a¥,  —  4  o?h,  4  ah^,  3  a^h,  3  a¥. 

9.  7  a^hc,  —  5  abc^,  9  db^c,  7  abd,  —  3  dbc,  —  6  abh. 
10.  10  a^b,  3  a¥,  —  4  db,  —  7  ab^,  6  db^,  —  3  db. 

Simplify : 

11.  5-9-2  +  15-20  +  10. 

12.  14  ac  —  8  x?/  +  4  ac  —  3  XI/  —  7  ac  +  12  xy. 

13.  8x  +  7a  —  14a  —  9x  +  4x. 

14.  12  1/  —  18 1/  +  9  6  +  25  2/  —  24  6. 

15.  4  2:^  —  5  —  10  1/^  +  2:^  —  8  y‘^. 

16.  5  a6  —  7  XI/  —  11  a6  +  14  a6  —  x^  —  7  ab. 

17.  —  4  +  6  xi/^  —  13  ab"^  +  4  xi/^  +  a6^  —  0  xi/^. 

18.  7  a^  +  4  a^6  —  6  a6^  +  a^  +  5  6^  +  5  a^5  —  2  6^  +  3  aid'. 

19.  7  ¥d  —  5  ad  -\-bdd  —  ad  +  9  a6^  —  10  dd. 

20.  -  5^  -  18  a2  +  19  6^  -  0  6^  +  13  a2  +  54  _  0  a\ 

21.  10  ad  +  4  —  0  ad  +  14  ad  — 11  ad  —  23  cd^  +  0  cd?. 
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22.  IIV6-I5V6  +  20V6-OV6. 

23.  4Va  —  h  —  2Va  —  h  +  7Va  —  h  —  6Va  —  h, 

24.  5(2  a  —  6)  +  2(2  a  —  b)  —  4(2  a  —  6)  —  (2  a  —  6). 

25.  4  Va^6  +  3  —  7  +  4  —  9  V^. 

33.  Addition  of  polynomials.  A  polynomial  is  an  algebraic 
expression  consisting  of  two  or  more  terms. 

An  expression  is  not  called  a  polynomial  if  any  of  its 
terms  contain  a  letter  under  the  radical  sign.  Thus 
V a  —  2  +  3  is  not  called  a  polynomial. 

A  binomial  is  a  polynomial  of  two  terms. 

Thus  x  +  3,  3  a;  —  5,  —  9,  and  3  —  2  are  binomials. 

A  trinomial  is  a  polynomial  of  three  terms. 

Thus  X  —  y  —  S,  2  X  +  y  —  S,  Sx  +  4:y  —  7z,  m  —  n  —  p, 
and  2x4-6r  —  5s  are  trinomials. 


Example 

Add  the  following  polynomials :  2  a  —  Zb  —  ac^,  2  6  + 
3  ac^,  —  3  a  —  7  ac^  +  11,  and  4  a  +  3  6  —  5. 

Solution.  +  2  a  —  3  6  —  ac^ 

+  2  6  +  3  ac^ 

-  3  a  -  7  ac2  +  11 
-}-4n-(-36  —  5 

^  Sum,  Sa  +  2h  —  5  ac^+  6 

For  the  addition  of  polynomials  we  have  the 

Rule.  Write  similar  terms  in  the  same  column. 

Find  the  algebraic  sum  of  the  terms  in  each  column  and  write  the 
results  in  succession  with  their  proper  signs. 
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34.  Checks.  A  check  on  an  operation  is  a  second  operation 
which  tests  the  correctness  of  the  first. 

For  example,  in  arithmetic  the  result  of  subtraction  is 
checked  by  addition ;  thus,  the  check  for  10  —  4  =  6  is  6  +  4 
=  10.  The  check  for. the  result  of  division  is  multiplication. 
Thus  the  check  for  144  8  =  18  is  18  •  8  =  144. 

To  check  addition  we  sometimes  add  columns  in  the  oppo¬ 
site  direction.  However,  there  is  really  no  check  for  addition 
that  is  absolutely  certain  to  detect  errors.  If  the  numbers 
in  the  column  are  not  all  of  the  same  sign,  the  result  can 
be  partially  checked  by  adding  the  positive  and  negative 
numbers  separately  and  finding  the  algebraic  sum  of  the  two 
results. 

Perhaps  the  most  common  check  for  the  addition  of  poly¬ 
nomials  is  to  substitute  some  number  or  numbers  for  the  letters 
in  the  expression.  Each  term  which  is  being  added  will  then 
have  some  numeric  value.  The  numeric  value  of  the  algebraic 
sum  of  the  polynomials  should  be  equal  to  the  algebraic  sum 
of  the  numeric  values  of  the  individual  polynomials.  If  this 
does  not  turn  out  to  be  the  case,  some  error  in  the  original 
addition  has  been  made. 

Thus,  in  the  example  given  above,  let  a  =  1,  6  =  2,  and 
c  =  3.  The  work  of  addition  and  the  corresponding  numeric 
check  may  then  be  represented  as  follows : 

2  o  -  3  6  -  ac2  (=  2-6-9  =  -  13) 

+  26  +  3ac2  (=  +4  +  27  =  +  31) 

-  3  a  -  7  oc2  +  11  (=  -  3  -  63  +  11  =  -  55) 

4a  +  36  -5(=  4  +  6  -5  =  +5) 

3a  +  26-5  ac2+  6  (=  3  +  4-45  +  6  =  -  32) 

The  sum  of  the  numeric  values  of  the  several  expressions  is 
in  this  case  the  same  as  the  numeric  value  of  the  sum  of  the 
expressions,  namely  —  32,  thus  indicating,  although  not  prov¬ 
ing,  that  the  addition  has  been  correctly  done. 
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Add  the  following  polynomials  and  check  the  results : 

1.  x  +  2  2.  X  —  z  —  2  3.  X  —  y  z 

3  a:  —  4  2  a:  +  z  —  7  •  2x  —  Sy-{-Sz 

4  a;  —  6  6  a;  —  3  a:  9  Ax-^Sy  —  6z 

4.  4a:  +  4?/,  6x  —  9y-{-4:Z,  and  4a:  —  41/  —  4  2. 

6.  8a:  —  7^  +  4  2,  6a:  —  5  2,  and  Sx-\-7y  —  6z. 

6.  a:^  —  a:  —  2,  2  a:^  —  4  a:  +  6,  and  4  a:^  +  7  a:  —  9. 

7.  a:^  —  5  a:  +  2,  2  x  —  4  a:^  +  8,  and  11  —  10  x  —  18. 

8.  3d— 4d^— 6,d^+d— 1, 4d  —  3d^  +  3,  and4  — d  —  5d^. 

9.  4a  —  56  +  6  c,  7  h  —  2c,  and  6a  —  46  —  3  c. 

10.  a  +  2  6  +  3  c,  6  —  3  c  +  a,  and  c  —  2  a  —  4  6. 

11.  6  X  —  7  ^  +  8  2,  2  ^  ^  12  2  +  X,  and  10  2  —  4 

12.  4a  —  36  —  3  c,  3c  —  2a  —  6,  and  4  6  +  8  c. 

13.  10  he  —  ac,  7  a6  —  3  he,  and  —  12  6c  —  ah. 

14.  2  a^  —  4  a  +  5,  5  a  —  3  a^  +  2,  6  a  —  4  a^. 

16.  3  —  a^  +  3  a,  —  6  +  3  a^  —  2  a,  6  a^  —  4  a. 

16.  a  —  X  —  4c,  5  —  6x  +  5a,  6c  —  3a  +  9,  and  a  —  2 c  — 

2  X  —  12. 

17.  a  +  c  +  x  —  5,  3a  +  2x  +  9  —  2c,  a  —  7  —  2c  —  x, 
and  6  —  3x  —  4a  +  c. 

18.  X  —  2  —  4c,  X  —  a  —  3c,  a  —  4c  —  6,  and 3 x  —  7  + 12 a. 

19.  3x  +  42/  +  6  2, 2x  —  22/  +  4  2, and 4 x  —  3 ^  +  11 2. 

20.  2  X  —  10  2,  4  X  +  3  ?/,  5  2  —  2/,  and  3  x  —  4  ^  +  2. 

21.  2  — 4(x  — +2(x  +  2),  5—  10a+3(x— 2/),  — 2(x  +  2) 
+  7,  and  5(x  —  ^)  +  (x  +  2)  +  3  a. 
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22.  a+c  — 2(6  — d), 7(6  — c?)  +  6c  — 11  a, and  10 a— 4(6— rf). 

23.  a  +  a:  +  3(2/ +  2:),  2a  — 3x  +  4  6,  7 a:  —  10(2/ +  2:), 
and  76  —  3a  +  2:  +  2(2/  +  2:). 

Combine  similar  terms  in  the  following  polynomials : 

24.  6  a2  -  12  62  +  11  c2  +  14  62  -  2  a2  -  c2  +  3  62  +  4  c2. 

25.  a2  +  2  a6  +  62  —  3  a6  —  4  a2  —  62  +  8  a2  —  4  a6  +  62. 

26.  5  6c  —  62  +  c2  +  4  6c  —  3  c2  +  5  62  —  4  6c  —  5  c2. 

27.  5  2^2  —  6  2C  +  11  —  4  2C  —  8  —  3  2^2  +  7  2C  —  18  +  13  2C. 

28.  4  //22:  —  ^2:  +  2:2  —  3  2/2:  +  4  2/2:2  —  2  2/2^:  +  4  2:2  +  3  ^^2  _|_  ^2^^ 

29.  ^6-i“^^  —  \  ^  “h  ^  ^  —  ^j^d-h^6-}~7. 

The  sum  of  2  a  and  3  a  may  be  written  (2  +  3)a.  This  is  not 
usually  done,  as  the  sum  of  2  a  and  3  a  can  be  written  5  a.  In 
adding  ax  and  3  x  the  a  and  3  cannot  be  combined.  The  sum 
ax  +  S  X  can  be  written  (a  +  3)x.  Similarly,  hx  —  h  x  = 
(6  —  5)a; ;  6a;  +  a:  =  (6  +  l)x ;  and  2  x  +  ax  +  cx  =  (2  +  a  +  c)x ; 
also  a{y  +  2)  +  c{y  +  z)  =  (a  +  c)(2/  +  z). 


Express  as  one  term  so  that  x  will  have  a  binomial  or  a 
polynomial  coefficient : 


30.  ax  +  4  X. 

35. 

31.  2  ax  +  6x. 

36. 

32.  4  6x  —  X. 

37. 

33.  ax  +  2  6x  +  cx. 

38. 

34.  ax  —  3  X  +  6x. 

39. 

4  ax  —  4  cx  —  X. 

2  ax  —  2  6x  —  X  +  Wx, 
cx  —  5  6x  —  X  +  3  cx. 

2  X  —  3  ax  +  6x  —  cx. 

.3  X  +  2.5  ax  —  .7  6x  +  .5  cx. 


CHAPTER  V 


SIMPLE  EQUATIONS 

35.  Definitions.  An  equation  has  already  been  defined 
as  a  statement  of  equality  between  two  equal  numbers  or 
number  symbols. 

Thus  3  =  7  —  4,  X  —  2^  =  3x  +  ^  —  2a;  —  3i/,  4a  =  2  +  12, 
and  —  a;  —  6  =  0  are  equations. 

The  part  of  the*  equation  on  the  left  of  the  equality  sign 
is  called  the  or  left  member ;  that  on  the  right,  the  second 
or  right  member. 

In  an  equation  the  letter  whose  value  is  sought  is  called 
the  unknown  letter  or  the  unknown. 

Thus,  in  the  equation  2  a;  =  4,  x  is  the  unknown,  and  in  the 
equation  3/i  —  5  =  13,  /lis  the  unknown. 

The  process  of  finding  the  value  of  the  unknown  letter 
in  an  equation  is  called  solving  the  equation.  If  the  value 
of  the  unknown  be  substituted  for  it  in  the  equation  and  if, 
when  the  result  is  simplified,  the  left  member  of  the  equa¬ 
tion  becomes  identical  with  the  right,  then  the  unknown 
is  said  to  satisfy  the  equation. 

The  presence  of  an  equality  sign  between  two  algebraic 
expressions  is  not  sufficient  to  form  an  equation. 

Thus  X  =  X  +  1  is  not  an  equation,  since  there  is  no  number 
which  equals  itself  increased  by  1. 
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ORAL  EXERCISES 

Does  the  number  in  parenthesis  at  the  right  of  each 
equation  satisfy  that  equation  ? 


1.  X  -  3  =  2. 

(5) 

7.  2^  +  5  =  11. 

(3) 

2.  4  —  2/  =  2. 

(3) 

8.  6  ^  —  10  =  2. 

(1) 

3.  3  -|-  ^  =  6. 

(3) 

9.  4  -  5  ^  -  1. 

(6) 

4.  4  —  m  =  2. 

(2) 

10.  2  m  —  2  =  0. 

(1) 

6.  2  2;  -j-  3  =  5. 

(1) 

11.  4  X  —  5  =  7. 

(3) 

6.  5  —  3  X  5. 

(1) 

12.  12  s  +  5  =  29. 

(1) 

36.  Axioms.  An 

axiom 

is  a  statement  whose  truth  is 

accepted  without  proof. 

In  solving  equations,  constant  use  is  made  of  the  fol¬ 
lowing  axioms : 

Axiom  I.  If  the  same  number  is  added  to  each  member  of  an 
equation,  the  result  is  an  equation. 

Thus,  adding  4  to  each  member  of  n  —  4  =  7  gives  n  =  11. 
In  this  case  the  use  of  Axiom  I  gives  us  the  solution  to  the 
original  equation. 


Find  the  value 
1.  a:  —  10  =  7. 
2*  Ti  —  3  5. 

3.  d  —  4  =  4. 

4.  a:  —  3  =  6. 

6.  w  —  2  =  13. 


ORAL  EXERCISES 
'  the  unknown  in : 

6.  s  -  1  =  3. 

7.  -  10  +  r  =  3. 

8.  —  4  +  m  =  1. 

9.  ri  —  2  =  0. 

10.  a;  -  8  =  0. 


11.  -6  +  c  =  7. 

12.  -  5  +  d  =  3. 

13.  0  =  a:  —  2. 

14.  /i  —  5  =  0. 

15.  0  =  -  3  +  X. 
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Axiom  II.  If  the  same  number  is  subtracted  from  each  member 
of  an  equation,  the  result  is  an  equation. 

Thus,  subtracting  5  from  each  member  of  n  +  5  =  10  gives 
n  =  5.  Axiom  II  states  that  if  this  subtraction  is  performed, 
the  resulting  statement  is  true. 


ORAL  EXERCISES 
Find  the  value  of  the  unknown  in : 


1. 

II 

+ 

=  8. 

8. 

3  —  X  +  2. 

15. 

2/  +  ^  — 

:16. 

2. 

d  3  — 

■-7. 

9. 

9  =  a  +  4. 

16. 

3  +  X  = 

:5. 

3. 

r  +  15  = 

=  21. 

10. 

12  =  d  +  6. 

17. 

2  1  = 

-8. 

4. 

5  +  (^  = 

--20. 

11. 

12  +  X  =  15. 

18. 

S  +  v  = 

9. 

5. 

2  +  m  = 

=  20. 

12. 

X  +  2  =  10. 

19. 

12  +  X  : 

=  2. 

8. 

h-{-  5  = 

=  7. 

13. 

2  +  2/  =  —  3. 

20. 

X  +  4  = 

:  1. 

7. 

10+6: 

=  16. 

14. 

m  +  10  =  16. 

21. 

^  +  11  = 

=  20. 

Axiom  III.  If  each  member  of  an  equation  is  multiplied  by  the 
same  number,  the  result  is  an  equation. 

71 

When  an  equation  is  in  the  form  ^  =  5,  it  can  be  solved  by 

O 

multiplying  each  member  by  3,  giving  n  =  15.  Axiom  III  states 
that  if  this  multiplication  is  performed,  the  result  is  true. 


ORAL  EXERCISES 


.Find  the  value  of  the  unknown  in : 


6“3‘ 

8.  j  =  -3. 
4 


9. 


10. 


1  I 
4  “8* 

1  _  ^ 
5“l0‘ 


c 
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Axiom  IV.  Jf  each  member  of  an  equation  is  divided  by  the 
same  number  {not  zero),  the  result  is  an  equation. 

In  the  equation  4  n  =  12,  divide  both  members  by  the 
coefficient  of  n.  Thus,  dividing  both  members  by  4  we  get 
n  =  3.  Axiom  IV  states  that  if  this  division  is  performed, 
the  result  is  an -equation. 


Find  the  value 

1.  6  a  =  12. 

2.  Sn  =  24. 

S.  7  d  =  28. 

4.  5  n  =  30. 


ORAL  EXERCISES 
the  unknown  in : 

5.  3  A:  =  15. 

6.  2  m  =  6. 

7.  12  a;  =  60. 

8.  24  =  8  m. 


9.  56  =  14  n, 

10.  18  =  6  r. 

11.  125  =  25  X. 

12.  13  ^  =  65. 


of 


State  the  axiom  or  axioms  which  apply  to  the  solution 
of  each  of  the  following  equations : 

3c 


13.  3  -  7  =  2. 


17. 


=  6. 


14.  2  a:  +  2  =  4.  18.  8  =  16. 


21.  8/1  +  2  =  10. 

2  r  . 

22.  =  4. 

o 


15.  5  r  -  3  =  12.  19.  7  d  +  7  =  21.  23.61  =  18. 

4  X 


16.  7  s  -  2  =  12.  20.  3  X  -  4  =  5. 


24. 


=  4. 


In  changing  the  form  of  the  equation,  by  the  application 
of  an  axiom,  we  do  not  change  the  value  of  the  unknown. 
We  merely  discover  the  value  it  had  all  the  time.  These 
axioms  are  used  almost  constantly  in  the  solution  of  all 
kinds  of  equations,  whether  they  involve  numbers,  letters 
standing  for  known  numbers,  imknown  numbers,  or  all  of 
these  together. 
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Example 

Solve  6  x  —  7  =  S  x  +  2. 

Solution.  6a;  —  7  =  3a;  +  2. 

Subtracting  3  x  from  each  member, 


3  X  -  7  =  2. 

Ax.  II 

Adding  7  to  each  member, 

3  X  =  9. 

Ax.  I 

Dividing  each  member  by  3, 

X  =  3. 

Ax.  IV 

Checking  the  solution  of  an  equation  is  often  called 
testing  or  verifying  the  result. 

Check.  6a;  —  7  =  3a;  +  2. 

Substituting  3  for  x, 

6x3-7 -3x3  + 2. 

Simplifying,  18  —  7  =  9  +  2,  or  11  =  11. 

Hence  x  satisfies  the  original  equation. 

EXERCISES 

Solve  the  following  equations  and  verify  the  results : 


1.  X  +  4  —  7. 

11.  4m  —  7  =  2m  +  3 

2. 2/  —  8  =  5. 

12.  3  Z  -  5  =  7  -  Z. 

3.  3  X  —  4  =  14. 

13.  6  -  6  =  9  -  4  6. 

4.  5x  —  2  =  3x  +  6. 

14.  2  X  =  6  —  X. 

5.  5  ^  =  3  /  +  8. 

15.  5  +  3Z  =  Z-|~S* 

6.  4  ^  ^  “1”  3. 

16.  5Z  —  l  =  2Z-l-8. 

7.  3x  +  2  =  x  +  6. 

17.  5  X  —  1  =  2  X  +  5. 

8.  4^  +  2  =  3^  —  4. 

18.  n  +  14  =  2  —  3 

9.  4  ^  +  2  =  2  L 

19.  4  22;  —  2  =  7  +  2/;. 

10.  4^  +  2  =  ^-f“5. 

20*  4Z-|-3  —  —  Z 
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21.  3  +  2  2;  -  1  =  12  -  3  2:. 

22.  4m  —  3  +  3m  —  4  =  6m  —  8. 

23.  36  +  8  m  +  4  —  9  m  =  2  m  +  10. 

24.  3  m  +  12  m  +  17  —  m  +  4  m  =  107. 

25.  4  -  3  =  5  -  16  -  43  -  71. 

26.  6x  —  3  —  7x  —  2  =  4a;  +  7  —  3x  —  4. 

27.  4i/-}-6  —  32/-|-8  =  22/-|-7  —  3^  —  8-f-^2/* 

28.  3x“}“7 — 4x“|~2-j-5x=2x-)-4 — 5x-l-7 — 3x-j- 22 -j- 6 x . 

ORAL  EXERCISES 

1.  The  side  of  a  rectangle  is  x  feet.  How  long  is  the 
side  of  a  rectangle  3  feet  shorter?  of  one  4  feet  shorter? 
of  one  5  feet  shorter? 

2.  One  rectangle  is  n  feet  long.  How  long  is  a  rec¬ 
tangle  3  feet  longer?  4  feet  longer?  5  feet  longer? 

3.  The  side  of  a  square  is  x  feet.  What  is  the  side  of  a 
square  2  feet  shorter? 

4.  A  rectangle  contains  x  square  feet.  How  many 
square  feet  does  it  contain  after  it  is  diminished  by 
30  square  feet?  by  50  square  feet?  by  100  square  feet? 

5.  A  park  contained  x  acres.  How  large  was  it  when 
it  was  increased  by  200  acres  ? 

6.  The  area  of  a  triangle  is  m  square  feet.  What  is 
the  area  of  a  triangle  twice  as  large?  3  times  as  large? 
4  times  as  large  ? 

7.  A  triangle  contains  10  square  feet.  What  is  the 
area  of  a  triangle  x  times  as  large  ? 

8.  A  bin  contained  i  tons  of  coal.  Four  tons  were  re¬ 
moved.  How  much  coal  remained  ? 
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9.  A  bin  contained  15  tons  of  coal  after  x  tons  were 
removed.  How  many  tons  did  it  contain  at  first? 

10.  The  area  of  a  circular  pond  is  k  square  yards.  What 
is  the  area  of  a  pond  that  contains  200  square  yards  more  ? 
250  square  yards  more  ?  x  square  yards  more  ? 

11.  The  area  of  a  circular  pond  containing  x  square  feet 
is  increased  by  30  square  feet.  How  many  square  feet 
does  it  now  contain  ? 

12.  At  the  end  of  a  dry  summer  the  area  of  a  certain 
lake  whose  area  was  originally  x  acres  was  found  to  have 
diminished  300  acres.  What  was  its  new  area? 

13.  The  volume  of  a  pyramid  is  x  cubic  yards.  What  is 
the  volume  of  a  pyramid  3  times  as  large  ?  5  times  as  large  ? 

Express  the  following  statements  as  equations : 

14.  The  sum  of  3  and  x  is  10. 

15.  The  sum  of  x  and  2  is  12. 

16.  X  is  equal  to  5  increased  by  2. 

17.  X  diminished  by  5  equals  7. 

18.  X  is  equal  to  10  diminished  by  6. 

19.  X  increased  by  5  equals  3. 

20.  Three  times  x  increased  by  4  equals  16. 

21.  Three  times  a  is  12  more  than  15. 

22.  Four  times  x  diminished  by  8  equals  two  times  x. 

23.  One  half  of  a  diminished  by  5  equals  7. 

24.  One  third  of  a  increased  by  10  equals  four  times  a 
decreased  by  1. 

25.  2  X  increased  by  5  is  the  same  as  3  a:  divided  by  4. 
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26.  Four  times  x  diminished  by  7  equals  three  times  x 
added  to  3. 

27.  One  half  of  x  increased  by  5  equals  two  times  x 
diminished  by  10. 


Example 

In  his  will  a  man  bequeaths  $7000  to  his  wife  and 
daughter  with  the  provision  that  the  wife  is  to  receive  $1000 
more  than  twice  the  amount  received  by  the  daughter. 
How  much  does  each  receive  from  his  estate? 

Solution.  By  the  conditions  of  the  problem  the  wife  and 
daughter  together  receive  $7000  and  the  wife  receives  $1000 
more  than  twice  that  received  by  the  daughter.  The  problem 
requires  that  the  amount  received  by  each  be  determined. 

(In  order  fully  to  grasp  the  conditions  of  a  problem,  it  is 
frequently  necessary  to  make  such  a  restatement  as  the  above, 
although  usually  it  need  not  be  written  down.) 

The  implied  equation  is : 

Amount  received  by  the  wife  +  amount  received  by  the 
daughter  =  $7000. 

Let  d  =  number  of  dollars  received 

by  the  daughter. 

Then  2  d  +  1000  =  number  of  dollars  received 

by  the  wife. 

Hence  2  d  +  1000  +  d  =  7000,  ’ 

Sd  =  6000, 

d  =  2000,  the  number  of  dollars 
received  by  the  daughter. 

2  X  2000  +  1000  — ■  5000,  the  number  of  dollars 

received  by  the  wife. 
$5000  +  $2000  =  $7000. 

$5000  =  2  X  $2000  +  $1000. 


Check. 
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The  preceding  solution  leads  to  the  following 

Rule.  In  the  solution  of  problems  involving  the  use  of  simple  equa¬ 
tions  the  following  steps  are  necessary: 

1.  Read  the  problem  carefully  and  find  the  statement  which  will 
later  be  expressed  in  an  equation. 

2.  State  briefly  the  implied  equation  in  words,  using  the  symbols 
of  operation  +,  — ,  x,  -i-,  and  the  equality  sign. 

3.  Represent  the  unknown  numbers  by  means  of  numerals  and 
letters. 

4.  Express  the  conditions  stated  in  the  problem  as  an  equation 
involving  these  symbols. 

5.  Solve  the  equation. 

6.  Check,  by  substituting  in  the  problem  the  values  found  for  the 
unknowns. 


PROBLEMS 

1.  One  boy  has  10  more  marbles  than  another.  Together 
they  have  52.  How  many  has  each  ? 

2.  Two  boys  caught  27  fish.  One  caught  5  more*  than 
the  other.  How  many  did  each  catch  ? 

3.  Two  girls  sell  37  bags  of  pop  corn  at  a  bazaar.  One 
sells  3  more  than  the  other.  How  many  does  each  sell  ? 

4.  The  perimeter  of  a  rectangle  is  46  feet.  It  is  3  feet 
longer  than  it  is  wide.  What  are  its  dimensions? 

5.  The  perimeter  of  a  rectangle  is  50  feet.  It  is  4  times 
as  long  as  it  is  wide.  What  are  its  dimensions? 

6.  One  number  is  4  times  another  number.  Their  differ- 
ence  is  36.  Find  the  numbers. 

7.  A  rectangle  is  10  feet  longer  than  it  is  wide.  Its 
perimeter  is  70  feet.  What  are  its  dimensions? 
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8.  One  circle  is  half  as  large  as  another.  Their  com¬ 
bined  areas  are  30  square  feet.  What  is  the  area  of  each  ? 

9.  The  perimeter  of  a  triangle  is  41  yards.  The  first 
side  is  4  yards  shorter  than  the  second,  and  the  third  is 
3  yards  less  than  the  second.  What  is  the  length  of  each 
side? 

10.  A  flagpole  is  half  as  tall  as  the  building  on  which  it 
stands.  The  flag  at  full  mast  is  150  feet  above  the  ground. 
How  long  is  the  pole  ? 

11.  The  sum  of  three  numbers  is  77.  The  second  is 
twice  the  first  and  the  third  5  more  than  three  times  the 
first.  What  are  the  numbers? 

13.  One  fish  pool  is  twice  as  large  as  another.  In  these 
two  pools  72  fish  are  to  be  placed  in  numbers  proportional 
to  the  size  of  the  pools.  How  many  fish  should  be  placed 
in  each  pool  ? 

13.  A  poultryman  has  three  yards.  The  first  is  three 
times  as  large  as  the  second,  and  the  second  is  twice  as 
large  as  the  third.  He  wishes  to  separate  his  flock  of 
360  chickens  into  flocks  proportionate  to  the  size  of  the 
yards.  How  many  chickens  should  he  place  in  each  yard  ? 

14.  A  farmer's  flock  of  300  sheep  is  to  be  placed  in 
three  fields  so  that  the  second  shall  contain  twice  as  many 
as  the  first  and  the  third  three  times  as  many  as  the  first. 
How  many  will  there  be  in  each  field  ? 

15.  A  flock  of  100  sheep  is  to  be  divided  into  two  flocks 
so  that  one  flock  shall  contain  12  more  than  the  other. 
How  many  sheep  will  there  be  in  each  flock  ? 

16.  Twenty-seven  crates  can  be  loaded  on  two  trucks. 
One  truck  holds  twice  as  many  as  the  other.  How  many 
crates  will  each  hold  ? 
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17.  Five  hundred  crates  are  to  be  packed  by  the  workmen 
in  two  warehouses.  Warehouse  No.  1  has  three  times  as 
many  workmen  as  Warehouse  No.  2.  How  many  crates 
should  be  sent  to  each  warehouse  so  that  the  work  will  be 
evenly  divided  among  the  men  ? 

18.  Three  groups  of  men  are  employed  to  clean  the 
streets  after  a  snowstorm.  The  first  group  is  twice  as 
large  as  the  second,  and  the  third  is  as  large  as  the  first 
and  second  combined.  There  are  30  miles  of  street. 
How  many  blocks  should  each  group  clean  if  there  are 
10  blocks  to  a  mile  ? 

Hint.  Let  x  denote  the  number  of  blocks  that  the  second  group  can 
clean.  Then  2  a;  is  the  number  of  blocks  that  the  first  group  can  clean. 


BIOGRAPHICAL  NOTE 

John  Wallis.  Among  those  who  introduced  and  helped  to  stand¬ 
ardize  the  modern  algebraic  symbolism  was  John  Wallis,  an  Eng¬ 
lishman.  He  was  the  son  of  a  clergyman,  and  also  took  holy  orders 
himself.  Like  most  scholars  of  his  day,  he  did  not  confine  his  interest 
to  any  one  subject.  He  was  at  various  times  an  instructor  in  Latin, 
Greek,  and  Hebrew,  and  for  many  years  was  professor  of  mathematics 
at  Oxford.  He  also  invented  a  method  of  teaching  deaf  mutes  to  talk. 

During  the  wars  between  Charles  I  and  Cromwell,  Wallis’s  sym¬ 
pathies  were  with  Cromwell,  and  he  was  of  great  service  in  reading 
royalist  dispatches  written  in  cipher.  In  fact,  he  was  one  of  the  most 
famous  cryptologists  of  his  day.  . 

Wallis  did  not  become  interested  in  mathematics  till  the  age  of 
thirty-one,  but  devoted  himself  to  the  subject  for  the  rest  of  his  life. 
One  of  the  earliest  and  most  important  books  on  algebra  ever  writ¬ 
ten  in  English  was  his  treatise  published  in  1685.  It  contains  a  brief 
historical  sketch  of  the  subject,  which  is  unfortunately  not  entirely 
accurate,  but  his  treatment  of  the  theory  and  practice  of  arithmetic 
and  algebra  has  made  the  book  a  standard  work  for  reference  ever 
since. 
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REVIEW  EXERCISES 

1.  Add  -\-xy  —  y^,  —  yz  —  y‘^,  xz-\-  —  x^. 

2.  Add  +  2/^  —  2  xy,  2z‘^  —  4:y^ —  3yz,2x^  —  4:Z‘^ —  Sxz. 

3.  Add  3  -  10  6^  +  5  c2  -  8  6c,  -  a^+  4  6^- 10  c^  - 

3  ah,  c^  +  11  6c  +  7  ac  —  5  a6,  4  c^  —  5  6c  +  ac,  —2a^  + 
6  6^  +  9  ac  +  he. 

4.  Add  S  x"^  +  y^  —  S  yz  +  z^,  A  xy  +  S  y^  —  3  yz,  —  2  x"^  + 
2xy  —  y‘^  —  ^  z^. 

6.  Given  a  =  —  ^x-\-^y-\-2z,  h  =  —  hy-\-^x-\-2z, 
and  c  =  —  42:  +  2a:  +  2^,  show  that  a  +  6  +  c  =  0. 

6.  Given  x  =  6  —  2c  +  3a,  y  =  —  c  —  2  a  —  Sh,  and 
2:  =  —  a  +  26  +  3c,  show  that  x  +  y  z  =  0. 

7.  From  the  sum  of  4  +  3  x  —  7,  2  —  3  a:  —  3  +  1, 

and  —  5  x^  —  2  X  +  x^  +  9,  subtract  the  sum  of  2  x^  —  11  x 
and  7  x^  —  5  x^  +  3  +  2  X. 

8.  The  perimeter  of  a  rectangle  is  84  yards.  The  length 
is  6  yards  more  than  twice  the  width.  Find  the  length  and 
the  width. 

9.  The  length  of  a  rectangle  is  4  feet  less  than  five  times 
the  width.  The  perimeter  is  88  feet.  Find  the  dimensions. 

10.  A  man  is  8  years  older  than  his  wife ;  the  age  of 
their  son  is  one  fourth  that  of  his  mother.  Their  com¬ 
bined  ages  are  62  years.  How  old  is  each  ? 

11.  Give  examples  illustrating:  (a)  factors;  (6)  expo¬ 
nents;  (c)  coefficients. 

12.  Write  five  monomials ;  five  binomials ;  five  trinomials. 

13.  Simplify 4  +  7  —  3-l-4-i-2  —  9-^3-l-6x4  —  8H-3. 

14.  Simplifyl0+3x2— 8+4+10-^5+18+6x2— 30-^2. 

15.  What  is  the  area  of  a  rectangle  if  the  length  is  twice 
the  width,  and  the  perimeter  is  36  feet  ? 
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16.  It  is  decided  to  build  a  circular  track  one-half  mile 
long.  What  must  be  the  radius  of  the  circle  ?  (C  =  2  irr, 
where  tt  =  ^  and  r  is  the  radius.) 

17.  There  are  two  numbers  such  that  the  first  is  five 
times  the  second,  and  the  first  is  32  more  than  the  second. 
Find  the  numbers. 

18.  A  father  who  is  four  times  as  old  as  his  son  is  also  • 
24  years  older  than  his  son.  Find  the  age  of  each. 

19.  There  are  two  numbers  such  that  the  larger  is  twice 
the  smaller.  If  12  is  added  to  the  larger,  it  will  be  six 
times  as  large  as  the  smaller.  Find  the  numbers. 

20.  A  circular  pond  is  being  constructed  in  a  certain 
park.  Assuming  that  the  bottom  is  level,  how  much  water 
will  it  hold  if  the  pond  is  70  feet  in  diameter  and  is  filled 
with  water  to  the  depth  of  5  feet?  What  would  it  cost 
to  fill  it  with  water  at  ninety  cents  per  500  cubic  feet? 
(y  =  irr^.) 

21.  Find  the  horse  power  {H)  of  a  6-cylinder  engine  in 
which  the  diameter  (d)  of  a  cylinder  is  5  inches,  if  the 
formula  for  the  power  of  the  engine  is  id  =  d^n/6,  where 
n  is  the  number  of  cylinders. 

22.  Some  men  standing  on  the  edge  of  a  perpendicular 
cliff  wished  to  know  how  far  it  was  to  the  stream  of  water 
at  the  foot.  They  dropped  a  rock  over  the  cliff  and  saw 
the  splash  4  seconds  later.  How  high  was  the  cliff? 

(^S  where  a  =  32,  and  t  =  the  time  in  seconds.) 

23.  A  certain  rectangular  playground  is  twice  as  long 
as  it  is  wide.  Its  perimeter  is  270  yards.  Find  the  length 
and  width. 


CHAPTER  VI 

SUBTRACTION 


37.  Subtraction  of  monomials.  In  arithmetic  it  was  found 
that  subtracting  7  from  10  involved  finding  what  number 
added  to  7  would  give  10.  Similarly,  to  subtract  —2a 
from  +  7  a,  we  find  the  number  +  9  a,  which  when  added 
to  —  2  a  will  give  +  7  a. 


Examples 


1.  From 

+  10  a 

3.  From 

—  10  ay 

take 

“f~  5  ct 

take 

+  ^ay 

Result 

“h  5 

Result 

—  13  ay 

2.  From 

7  ax 

4.  From 

—  12  x\ 

take 

—  S  ax 

take 

—  3  x‘^y 

Result 

10  ax 

Result 

—  9  x^y‘ 

These  examples  illustrate  the 

Rule.  To  subtract  one  number  from  another,  change  the  sign  of 
the  subtrahend  and  add. 


EXERCISES 

Subtract  the  lower  number  from  the  upper : 

1.  10  a  3.  10  6.  10  a^ 

—  S  a  —  10  a^xyh^  —  3 

4.  7  ay 

—  2  ay 


2.  4  a^xy"^ 

—  5  a^xy^^ 
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6.  3  x^y^ 

—  5  x^y^ 
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7.  6  ax^ 

9.-6  ax^ 

11.  6  aV 

—  3  ax^ 

—  3  ax^ 

—  8  a^y‘ 

8.  4  axy^ 

10.  17  ayz 

12.  —  7  ay^ 

—  axy^ 

—  12  ayz 

5  ay^ 

Subtract : 

13.  —S  ax  from  —  7  ax. 

14.  —  6  ax  from  —  2  ax. 

15.  4  ay^  from  —  3  ay^. 

16.  —  7  ax^  from  3  ax‘^. 


17.  9  ab^  from  —  3  a¥. 

18.  —  6  a^b^  from  3  a^^b^. 

19.  10  axy^  from  4  dxy^. 

20.  3(a:  +  y)  from  6(a:  +  2/)« 


21.  l{a  —  b)  from  —  4(a  —  b). 

22.  —  ^{w  +  v)  from  —  2(^^;  +  v). 

23.  —  ll(x^  —  2/^)  from  5(x^  —  y‘^). 

24.  2Va:  +  3  from  3 Vx  +  3. 

25.  SVx^  —  2/^  from  —  2  Vx^  — 

% 

38.  Subtraction  of  polynomials.  Subtraction  of  one  poly¬ 
nomial  from  another  is  illustrated  in  the  following 


Example 

Subtract  3x  —  4^— 52:-f4  from  x  +  7  ^  —  4  2:. 

Solution.  x+  1  y  —  4:  z  =  the  number  from  which 

something  is  subtracted, 
or  the  minuend. 

3x—  Ay  —  bz  +  4  =  the  number  subtracted,  or 

_  the  subtrahend. 

—  2  X  11  y  +  z  —  4  =  the  difference. 

Check.  Difference  +  subtrahend  =  the  minuend.  Adding  the 
difference  and  the  subtrahend  in  the  solution  above,  we  obtain 
X  4- 1  y  —  4  Zj  which  is  the  minuend. 
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This  example  illustrates  the 

Rule.  Write  the  subtrahend  under  the  minuend,  so  that  similar 
terms  are  in  the  same  column. 

Then,  changing  mentally  the  sign  of  each  term  in  the  number  to 
be  subtracted,  add  the  similar  terms  algebraically . 

Check.  As  in  arithmetic,  difference  +  subtrahend  ~  minuend. 

EXERCISES 

Subtract  the  first  number  from  the  second  : 

1.  a  +  3,  a  +  4.  7.  6  xy,  Axy  —  b. 

2.  a  —  4,  a  —  7.  8.  7  a^x  —  4  2/,  3  a^x. 

3.  10  a:  +  7,  7  a;  —  10.  9.  6  5  a  —  7  a^. 

4.  3  a,  3  a  —  2.  10.  5  a  —  7  6  a^. 

5.  3  a  —  2,  3  a.  11.  4  a6  —  7,  0. 

6.  4  —  6,  6  xy.  12.  0,  4  a6  —  7. 

Subtract  the  first  polynomial  from  the  second  and  check 
the  work : 

IS.  x-{-2y  —  Sz,  Sx-\-2y-{-2z. 

14:.  Sx  —  7y-\-Sz,  Sx  —  Ay  —  bz. 

15.  2  CL  —  3  6,  5u~l~6“|~3c. 

16.  3  6  —  4  c  +  5  d,  3  6  —  5  c. 

17.  2  —  2  X  —  5,  3  +  7  x  —  3. 

18.  a  +  X  —  6  +  X  +  ?/• 

19.  4a  —  36  +  2c  +  7,  5a  —  26  +  6  c. 

20.  2  a  —  2  c  —  4,  a  —  3  6  +  2. 

21.  3  a  —  4  X  +  5  c,  5  X  —  4  a  —  10. 

22.  X  y  —  z,  z  —  X  —  y. 

23.  3  a^  —  4  a6  +  2  6^,  4  6^  —  6  a^  +  5  ah. 
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24.  3  —  3  —  3  a¥f  4  —  5  ab‘^  —  b^. 

25.  c^-d^-Sc^d  +  S  cd\  6  cH 4.  d^  +  S  -  2  cd\ 

26.  3  +  6  —  2  a^6  —  6  c^d,  Sa¥  —  S  a^b  —  6  +  6  cd^. 

27. x^  +  l  —  2x  +  3x^  +  a:^  +  3x^,6x^  +  8a:  —  5a;^  + 

16  +  6  —  4  x^ 

28.  6  x^  +  2  —  x^  —  9  x^,  4  X  —  3  x^  —  14  +  8  x^ 

29.  3  x^  +  9  x^  +  3  —  X,  7  +  5  x^  —  X  +  x^  —  2  x^  —  4  x^. 

30.  Subtract  the  sum  of  6^  +  2  6c  —  1  and  ¥  +  12  6c  —  20 
from  ¥  +  13  6c  —  30. 

31.  Subtract  the  sum  of  6  —  3  c  +  d  and  46  +  5c  —  6d  +  4 
from  6  —  c  +  d  —  X. 

32.  From  the  sum  of  7  x  +  4  x^y  —  16  xy"^  and  —  8  x  — 
13  xi/^  +  8  yx^  take  12  x  —  4  x'^y  +  8  y^x. 

33.  From  the  sum  of  5  ab¥  —  4  a¥c  +  3  a^bc  and  5  ab¥  — 
4  a¥c  —  3  a^¥c  subtract  2  ab¥  —  4  o?bc  +  8  a¥c. 

34.  From  the  sum  of4x  —  5x2/  —  32:  and  8x2/  —  62:  —  4x 
take  the  sum  of  4  2:  —  3  x^/  —  2  a^bc  and  9  x  —  5  a^bc  —  z. 

35.  From  the  sum  of  +  a^c^  +  ¥  and  2  c^  —  3  —  4 

take  the  sum  of  2  +  3  c^  +  3  aV  and  —  2  c^  —  4  d^¥. 

36.  From  the  sum  of3a  +  56  —  c  and  3  a  —  5  6  +  c  take 
the  sum  of  2  a  —  6  +  c  and  b  —  c  —  2  a. 

37.  From  the  sum  of  7  —  5  a  +  2  and  5  a  —  7  —  2  take 

the  sum  of  3  +  4  a  +  6  and  —  10  —  3  a  —  4  a^. 

38.  From  the  sum  of  3a  +  46  —  3c,  2a  —  36  +  c,  — c 
—  2  6  —  3  a,  and  4a  —  36  —  4  c,  take  the  sum  of  a  —  6  +  c, 
6  +  c  —  3  a,  and  —  c  +  2a  —  2  6. 

39.  From  the  sum  of  6  a^y  —  6  ay^  +  2/^,  a^  —  3  a^y  +  3  ay^, 
and  S  ay‘^  —  S  o?y,  take  the  sum  of  4  a^^/  +  3  ay^  +  2  2/^, 
a^  —  3  a2/^,  and  —  2  a^y  —  y^. 


CHAPTER  VII 


IDENTITIES  AND  EQUATIONS  OF  CONDITION 

39.  Kinds  of  equations.  By  definition,  an  equation  is 
the  statement  of  equality  between  two  equal  numbers  or 
number  symbols  (p.  12). 

A  literal  equation  in  which  the  two  members  are  alike, 
term  for  term,  or  can  be  made  so,  is  called  an  identity. 

An  identity  is  true  for  any  value  of  the  letter  or  letters. 
An  equation  involving  only  numbers  is  always  an  identity. 

Thus  2  +  4  =  3*  2,  4x  +  2  =  Sx  +  2  +  Xf  and  2  x  x  =* 
4  X  —  X  are  identities.  The  latter  equation  is  an  identity,  for, 
by  combining  terms,  the  equation  reduces  to  3  a;  =  3  x. 

An  equation  is  called  an  equation  of  condition  if  it  is  true 
only  for  certain  values  of  the  unknown  involved. 

The  equation  4  x  =  x  +  9  is  true  when  x  =  3,  for  if  3  is  sub¬ 
stituted  for  X,  the  equation  becomes  4  •  3  =  3  +  9,  or  12  =  12. 
Clearly  the  statement  is  false  if  2,  5,  or  any  value  other  than  3 
is  put  for  X.  The  equation  4  x  =  x  +  9  is  true  on  condition  that 
X  be  3,  and  on  no  other. 


ORAL  EXERCISES 


State  which  of  the  following  expressions  are  identities : 


1.  5  +  2  =  8-  1. 

2.  2  X  =  6. 

3.  3  &  -  5  =  2  6. 


b.2y  =  4y-^y  +  y. 
6.  (i  +  T  =8  +  (i  —  1. 


4.  X  —  2  =  2x  —  1.  8.  i(;  +  4  —  3w;  +  2  =  6z(;  —  8. 
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In  the  following,  select  from  the  group  at  the  right  of 
each  equation  those  numbers  which  satisfy  that  equation  : 


9.  4  a  —  12  =  0. 

1,  2,  3. 

10.  2  &  =  6  +  2. 

1,  2,  4. 

11.  d  S  =  4  d  —  6. 

0,  -  1,  3. 

12.  3  a  —  4  =  2  a  +  1. 

-  2,  1,  5. 

13.  x  -f  6  =  3  X  —  10. 

8,  5,  -  4. 

14.  m  +  1  —  2  m  +  3  =  0. 

CO 

1 

00 

15.  —  4  s  +  4  =  0. 

2,  0,  -  2. 

'  16.  2  —  8  a  +  8  =  0. 

2,-2. 

17.  —  9  +  27  X  —  27  =  0. 

CO 

1 

CO 

18.  —  5  a  +  6  =  0. 

2,  3,  0. 

40.  Root  of  an  equation.  A  number  or  a  literal  expres¬ 
sion  is  called  a  root  of  an  equation  if,  after  substituting  it 
for  the  unknown  letter  in  the  equation,  the  result  is  or 
can  be  reduced  to  an  identity. 

Thus  3  satisfies  the  equation  4  x  =  x  +  9  and,  similarly, 
2  a  satisfies  the  equation  a;— 5  =  2a  —  5. 

A  number  or  number  symbol  is  called  a  root  of  an  equation 
if  it  satisfies  the  equation. 

ORAL  EXERCISES 

Is  the  number  at  the  right  of  each  of  the  following 
equations  a  root  of  that  equation  ? 

1.3  a- 24  =  0.  8.  5.  -  16  =  4 d  + 5.  7. 

2. A  X  —  9  =  X.  3.  ,  6.  +  7  =  6  m  —  1.  4. 

•  3.' 5  r  -  12  =  r._  ..  2.  .  7.  +  5  4  =  0.  -  2. 

4.  -h  5  a  —  6  =  0.  ‘  4.  V  8.  m  -f-  3  =  2  m  —  1.  —  3. 

c 


74 


NEW  COMPLETE  SCHOOL  ALGEBRA 


41.  Transposition.  In  solving  the  equation  5  a:  —  2  =  18 
we  add  2  to  each  member.  If  we  indicate  this  addition,  the 
equation  becomes 

5a:-2  +  2  =  18  +  2. 

In  the  first  member,  —  2  +  2  =  0.  Hence  these  two  numbers 
may  be  omitted,  and  the  equation  becomes 

5  X  =  18  +  2. 

Comparing  this  with  the  original  equation, 

5  a:  -  2  =  18, 

we  see  that  —  2  has  vanished  from  the  first  member  of  the 
original  equation  and  +  2  has  appeared  in  the  second 
member  of  the  new  equation.  The  number  +  2  has  really 
been  added  to  both  terms  of  the  equation. 

Again,  if  we  subtract  2  y  from  both  members  of 

6  2/  =  2  2/  +  12, 
we  get  the  equation  6  ?/  —  2  ?/  =  12, 

which  differs  from  the  original  equation  only  in  having 
—  2  2/  in  the  first  member  instead  of  +  2  ^  in  the  second. 
Hence  a  term  may  be  omitted  from  one  member  of  an 
equation  if  the  same  term  with  its  sign  changed  from  + 
to  —  or  from  —  to  +  is  written  in  the  other  member. 
This  process  is  called  transposition. 

Hereafter,  instead  of  going  through  the  details  of  sub¬ 
tracting  a  number  from  both  members  of  an  equation  (or 
adding  a  number  to  both  members),  the  student  should  use 
transposition.  He  should  remember,  however,  that  the 
transposition  of  a  term  is  really  the  subtraction  of  that 
term  from  (or  addition  to)  each  member  of  an  equation. 

Like  terms  in  the  same  member  of  an  equation  should 
be  combined  before  transposing  any  term. 
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Note.  Our  word  algebra  is  derived  from  the  Arabic  word  for 
transposition.  The  process  by  which  one  passes  from  the  equation 
px  —  q  =  x^  to  the  equation  px  =  x^  q  was  known  as  al-jebr.  This 
is  the  first  word  in  the  title  of  an  Arabic  book  on  algebra  which  was 
translated  into  Latin.  For  some  reason  only  this  part  of  the  title 
remained,  and  by  the  early  part  of  the  seventeenth  century  al-jebr,  or 
algebra,  was  the  common  name  given  to  the  whole  subject. 


ORAL  EXERCISES 


State  the  term  or  terms  which  must  be  added  to  both 
members  of  the  following  equations  in  order  to  transpose 
the  underscored  terms.  What  does  each  equation  become 
after  the  operation  is  performed  ? 


1*  X  —  5  —  3. 

2.  71  12  =  3. 

3.  x  —  4  =  2. 

4.  n^-{-6n  =  An  —  3. 

5.  +  4  X  =  5. 

6.  a^  +  3aH-2  =  2a  —  3. 


7.  3(i-|“3-|“4u-|-5  —  3u~|“4. 

8.  5a:  —  3  —  4xH-7  =  8  —  2x. 

9.  +  2  r  =  —  4. 

10.  3  d  -  2  =  —  2_d. 

11.  Sx  —  Sx  —  2. 

12.  6  r  —  =  2  —  2  r^. 


Example 

Solve  the  equation 

32?2  —  13  +  7ri  +  9  —  4?^  =  77^^-16^-12  7^  +  12. 

Solution.  32n  —  13  +  7n  +  9  —  4n  =  7n+16  +  12n+12. 
Combining  like  terms,  35  n  —  4  =  19  n  +  28. 
Transposing,  35  n  —  19  n  =  28  +  4. 

Combining  like  terms,  16  n  =  32. 

Dividing  by  16,  n  =  2. 

Check.  32n  —  13  +  7n  +  9  —  4?i  =  7n+16  +  12n  +  12. 
Substituting  2  for  n, 

64  -  13  +  14  +  9  -  8  =  14  +  16  +  24  +  12. 

66  =  66. 


Combining, 
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EXERCISES 


Solve  the  following  equations  and  check : 


1.  4x  —  2  =  3x  +  2. 

2.  3xH-5  =  x  —  5. 

3.  —  7  2/  —  2  =  1  —  10 

4.  6a:  +  3  — 3x  =  21. 

5.  3?/-i“5  =  6-|“2  2/. 

6.  4.h  +  l-2h  =  b. 


11.  3^-{~9-|-5/2'  —  33  —  0. 

12.  3  a:  —  20  +  8  X  —  24  =  0. 

13.  6/i-19  +  2A  +  3  =  0. 

14.  /^  +  2-5/i  =  9/i  +  15. 

15.  4  /?-  -|-  3  =  15  21%  -\- 

16.  3i^-J-5“l“^H“^“0. 


7.  16-|“4^  —  4  —  }i-\-\2,  17.  9  —  8 72- -|“ 2  —  3  —  47i. 

8.  4/i-15  =  15-;i-5.  18.  3-571  +  2  =  5  +  771. 

9.  5/i  +  ll  —  2/i  =  6  —  4.  19.  871  —  377  =  1577  +  4  — 1377. 

10.  2  /7  —  1  =  29  +  7  /7.  20.  8  +  7 77  — 13  =  77  —  27—  5 77. 

21.  3  77  -  15  -  10  77  -  9  +  16  77  -  21  =  0. 

22.  18  +  577  —  6  —  277  +  1  +  377  —  25  =  0. 

23.  0  =  18  -  4  77  +  27  +  9  77  -  3  +  16  77. 

24.  5^  —  8  +  4^  +  5  =  7^  —  3  —  2^  +  5. 

25.  0  =  4  p  -  15  -  11  p  -  18  +  16  p  -  17. 

26.  5??  —  6  +  3^7  +  18  —  2p  —  25  +  1  =  0. 

27.  3p  +  18  —  2p  —  3  =  7p  —  5  —  4p  +  8. 


28.  0  =  6-  8p  +  8-  2  +  4p. 


29.  3  p  +  5  +  8  p  +  50  =  0. 

30.  2  —  2x  +  3x  —  3  =  2x  —  2. 

31.  2d  +  3  +  3d  +  5  =  4d  +  6. 

32.  2  +  3  a  +  4  =  2  +  2  a. 

33.  3  +  12  s  =  3  +  6  s  —  12. 

34.  C7  +  4  +  tt^  +  2c7  —  6  =  C7  —  3  +  0^ » 

35.  77^  —  77  +  1  =  77^  +  77  —  1. 

36.  —  r  +  6  =  r"*  +  r  —  6. 
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Represent  a  number : 

1.  Greater  by  5  than  4. 

2.  Greater  by  5  than  X. 

3.  Greater  by  5  than  y. 

4.  Greater  by  X  than  2/. 

6.  Greater  by  x  than  twice  y. 

6.  Nine  more  than  y, 

13.  Less  by  y  than  twice  x. 

14.  Less  by  y  than  three  times 

15.  Three  times  p. 

16.  One  half  as  great  as  p. 

17.  Three  more  than  half  of  p. 

18.  p  less  than  three  times  x. 

19.  p  less  than  x-\-y. 

20.  p  more  than  y  less  z. 

21.  One  part  of  10  is  6.  What  is  the  other  part? 

22.  One  part  of  x  is  6.  What  is  the  other  part? 

23.  One  part  of  x  is  10.  What  is  the  other  part? 

24.  One  part  of  n  is  a.  What  is  the  other  part  ? 

25.  One  part  of  a  is  n.  What  is  the  other  part? 

26.  One  part  of  +  P  is  1.  What  is  the  other  part? 

27.  The  sum  of  two  numbers  is  15.  One  is  10.  What 
is  the  other? 

28.  The  sum  of  two  numbers  is  x.  One  of  them  is  3. 
What  is  the  other? 

29.  The  difference  between  two  numbers  is  5.  The  less 
number  is  3.  What  is  the  other? 


7.  Nine  more  than  x  + 2/. 

8.  Two  less  than  4. 

9.  Four  less  than  x. 

10.  Four  less  than  x-\-y. 

11.  Less  by  7  than  x. 

12.  Less  by  y  than  x. 

X. 
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30.  The  difference  between  two  numbers  is  12.  The  less 
number  is  17.  What  is  the  other? 

31.  The  sum  of  two  numbers  is  n.  One  number  is  p. 
What  is  the  other? 

32.  The  sum  of  two  numbers  is  n.  One  of  the  numbers 
is  three  times  as  large  as  p.  What  is  the  other  ? 

33.  The  difference  between  two  numbers  is  12.  The 
greater  number  is  17.  What  is  the  less? 

34.  The  difference  between  two  numbers  is  x.  The 
greater  number  is  y.  What  is  the  less  ? 

35.  The  difference  between  two  numbers  is  17.  The  less 
number  is  4.  What  is  the  greater  ? 

36.  The  difference  between  two  numbers  is  x.  The  less 
number  is  p.  What  is  the  greater  ? 

37.  By  how  much  does  12  exceed  8?  15  exceed  10? 
17  exceed  11?  x  exceed  3?  x  exceed  10?  x  exceed 

38.  How  much  less  is  6  than  10?  x  than  20?  x  than  ?/? 

39.  By  how  much  does  +  6  exceed  6  ?  w  +  6  exceed  p  ? 

3  +  6  exceed  2  n  ?  5  n  —  3  exceed  4  72  ? 

42.  Translation  of  problems  into  equations.  In  the  solu¬ 
tion  of  problems  the  writing  of  the  equations  is  merely 
translating  the  statement  of  the  problem  from  ordinary  lan¬ 
guage  into  the  language  of  algebra.  Sometimes  it  is  pos¬ 
sible  to  translate  the  original  statement  of  the  problem 
word  by  word  into  algebraic  symbols. 

For  example : 

Three  times  a  certain  number,  diminished  by  6, 

3  X  n  —  6 

gives  the  same  result  as  the  number  increased  by  14. 

=  n  +  14 
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PROBLEMS 

Solve  the  following  problems,  making  direct  translations 
into  the  symbols  of  algebra  whenever  possible : 

1.  What  number  increased  by  12  is  equal  to  30? 

2.  What  number  increased  by  20  is  equal  to  30  ? 

3.  What  number  increased  by  10  is  equal  to  twice  the 
number  ? 

4.  What  number  diminished  by  20  is  equal  to  9  ? 

5.  What  number  diminished  by  12  is  equal  to  twice 
the  number  ? 

6.  To  what  number  must  20  be  added  so  that  the  result 
may  be  30  ? 

7.  To  what  number  must  20  be  added  so  that  the 
result  will  be  15? 

8.  From  what  number  must  10  be  subtracted  so  that 
the  result  may  be  three  times  the  number  ? 

9.  A  certain  number  is  doubled  and  the  result  increased 
by  10.  The  sum  is  14.  What  is  the  number? 

10.  Three  times  a  certain  number  less  25  equals  twice 
the  number  less  15.  What  is  the  number? 

11.  Five  times  a  certain  number  increased  by  14  equals 
eight  times  the  number  diminished  by  4.  Find  the  number. 

12.  Four  times  a  certain  number  increased  by  7  equals 
five  times  the  number  diminished  by  7. 

13.  What  number  is  as  much  less  than  80  as  it  is  greater 
than  26? 

14.  What  number  is  as  much  less  than  100  as  it  is 
greater  than  50?- 
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15.  What  number  exceeds  20  by  twice  as  much  as  50 
exceeds  the  number? 

16.  A  certain  number  added  to  17  gives  the  same  result 
as  that  obtained  when  twice  the  number  is  subtracted  from 
62.  What  is  the  number  ? 

17.  Twice  a  certain  number  added  to  30  gives  the  same 
result  as  three  times  the  number  subtracted  from  90. 
What  is  the  number? 

18.  The  sum  of  two  numbers  is  54,  and  their  difference 
is  12.  What  are  the  numbers  ? 


Solution.  Two  numbers  are  to  be  found.  Their  sum  is  54, 
their  difference  12. 

Greater  number  +  less  number  =  54. 

If  n  =  less  number, 

then  n  +  12  =  greater  number. 


Placing  these  symbols  in  the  principal  statement  above, 
we  have 


Combining, 

Transposing, 

Combining, 

$■ 

Dividing  by  2, 
and 


n  +  12  +  n  =  54. 

2  n  +  12  =  54. 

2  n  =  54  -  12. 
2  n  =  42. 
n  =  21, 

71  “b  12  —  33. 


r 


Check.  21  +  33  =  54,  33  -  21  =  12. 


19.  The  sum  of  two  numbers  is  75,  and  their  difference 
is  41.  What  are  the  numbers? 

20.  The  sum  of  two  numbers  is  14,  and  their  difference 
is  30.  What  are  the  numbers? 

21.  The  sum  of  two  numbers  is  50,  and  their  difference 
is  three  times  the  smaller  number.  Find  the  numbers. 
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22.  The  sum  of  two  numbers  is  10.  The  greater  is  14 
more  than  the  less.  What  are  the  numbers  ? 

23.  The  sum  of  two  numbers  is  57,  and  one  exceeds  the 
other  by  15.  What  are  the  numbers  ? 

24.  The  sum  of  three  numbers  is  115.  The  second  is  7 
greater  than  the  first,  and  the  third  is  8  greater  than  three 
times  the  first.  Find  the  numbers. 

25.  The  sum  of  three  numbers  is  37.  The  first  is  5  less 
than  the  second,  and  the  third  is  2  more  than  twice  the 
second.  What  are  the  numbers? 

26.  A  triangle  whose  perimeter  is  45  inches  has  sides  in 
the  ratio  of  2,  3,  and  4.  Find  the  sides. 

27.  The  first  side  of  a  triangle  is  3  inches  less  than  the 
second,  and  the  third  is  2  inches  more  than  twice  the  first. 
The  perimeter  is  37  inches.  What  are  the  sides? 

28.  A  rectangle  whose  perimeter  is  36  feet  is  twice  as 
long  as  it  is  wide.  What  are  its  dimensions  ? 

29.  A  rectangle  whose  perimeter  is  56  feet  is  three  times 
as  long  as  it  is  wide.  What  are  its  dimensions? 

30.  A  certain  garden  requires  320  yards  of  fencing  for 
the  four  sides.  The  garden  is  four  times  as  long  as  it  is 
wide.  Find  the  length  and  width  of  the  garden. 

31.  A  real  estate  dealer  can  afford  to  spend  only  $80  per 
week  for  office  help.  If  the  weekly  salary  of  the  office  boy  is 
$10  and  that  of  the  stenographer  is  three  fourths  as  much 
as  that  of  the  bookkeeper,  how  much  should  he  pay  each  ? 

32.  A  man  can  allow  his  three  children  all  together  $2  a 
week  for  spending  money.  James  needs  50  cents  per  week 
more  than  Ruth,  and  Charles  requires  only  half  as  much 
as  Ruth.  What  allowance  will  each  child  receive? 
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33.  Mr.  James  paid  $12  for  tickets  for  himself  and  his 
wife  and  half-fare  tickets  for  John,  aged  10,  and  Frank, 
aged  7.  What  is  the  price  of  one  full-fare  ticket  ? 

34.  Find  two  consecutive  numbers  whose  sum  is  53. 

35.  Find  three  consecutive  numbers  whose  sum  is  66. 

36.  Find  four  consecutive  numbers  whose  sum  is  74. 

37.  Find  two  consecutive  odd  numbers  whose  sum  is  92. 

Hint.  Let  n  =  the  first  number,  and  ti  +  2  the  second  number. 

38.  Find  two  consecutive  odd  numbers  whose  sum  is  108. 

39.  Find  three  consecutive  odd  numbers  whose  sum 
is  117. 

40.  Find  four  consecutive  odd  numbers  whose  sum  is  192. 

41.  Find  two  consecutive  even  numbers  whose  sum  is  46. 

42.  Find  three  consecutive  even  numbers  whose  sum 
is  108. 

43.  Find  five  consecutive  even  numbers  whose  sum  is  60. 


CHAPTER  VIII 


PARENTHESES 

43.  Removal  of  parentheses.  In  solving  exercises  and 
problems  it  is  often  necessary  to  treat  several  terms  as 
though  they  were  one  term.  This  is  done  by  inclosing  the 
various  terms  in  a  parenthesis. 

Thus,  if  n  represents  an  even  number,  the  sum  of  three  con¬ 
secutive  even  numbers  might  be  represented  as  follows : 

w  H-  (w  +  2)  +  (n  +  4). 

Sometimes  it  is  necessary  to  inclose  a  number  in  a 
parenthesis  along  with  other  terms  inside  a  second  paren¬ 
thesis.  To  avoid  confusion  in  such  cases,  different  paren¬ 
theses,  such  as  brackets  [  ]  and  braces  {  },  are  used. 
Parentheses,  brackets,  and  braces  are  sometimes  called  sym¬ 
bols  of  aggregation.  For  convenience,  where  no  confusion 
arises,  braces  and  brackets  are  spoken  of  as  parentheses. 

In  the  solution  of  equations  and  in  other  algebraic  work 
it  is  often  necessary  to  remove  all  signs  of  grouping.  This 
removal,  although  it  depends  upon  the  principles  govern¬ 
ing  addition  and  subtraction,  must  be  given  some  spe¬ 
cial  study  if  the  required  speed  and  accuracy  are  to  be 
attained. 

44.  Removal  of  parentheses  preceded  by  the  sign  -f .  The 
value  of  10  +  (4  —  1)  is  the  same  as  that  of  10  +  4  —  1. 

Similarly,  a  +  (6  —  d)  =  a  +  6  —  d. 
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The  plus  signs  preceding  the  parentheses  (4  —  1)  and 
(b  —  d)  in  the  above  expressions  disappear  with  the  paren¬ 
theses,  but  the  signs  of  the  terms  within  the  parentheses, 
whether  expressed  or  understood,  are  always  supplied  when 
the  parentheses  are  removed,  as  in  the  case  of  4, 1,  b,  and  d, 
in  the  above  expressions.  Since  in  adding  one  expression 
to  another  the  signs  of  the  terms  added  are  not-  changed, 
we  have  the  following 

Principle.  A  parenthesis  and  the  plus  sign  before  it  may  be  removed 
from  an  expression  without  changing  the  signs  of  the  terms  which  were 
inclosed  by  the  parenthesis. 

45.  Removal  of  parentheses  preceded  by  the  sign  — .  In 
the  expression  10  —  (5  —  3)  the  sign  before  the  binomial 
shows  that  (5  —  3)  is  to  be  subtracted  from  10.  To  sub¬ 
tract  (5  —  3)  we  change  the  signs  of  the  terms  subtracted 
and  add  the  resulting  terms  to  the  minuend. 

Thus,  10  —  (5  —  3)  =  10  —  5  +  3  =  8.  This  is  correct, 
since  10  -  (5  -  3)  =  10  -  2  =  8. 

Similarly,  a  —  (c  —  d)  becomes  a  —  c  +  d  when  the  signs 
of  (c  —  d)  are  changed  and  the  result  is  added  to  a. 

The  minus  signs  preceding  the  parenthesis  in  10  —  (5  —  3) 
and  a  — (c  —  d)  disappear  when  the  parentheses  are  removed. 
The  plus  signs  understood  before  5  and  c  in  the  parentheses 
are  changed,  as  is  the  sign  of  each  term  within  the  parentheses, 
when  we  write  10  —  (5  —  3)  =  10  —  5  +  3,  and  a  —  {c  —  d)  = 
a  —  c-\-d.  Since,  in  subtracting  one  expression  from  another, 
we  add  with  their  signs  changed  the  several  terms  to  be 
subtracted,  we  have  the  following  ^ 

Principle.  A  parenthesis  and  the  minus  sign  before  it  may  be 
removed  from  an  expression,  provided  the  sign  of  each  term  which  was 
inclosed  by  the  parenthesis  is  changed. 
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ORAL  EXERCISES 


Remove  the  parentheses  and  where  possible  combine 
terms  in  the  resulting  expressions : 


1.7+ (4-1). 

2.  7-  (4  +  1). 

3.  7  -  (-  4  +  1). 

4.  X  +  [^^;  +  v\. 

5.  X  +  {w  —  v}. 


Q,  X  —  {w  v), 

X—  {w  —  v}, 

X  w  —  v), 

X  —  \—  w  —  v]. 

10.  3  X  —  (x  —  2  2/  +  5). 


46.  Removal  of  two  or  more  parentheses.  If  neither  of 
two  parentheses  is  within  the  other,  both  parentheses  may 
be  removed  at  the  same  time,  proper  regard  being  given  to 
the  principles  governing  the  removal  of  each. 

If  one  parenthesis  incloses  another,  the  inner  parenthesis 
should  be  removed  first,  in  accordance  with  the  following 


Rule.  Rewrite  the  expression,  omitting  the  innermost  parenthesis, 
changing  the  signs  of  the  terms  which  it  inclosed  if  the  sign  preceding 
it  is  minus  and  leaving  them  unchanged  if  it  is  plus. 

Combine  like  terms  within  the  new  innermost  parenthesis. 

Repeat  these  processes  until  all  the  parentheses  are  removed. 


Example 

Remove  the  parentheses  and  collect  terms : 

12  -  [15  -  8  a  +  (18  -  9  a)]  +  2. 

Solution.  Removing  the  inner  parenthesis  first, 
12  -  [15  -  8  a  +  18  -  9  a]  +  2. 
Collecting  terms,  12  —  [33  —  17  a]  +  2. 

Then  removing  the  remaining  parenthesis, 

12  -  33  +  17  a  +  2. 
Collecting  terms,  17  a  —  19. 
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EXERCISES  • 

Remove  the  parentheses  and  combine  like  terms : 

1.  10  -  (6  -  3)  -  4. 

2.  12 +(7-4) -(8 -6). 

3.  (8  -  5  +  2)  -  (4  -  2)  +  7. 

4.  10  a  —  (6  a  —  3  a)  +  (7  a  —  a). 

5.  {2  n  —  b  p)  —  {2  n  —  p  —  ^  n). 

6.  -  (p  -  g)  +  {2  (?  -  3  p}. 

1.  n  —  p  —  {m  —  q)  {n  —  p)  —  {m  —  n). 

.8.  (??-  —  p)  —  {2  p  —  3  ri}  +  (?^  —  4  p). 

9. 71  —  (n  —  p  —  O')  —  (3  g  +  p  +  1)  +  —  5). 

10.  (77  —  p)  —  (3  77  —  2  p)  +  [2  p  —  77]  —  3  p. 

11.  8  -  [9  -  (4  -  10)]  -  (15  -  24). 

12.  9  -  [5  -  (4  -  6)]  -  (8  -  15). 

13.  14  -  (8  -  16)  -  [(4  -  1)  -  8]. 

14.  15  -  [3  -  (2  -  5)]  +  (3  -  5)  -  (8  -  3). 

15.  p  —  [2  77  —  (3  p  —  5)]. 

16.  [(77  +  p)  —  77]  —  p. 

17.  [(a  +  p)  +  (tt  —  5  p)]  —  4  C7. 

18.  (-  r  -  s)  -  [(2  r  -  s)  +  (r  +  s)]. 

19.  -  (-  a  -  p)  -  [(-  a  +  5  p)  +  (-  2  p  -  a)]. 

20.  a  +  [3  a  -  (4  a  -  2  6)]  +  (3  5  -  2  a). 

21.  a  +  [4  a  -  (3  a:  -  2  a)]  -  (4  a  -  5  x). 

22.  2  a  —  [6  a  —  (5  77  —  4  a)]  +  (8  a  —  7  77). 

23.  (5  a:  —  6  ?/)  —  [—  4  a:  —  (4  2;  —  7/)]  —  2  2:. 

24.  [3  p  -  (2  77  +  9)]  -  [-  (3  77  -  2  p)  +  5  p-]. 
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In  the  following,  remove  the  parentheses,  retaining  the 
brackets,  and  simplify  results  as  much  as  possible  : 

25.  [{n  +  p)  +  r],  +  p)  -  r]. 

26.  [4  +  (3  r  —  5  p)],  [4  —  (3  r  —  5  p)]. 

27.  -  p)  +  (p  -  2  n)'],  [{n  -  p)  -  (p  -  2  n)]. 

28.  [(3  —  2  p)  +  (2  p  —  3  n)'],  [(3  —  2  p)  —  (2  p  —  3  n)'\. 

29.  [(7^  —  2  p)  +  (3  r  —  s)],  [(?^  —  2  p)  —  (3  r  —  s)]. 

30.  [(4  71  -  3)  -h  (5  p  -  7)],  [(4  77  -  3)  -  (5  p  -  7)]. 

31.  [(77^  —  p2)  +  (^^  —  2  p^)],  [(77^  —  p^)  —  (r^  —  2  p^)]. 

47.  Inclosing  terms  in  parentheses.  Obviously,  12  +  7  —  3 
=  12  +  (7  —  3),  for  each  equals  16. 

Sirnilarly,  c  +  d— /=c  +  (d  —f). 

That  the  expressions  in  the  illustration  above  are  equal 
may  be  seen  by  removing  the  parentheses  according  to  the 
first  principle  on  page  84. 

Thus,  12  +  (7  —  3)  =  12  +  7  —  3,  and  c  +  {d  —  f)  =  c  +  d  —  f. 

This  process  of  inclosing  terms  within  a  parenthesis 
illustrates  the 

Principle.  One  or  more  terms  may  be  inclosed  in  a  parenthesis 
preceded  by  a  plus  sign  without  changing  the  sign  of  any  of  the  terms. 


ORAL  EXERCISES 


Inclose  in  a  parenthesis  preceded  by  a  plus  sign  the  last 
three  terms  in  each  of  the  following : 


1.  4  +  7  -  6  -  3. 

2.  8  +  4  +  7  -  2. 

3.  9  -  4  -  7  +  3. 

4.  a  —  6  +  c  +  d. 


5.  a  +  6  —  c  —  d. 

6.  3a  +  46  —  c  —  d. 

7.  377  —  4p  —  g  —  3  77. 

8.  77^  —  2  p  +  p^  +  1. 


c 
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The  expression  15  +  7  —  4  =  15  —  (—  7  +  4),  for  each 
equals  18. 

Similarly,  x-\-y  —  z  =  x—  {—y-\-z)y 
and  X  —  y z  =  X  —  {y  —  z). 

That  the  right  member  in  each  of  these  cases  is  another 
form  of  the  left  may  be  seen  by  removing  the  parentheses 
according  to  the  second  Principle  on  page  84. 

Thus,  15  —  (—7  +  4)  =  15  +  7  —  4,  the  original  expression, 
and  X  —  {y  —  z)  =  X  —  y  +  z. 

This  process  of  inclosing  terms  in  a  parenthesis  preceded 
by  a  minus  sign  illustrates  the 

Principle.  One  or  more  terms  may  be  inclosed  in  a  parenthesis 
preceded  by  a  minus  sign  provided  the  sign  of  each  term  thus  inclosed 
be  changed. 

EXERCISES 


Inclose  in  a  parenthesis  preceded  by  a  minus  sign  the 
last  three  terms  in  the  following : 


1.  4-7-6-3. 

2.  7  +  3  +  6  —  2. 

3.  8  -  4  -  7  +  2. 

4.  a  —  6  +  c  +  d. 

5.  a  —  b  —  c  —  d. 

6.  Sp-\-4:n  —  q  —  r. 

7.  Sp  —  4:n-{-q  —  Sr. 


S.  2  p  —  p'^  —  1. 

9.  —  4  ri  —  —  4. 

10.  p'^  —  2  np  +  —  71^ n 1. 

11.  p  +  g  — r  — 37z  +  4m. 

12.  p  +  O'  +  r  +  +  m. 

13.  2p  —  q-\-Sr-\-2p  —  q—r-^qr. 

14.  4p^  — 49^  +  72^  +  2p72  +  p^. 


In  the  following,  inclose  in  a  parenthesis  preceded  by  a 
plus  sign  all  the  terms  containing  x  or  y,  and  inclose  in  a 
parenthesis  preceded  by  a  minus  sign  all  the  other  terms : 

15.  —  3  a.  17.  —  6^  +  2  a6  —  a^. 

16.  10  a  +  —  25  —  a^.  18.  20  a5  +  —  4  —  25 
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19.  0^2  -  62  _  4  52  2  2/2  -  a2  -  2  X2/  -  y\ 

20.  —  4  a6  +  0^2  _  52  ^  4  ^2  _  4  ^2  _  4 

21.  4  —  8  0:2/  —  4  +  4  a  +  4  ^2^ 

22.  -  9  6^  _  10  +  36  ah  -  36  +  25  2/^. 

23.  4  a6  -  4  +  a:^  +  4  0:2/  -  62  +  4  y\ 

24.  0^2  —  16  —  p2  10  p  0  ^^2  _  0 

25.  a:2  +  a2  +  2  a6  +  8  a:2/  +  2  6c  +  16  2/2  —  2  ac  —  62  —  c2. 

REVIEW  EXERCISES 

In  the  first  four  exercises,  is  the  number  to  the  right 
a  root  of  the  corresponding  equation  ? 

1.  a:2  —  7  X  +  6  =  2  X  +  4  —  (8  +  2  x).  2. 

2.  a2  -  (2  a  -  3)  =  a2  -  (7  -  2  a)  +  6.  3. 

3.  (4-2x)-(3x-12)+(4x-10)=4x-20-(l-4x).  3. 

4.  (3  X  +  6)  —  (4  —  7  x)  =  19  X  —  (11 X  —  4).  7. 

5.  Indicate  the  sum  of  2  x  and  (x  +  3) ;  3  and  (x  —  5) ; 

(7  +  x)  and  6  x  —  2. 

6.  Indicate  the  difference  found  by  subtracting  (4  x  —  7) 
from  (6x  +  3). 

7.  Indicate  (9  x  +  2)  diminished  by  (3  x  —  1)  plus 
(2-5x). 

8.  Indicate  the  sum  of  (3  x  +  2),  (5  x  +  6),  and  (9  x  —  3) 
diminished  by  the  sum  of  (4  x  —  7)  and  (3  x  +  2). 

9.  Indicate  the  ages  of  three  boys  if  the  first  is  twice 
as  old  as  the  second  and  the  third  3  years  younger  than 
the  second.  Write  the  equation  if  the  sum  of  their  com¬ 
bined  ages  is  21. 

10.  Find  three  numbers  whose  sum  is  34,  if  the  first  two 
are  consecutive  even  numbers  and  the  third  is  twice  the  first. 


CHAPTER  IX 


MULTIPLICATION 

48.  Product  of  terms  containing  unlike  letters.  The 
student  is  familiar  with  the  fact  that  the  factors  of  a 
product  may  be  taken  in  any  order. 

Thus,  3*2-4  =  4-  3-  2  =  2-  3-  4  =  24. 

Similarly,  a  •h  =  b  ■  a. 

Again,  2  •  3  ?^^  =  3  •  2  =  2  •  3  mV  =  6  mV. 

This  illustrates  the 

Rule.  To  multiply  terms  containing  numbers  and  letters,  write 
the  product  of  the  numeric  coefficients  followed  by  the  product 
of  all  the  literal  factors. 

49.  Product  of  terms  containing  like  letters.  By  the  defi¬ 
nition  of  an  exponent  (p.  17),  =  x  •  x,  and  x^  =  x  •  x  •  x. 

Therefore  x^^  ■  x^  =  {x  •  x)  •  (x  •  x  ■  x)  =  x^  = 

Similarly, 

a  •  =  a  ■  (a  -  a  ■  a)  ‘  {a  ‘  a  ■  a  •  a  •  a)  = 

In  like  manner, 

32 . 34 . 3'  =  (3  ^  3)  •  (3  •  3  •  3  •  3)  •  (3  •  3  •  3  •  3  ■  3) 

=  311  =  32+4+5. 

Also,  np^  •  =  np^  =  np‘^+^, 

3  ah  '  2a^  =  6a^b  =  6  ai+26, 

3  x^yz^  •  5  xy^  =  15  x^yh‘^  =  15  ^2+1^1  +  3^:2. 
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Therefore  we  have  the 

Principle.  The  exponent  of  any  letter  in  a  product  is  equal  to  the 
sum  of  the  exponents  of  that  letter  in  the  factors.  This  is  expressed 
in  general  terms  thus : 

n^x  n^= 

The  law  of  signs  for  the  multiplication  of  positive  and 
negative  numbers,  given  on  page  41,  applies  to  literal 
terms  as  well. 

Thus,  (+  3  ri^)  •  (+  5  =  +  15 

(+  3  '(—  5  n^)  =  —  15  n^, 

(—  3  n^)  •  (+  5  7^^)  =  —  15  n^, 

(-  3  n^)  -  (-5  n^)  =  +  15  n^. 

For  the  multiplication  of  two  monomials,  we  have  the 

Rule.  Obeying  the  rule  of  signs  for  the  multiplication,  write  the 
product  of  the  numeric  coefficients  followed  by  all  the  letters  that 
occur  in  the  factors,  each  letter  having  as  its  exponent  the  sum  of  the 
exponents  of  that  letter  in  the  factors. 


ORAL  EXERCISES 

Perform  the  following  indicated  multiplications : 


1.  (3)(-  5). 

6.  •  n^. 

11.  •  V?. 

2.  (-2) (6). 

7.  •  n^. 

12.  —  V?  •  {n^). 

• 

CO 

8. 

13.  —  V?). 

4.  (-4  a:)  (3). 

9.  V?  • 

14.  —  7^2 .  (-[-3 

5.  3  a:  •  2  a:. 

10.  •  n^. 

15.  —  72(2  n^). 

16.  (—  2  p^)(3  19.  (—  3  p^)(—  4 

17.  (3  p4)(-  2  p5).  20.  (-  6  62)  (4  6). 

18.  (4  p2)(_  5  21.  (-  3  a:)(-  2  x^). 
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22r(+  2  a^)(—  4  a^x). 

23.  (—  4  a^x)(+  3  x^). 

24.  (—  5  a^x){—  4  ax^). 

25.  (+3  aV^)(3  ar). 

26.  (-  3  w)2. 

27.  (5)(-  7  a). 

28.  (3a)(-  7). 

29.  (-  2 

30.  (-7a)(-  10). 

31.  (—  3  nyY. 

32.  (3  a)(—  7  a). 

33.  (5  Tzpg')^. 

34.  (—  10  x)(4  x). 

35.  (5  x)(—  4  x). 

36.  (-  nf. 

37.  (-  nf, 

38.  (—  2  ?^)2. 

39.  (—  2  7i)^ 

40.  (2  a?xy. 


41.  (—  2  ?^)(—  4  n^). 

42.  (5  m^)(9  m^). 

43.  (—  5  p)^. 

44.  (ti^)(—  16  n). 

45.  (—  4  n^){—  6  n^). 

46.  (+  3  v)\ 

47.  (+3p)l 

48.  (4  p)(5  n)(6  n^)). 

49.  (3  p)(—  2  ?i)2. 

50.  (—3 

51.  (3h^)(-  k). 

52.  (5  n^p){—  2  w^). 

53.  (—  5  x^y^y, 

54.  (—  5  xV)^. 

55.  (—  n^p){— 

56.  (2  7^p^)^. 

57.  (5  w^)(—  4  w^)(—  3  n). 

58.  i-2k^){3k^y. 

59.  (—  2  a^)^(5  a^)^. 


50.  Multiplication  of  a  polynomial  by  a  monomial.  The 
multiplication  of  a  polynomial  by  a  monomial  may  be 
illustrated  as  follows: 

4(5  +  3)  =  4  X  5  +  4  X  3  =  20  +  12  =  32, 
and  3(6  +  4)  =  3  X  6  +  3  X  4  =  18  +  12  =  30. 

Similarly,  h{x  +  y)  =  bx  by, 
and  2  a(x  y)  =  2  ax  -y  2  ay. 


Sir  William  ^^wan  Hamilton 
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For  the  multiplication  of  a  polynomial  by  a  monomial, 
we  have  the 

Rule.  Multiply  each  term  of  the  polynomial  by  the  monomial  and 
write  the  resulting  terms  in  succession  with  their  proper  signs. 

The  actual  work  of  multiplication  may  conveniently  be 
arranged  as  in  the  following 

Example 

Multiply  2  7^^  —  3  71I/  +  42/  —  3p  —  6by2  np. 

Solution.  +2  V?  —  Sny  +  Ay  —  Sp  —  6 

+  2  np _ 

4  n^p  —  6  n^py  +  8  npy  —  6  np‘^  —  12  np 


BIOGRAPHICAL  NOTE 

Sir  William  Rowan  Hamilton.  It  is  strange  that  of  all  the 
topics  treated  in  this  book  the  last  to  be  thoroughly  understood  by 
mathematicians  are  those  appearing  in  the  first  chapters.  But  in  all 
the  sciences  it  is  often  most  difficult  to  answer  the  questions  that  at 
first  sight  seem  quite  obvious.  Any  child  can  ask  what  electricity  is, 
but  the  wisest  scientist  cannot  tell.  He  can  only  explain  what  elec¬ 
tricity  does.  It  is  easy  to  ask  how  the  earth  came  to  be  revolving 
around  the  sun  with  the  moon  revolving  around  it,  but  even  the 
deepest  students  of  astronomy  differ  in  their  theories  of  how  it  came 
to  be.  And  so  in  mathematics,  long  after  many  of  the  more  com¬ 
plicated  processes  of  algebra  were  completely  understood,  the  simple 
laws  of  operation  of  numbers  were  only  slightly  understood.  One  of 
the  men  who  did  most  to  clarify  the  nature  of  these  laws  was  Sir 
William  Rowan  Hamilton  (1805-1865).  He  was  born  in  Dublin, 
Ireland,  where  he  lived  most  of  his  life.  He  was  a  precocious  boy,  and 
at  the  age  of  twelve  was  familiar  with  thirteen  languages.  He  devised 
kinds  of  numbers  that  do  not  follow  the  same  laws  as  those  that  we 
use  in  algebra,  and  so  threw  a  flood  of  light  on  the  nature  and  proper¬ 
ties  of  these  common  numbers.  Most  of  his  works  are  very  advanced 
in  character  and  are  difficult  to  read. 
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EXERCISES 


Multiply : 

1.  X  +  2  by  3. 

2.  X  —  3  by  X. 

3.  x^  +  4  by  3  x. 

4.  2  x^  +  5  by  2  X. 

5.  x^  —  3  X  by  x^. 

6.  —  3  +  2  by  3 

7.  5p^+3p— Ibyp^. 


8.  4  —  2  w  —  4  by 

9.  —  4  +  6  p  —  5  by  6  p^. 

10.  2  p^  —  3  p  —  3  by  —  4  p^. 

11.  p^  —  3  p^  —  4  by  —  5  p^. 

12.  3  X  —  4  x^  —  3  x^  by  —  3  x^. 

13.  7  xy^  —  X  yhy  2  xy. 

14.  x^  —  2  X2/  +  4  2/^  by  —  2  xy. 


15.  —  nV  +  by  —  n^p^. 


16.  —  —  2np-\-lq^hy—A  npq. 

17.  8  x^  —  7  x^  +  11  X  —  5  by  —  3  x^. 

18.  —  8  —  10  ax  +  40  x^  by  5  ax^. 


Perform  the  indicated  multiplications : 


19.  8(2  X  —  3). 

20.  4  x(x  —  y). 

21.  -7(3x  — 6). 

22.  —  8( —  3  a  -f“  2  6). 

23.  —  2  x(3  X  —  6). 

24.  5  x^(8  x^  —  3  x). 


25.  —  3(n^  —  2  71  —  6). 

26.  5  np(p^  —  6  p  +  9). 

27.  —  2  n(77p  —  rp  —  3  sp^). 

28.  —  a77  +  a^)  (—  3  a^n). 

29.  —  6  hc{hx‘^  —  cx  +  d). 

30.  3  x^(—  2  X  +  3  x^  —  2  x^). 


31.  What  is  the  area  of  a  square  whose  side  is  x  inches? 
2  X  inches?  3  x inches?  4  x inches? 

32.  What  is  the  area  of  a  rectangle  whose  length  is  3  x 
and  whose  width  is  2  x  +  3  ? 

33.  What  is  the  volume  of  a  rectangular  solid  whose 
dimensions  are  x  +  1,  2  x,  and  5  x? 

34.  The  edge  of  a  certain  cube  is  3  x  inches.  What  is  the 
total  area  of  the  cube  ?  its  volume  ? 
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51.  Multiplication  of  polynomials.  Clearly, 

(6  +  3)(7  +  4)  =  9x11  =  99. 

The  multiplication  may  also  be  performed  thus : 

(6  +  3)(7  +  4)  =  6(7  +  4)  +  3(7  +  4) 

=  42  +  24  +  21  +  12  =  99. 

In  general  terms, 

(a  +  c)(6  -f  d)  =  a(b  H-.d)  +  c{h  d)  =  ab  ad -{- be cd. 

Example 

Multiply  2a:  —  5by3a:  +  2. 

Solution.  2  X  —  5 

3  X  +  2 

Multiplying  by  3  x,  6  —  15  x  =  first  partial  product. 

Multiplying  by  2,  +  4  x  —  10  =  second  partial  product. 

Complete  product,  6x^  —  llx  —  10  =  sum  of  partial  products. 

This  gives  for  the  multiplication  of  polynomials  the 

Rule.  Multiply  each  term  of  the  multiplicand  by  each  term  of  the 
multiplier  in  turn,  and  add  the  partial  products. 


EXERCISES 


Multiply : 

1.  X  +  3  by  x  +  2. 

2.  2  X  +  4  by  X  +  3. 

3.  3  X  +  6  by  2  X  +  3. 

4.  2  X  —  5  by  4  X  +  7. 

5.  3  X  —  2  by  3  X  +  3. 

6.  5  —  4  a  by  4  a  —  7. 


7.  2  X  +  2/  by  X  +  2  ?/. 

8.  3m  +  42iby3m— 5w. 

9.  3  X  —  2  by  2  X  —  3. 

10.  —  S  n  11  p  hy  S  n  —  p. 

11.  nx  —  px  by  qx  +  rx. 

12.  —  nx-\-  phy  qx  —  nx^. 
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13.  3  X  —  2  by  5  x  +  4  2/. 

14.  —  5  72  +  6  by  rt  —  3. 

15.  3  ~  3  p  —  7  by  2  p  +  4. 

16.  —  ah  —  b‘^  hy  a h. 

17.  ¥x^  —  ahx  +  4  6^  by  +  2  6. 

18.  —  2  —  5  a:  by  2  —  4  x^. 

19.  2  —  8  r  +  12  by  —  3  r  —  4. 

20.  —  2  xy‘^  —  3  y  hy  x^  —  2  xy  —  S  y^. 


Expand : 


23. 

24. 

25. 


26. 


21.  (2  —  4  X 

22.  (722  -  3  72  - 
(p2  _  3  p  -h  2)2. 

{n  —  —  3)2. 

(p2  —  2  p  +  4)2. 

(3  p  -  p2  _  2)2. 


-  l)(2x--2). 

-2)(722  -  2  21  +  3). 

27.  (4  772  —  2  7722  —  5)2. 

28.  (3  722  -  4  72  -  7)2. 

29.  (3  722  —  10  72P  +  8 

30.  (2  -  3  6c  +  1)2. 


52.  Powers.  A  power  of  a  number  is  the  product  obtained 
by  using  the  number  as  a  factor  one  or  more  times. 

For  example,  4,  or  2^,  is  the  second  power  of  2 ;  27,  or  3^,  is 
the  third  power  of  3  ;  64  x®,  or  (2  x)®,  is  the  sixth  power  of  2  x. 

« 

53.  Arrangement.  A  polynomial  is  said  to  be  arranged 
according  to  the  ascending  powers  of  a  certain  letter  when 
the  exponents  of  that  letter  in  successive  terms  increase 
from  left  to  right. 

Thus,  8  +  3  X  —  5  x2  +  2  x'^  is  arranged  according  to  ascend¬ 
ing  powers  of  x. 

Again,  —  S  y  +  A  and  y"^  —  S  xy^  +  3  xy^  —  x^  are  arranged 
in  descending  powers  of  y. 
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Whenever  it  is  possible,  the  multiplicand  and  the  multi¬ 
plier  should  be  arranged  in  the  same  order  with  respect 
to  some  letter,  as  the  addition  of  the  partial  products  is 
then  more  easily  performed. 

54.  Check  of  multiplication.  The  work  of  multiplica¬ 
tion  can  be  checked  by  giving  a  small  numeric  value  to 
each  letter  involved  and  finding  the  corresponding  numeric 
values  of  the  multiplicand,  the  multiplier,  and  the  product. 
The  product  of  the  numeric  values  of  the  first  two  should 
equal  the  numeric  value  of  the  product. 

The  smallest  number  which  gives  a  reliable  check  is  2. 
This  is  true  when  only  one  letter  is  involved.  If  more 
letters  are  involved,  the  check  is  not  certain  if  2  is  used. 

The  number  1  is  sometimes  convenient  for  checking,  but  it 
will  not  check  exponents,  since  etc.,  if  a  =  1. 


Example 

Multiply  2  —  7  —  4  a:  +  3  by  —  6  —  5  x,  and  check. 

Solution.  Arranging  both  terms  in  descending  powers  of  x 
and  multiplying,  we  obtain : 

If  X  =  2, 

2x^+  3x2-  4x  -  7  =16  +  12-8-7=  13 

x2-  5x  -  6 _ =  4-10-6  =  -  12 

2  X®  +  3  x^  —  4  x^  —  7  x2  —  156 

—  10  x^  —  15  x^  +  20  x2  +  35  X 

_ —  12  x^  —  18  x2  +  24  X  +  42 

2  x^  —  7  x'^  —  31  x^  —  5  x2  +  59  X  +  42 

Check.  64  -  112  -  248  -  20  +  118  +  42  =  -  156. 

Since  —  156  is  obtained  in  both  parts  of  the  check,  the 
result  is  probably  correct. 


98  NEW  COMPLETE  SCHOOL  ALGEBRA 

EXERCISES 

Multiply  and  check : 

1.  2  —  3  X  —  8  by  2  a:  —  4. 

2.  3  —  2  m  +  7  by  2  —  3  m  +  3. 

3.  2  +  X  —  4  by  +  X  +  2. 

4.  3  —  8  w  —  1  by  71^  +  2  w  —  3. 

6.  3  x^  —  5  X  —  2  by  3  x^  —  5  X  —  2. . 

6.  3  x^  —  4  X  +  2  by  itself. 

7.  —  kh-\-  ¥  by  h‘^  -{-kh-\-  k^, 

8.  97^  —  77  +  1  by  77^  —  2  77  +  2. 

9.  3  x^  +  4  x^  —  2  X  +  3  by  x^  —  3  X  +  4. 

10.  —  2  +  s  —  3  by  3  —  2  s  +  1. 

11.  3  77  —  77^  +  6  by  4  77  —  3  77^  —  5. 

Hint.  Arrange  both  expressions  in  descending  order. 

12.  x^  —  X  —  5  by  3  x^  —  2  X  +  4. 

13.  3  X  —  2  x^  +  x^  —  8  by  4  —  x^  —  4  X. 

14.  3  77^  —  5  77^  +  77  +  1  by  5  —  77^  +  ^* 

Expand : 

15.  [5  X  —  2  a  —  (2  a  —  5  x)]  [5  X  —  2  a  +  (2  a  —  5  x)]. 

16.  (3  a  —  4  +  6  +  (2  +  —  2  a  +  3  a^). 

17.  (3  X  —  4  +  7  x^)  (7  —  4  x^  +  2  x^  —  8  x). 

18.  (77^  —  2  77P  +  3  (77^  +  2  77P  +  3  p^). 

19.  (x^y  —  2/^x)(3  XT/  —  4  x^y){2  x^y  —  xy^). 

20.  (77^  +  p^  +  —  77p  —  77Q'  —  pq)  (77  +  p  +  g). 

21.  (c  +  d  +  ey. 

22.  (2  77  —  3  p  +  4  ry.  24.  (p  —  q  —  r)^. 

23.  (3  a  —  5  6  +  6)^,  25.  (77  —  2  p  +  3  r  —  4  s)^ 


CHAPTER  X 


PARENTHESES  IN  EQUATIONS 

55.  Simple  equations  involving  parentheses.  In  dealing 
with  algebraic  expressions  involving  parentheses  great  care 
must  be  exercised  at  all  times.  Accuracy  in  such  work 
demands  especial  care  in  removing  any  parenthesis  that  is 
preceded  by  a  minus  sign. 


Example 

Solve  the  equation  4(2  a:  +  1)  —  (4  x  —  6)  =  22. 

Solution.  4(2  X  +  1)  —  (4  x  —  6)  =  22. 

Removing  parentheses,  8x  +  4  —  4x4-6  =  22. 
Combining,  4  x  -f  10  =  22. 

Transposing,  4  x  =  12. 

Dividing  by  4,  x  =  3. 


Check.  4(2  ‘  3  -h  1)  -  (4  •  3  -  6)  =  22. 

Simplifying,  4  •  7  —  6  =  22, 

22  =  22. 

EXERCISES 


Solve  and  check : 

1.  3(x  +  3)  =  15. 

2.  5(x  -  1)  =  25. 

3.  3(x-f  6)  =  12. 

4.  3(3-x)  +  2  =  -l. 
6.  5(:r-4)  +  14  =  9. 


6.  5(x  —  8)  -f-  7  X  =  8. 

7.  4(3  X  —  2)  —  2  =  2  X. 

8.  16  +  2{4:n-7)-12n  =  0. 

9.  5  X  —  3(5  —  x)  —  9  =  0. 

10.  2(x  +  1)  —  4  =  3(x  —  1). 
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11.  4(3  X  -  5)  +  20  =  3(a;  +  9). 

12.  S{x  -]-  5)  -j-  7  =  5(8  x), 

13.  8(x  +  4)  =  5(x  +  8)  +  4. 

14.  7(n  -  3)  -  2(3  -n)  =  0. 

15.9p~  3(2  p  -  4)  =  2(5  -  p)  +  7. 

16.  3p-9(3p  +  4)  =  3(p  +  9). 

17.  7  p  -  12  -  2{p  -  6)  =  2  p  -  15. 

18.  5(3  n  —  1)  —  7  n  =  S{n  +  6)  —  3. 

19.  (?)-4)(p  +  8)  =  7-  (2-p)(p  +  3). 

Solution.  Expanding, 

p2  +  4p-32  =  7-(6-p  -  p2). 

Removing  parentheses, 

+  4  p  —  32  =  7  —  6  +  p  + 

Transposing  and  combining, 

S  p  =  33. 

Dividing  by  3,  p  =  11. 

Check.  (11  -  4) (11  +  8)  =  7  -  (2  -  11) (11  +  3). 
Simplifying,  7  •  19  =  7  —  (—  9  •  14) ; 
that  is,  133  =  7  -  (-  126), 

or  133  =  133. 

20.  {n  +  2)2  _  (n  +  3)2  =  -  17. 

21.  (n  +  2)2  -(n-  3)2  -  10  =  0. 

22.  (3  X  -  6)(4  X  -  8)  =  12  x2  -  96. 

23.  (n  +  3)(p  +  5)  =  {n-\- 15) (n  —  10). 

24.  (p  +  2)(p  +  5)  =  (p  -  4)(p  -  7). 

25.  {n  —  7)(6  +  p)  —  (n  —  5)(n  +  6)  +  16  =  0. 

26.  (x  —  5)(x  +  3)(x  +  2)  —  5  =  {x^  —  x—l){x-\- 1). 

27.  (a;2-2a:  +  4)(x2  +  2a:  +  4)-  (x  +  2)  =  (^2  +  2)2  +  20. 
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ORAL  EXERCISES 

1.  The  length  of  a  rectangle  is  x  +  2  and  its  width  is 
3.  What  is  its  area  ?  its  perimeter  ? 

2.  The  length  of  a  rectangle  is  I  and  its  width  is  w. 
What  is  its  area  ?  its  perimeter  ? 

3.  A  rectangle  is  x  +  2  feet  wide  and  2  x  +  3  feet  long. 
What  represents  its  area  ?  its  perimeter  ? 

4.  A  rectangle  is  x  feet  wide  and  3  feet  longer  than  it 
is  wide.  What  represents  its  length?  its  perimeter? 
its  area? 

6.  One  book  costs  a  cents.  What  represents  the  cost 
of  3  books?  5  books?  x  books?  x  +  2  books?  x  —  3  books? 

6.  Represent  the  total  area  of  two  rectangles  whose 
bases  are  x  +  2  feet  and  x  +  3  feet,  and  whose  altitudes 
are  x  —  3  and  x  +  5  feet  respectively. 

7.  Represent  the  area  of  a  triangle  whose  base  is  x  feet 
and  whose  altitude  is  3  feet  more  than  the  base. 

8.  Represent  the  combined  areas  of  two  triangles,  one 
of  base  x  +  2  and  altitude  x  +  3,  and  the  other  of  base 
2  X  —  1  and  altitude  2  x  +  3. 

9.  What  would  represent  the  volume  of  a  cube  whose 
edge  is  x  inches  ?  whose  edge  is  x  +  3  inches  ? 

10.  A  is  X  years  old  now.  What  will  represent  his  age 
2  years  from  now?  2  years  ago?  n  years  from  now? 
n  years  ago? 

11.  A  and  B  each  have  n  dollars.  If  A  gives  B  10  dollars, 
how  much  will  each  have  then?  If  A  gives  B  x  dollars? 

12.  A  and  B  each  have  x  +  10  dollars.  B  spends  d  dollars. 
A  earns  twice  as  much  as  B  spends.  What  will  represent 
the  money  they  then  have  ? 


c 
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56.  Problems  involving  parentheses.  Two  or  more  un¬ 
knowns  and  the  use  of  parentheses  are  involved  in  the  solu¬ 
tions  of  the  following  problems.  One  unknown  can  always 
be  represented  by  a  single  letter  and  the  others  by  bino¬ 
mials  involving  this  letter  and  one  or  more  numbers.  In 
some  problems  it  will  be  necessary  to  inclose  these  bino¬ 
mials  in  parentheses  and  to  think  of  them  and  use  them  as 
if  each  represented  a  single  number. 


Example 


The  sum  of  two  numbers  is  47.  Three  times  the  less 
number  is  4  less  than  twice  the  greater.  What  are  the 
numbers  ? 

Solution.  Here  3  x  less  number  =  2  x  greater  number  —  4. 


n  =  the  less  number. 

47  —  n  =  the  greater  number. 


Let 

Then 


Substituting  these  symbols  in  the  foregoing  statement, 

3n  =  2(47-n)  -4. 

Removing  parentheses, 

3n  =  94  —  2n  —  4. 

Transposing  and  combining. 


5  n  =  90. 
Dividing  by  5,  n  =  18. 


Check,  4:7  —  n  =  29. 

3  X  18  =  2  X  29  -  4. 


Multiplying,  54  =  58  —  4. 

Combining,  54  =  54. 
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PROBLEMS 

1.  The  sum  of  two  numbers  is  53.  Twice  the  greater 
equals  seven  times  the  less  minus  11.  What  are  the 
numbers  ? 

2.  The  sum  of  two  numbers  is  30.  Three  times  one  of 
them  minus  twice  the  other  equals  10.  What  are  the 
numbers  ? 

3.  Find  three  consecutive  numbers  whose  sum  is  78. 

4.  Find  three  consecutive  odd  numbers  whose  sum  is  87. 

5.  The  sum  of  three  numbers  is  110.  The  first  is  12 
more  than  the  second,  and  the  third  is  2  less  than  twice 
the  second.  What  are  the  numbers  ? 

6.  The  length  of  a  hall  is  12  feet  more  than  three  times 
the  width.  It  requires  120  feet  of  base  board  for  the  hall. 
What  are  the  dimensions  of  the  hall  ? 

7.  Twice  a  number  plus  4  equals  three  times  the  num¬ 
ber  less  19.  What  is  the  number? 

8.  A  father  is  2  years  more  than  five  times  as  old  as 
his  son.  The  sum  of  their  ages  is  38.  How  old  is  each  ? 

9.  The  perimeter  of  a  rectangle  is  224  feet.  It  is  two 
fifths  as  wide  as  it  is  long.  What  are  its  dimensions? 

10.  Twice  a  certain  odd  number  plus  three  times  the 
next  consecutive  odd  number  is  3 1 .  What  are  the  numbers  ? 

11.  The  altitude  of  a  triangle  is  2  inches  shorter  than 
its  base.  What  are  its  dimensions  if  its  area  is  2  square 
inches  more  than  half  that  of  a  square  whose  side  equals 
the  altitude  of  the  triangle  ? 

12.  The  sum  of  two  numbers  is  15.  The  difference  of 
their  squares  is  15.  What  are  the  numbers? 

13.  The  difference  of  the  squares  of  two  consecutive 
numbers  is  31.  What  are  the  numbers? 
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14.  The  difference  of  the  squares  of  two  consecutive  even 
numbers  is  108.  What  are  the  numbers? 

15.  The  product  of  two  consecutive  even  numbers  is  76 
less  than  the  square  of  the  greater  number.  What  are  the 
numbers  ? 

16.  One  number  exceeds  another  number  by  4,  and  its 
square  exceeds  the  square  of  the  second  number  by  48. 
Find  the  numbers. 

Solution.  (Greater  number)^  —  (less  number)^  =  48. 

Let  G  =  greater  number. 

Then  G  —  4  =  less  number, 

and  G2  -  (G  -  4)2  =  48, 

or  G2  -  (G2  -  8  G  +  16)  =  48. 

Removing  parentheses  and  solving,  we  obtain  G  =  8. 

17.  Find  two  numbers  such  that  their  difference  is  7, 
and  the  difference  of  their  squares  is  119. 

18.  Find  two  numbers  whose  sum  is  18,  and  the  differ¬ 
ence  of  whose  squares  is  108. 

19.  Find  three  consecutive  odd  integers  such  that  the 
product  of  the  first  and  second  is  154  less  than  the  square 
of  the  third. 

20.  Find  four  consecutive  odd  numbers  such  that  the 
product  of  the  first  and  third  is  72  less  than  the  product 
of  the  second  and  fourth. 

21.  Find  three  numbers  such  that  the  second  is  7  more 
than  the  first,  the  third  3  less  than  the  first.  The  sum  of 
the  first  and  the  square  of  the  second  is  103  more  than  the 
square  of  the  third. 

22.  The  difference  between  the  squares  of  two  consecu¬ 
tive  odd  numbers  is  144.  What  are  the  numbers? 
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23.  A  room  is  4  feet  longer  than  it  is  wide.  If  the  length 
is  increased  by  4  feet  and  the  width  decreased  by  2  feet, 
the  floor  area  will  be  increased  by  8  square  feet.  How 
large  is  the  room? 

24.  The  length  of  a  lot  exceeds  its  width  by  15  feet.  If 
each  were  increased  by  5,  the  area  would  be  increased  by 
700  square  feet.  Find  the  dimensions  of  the  lot. 

26.  Find  a  number  such  that  if  6,  15,  and  25  are  in 
turn  added  to  it,  the  product  of  the  first  and  third  sums 
will  be  470  more  than  the  product  of  the  number  and  the 
second  sum. 

26.  Divide  $253  among  eight  men,  four  women,  and  five 
children,  so  that  each  woman  shall  receive  three  times  as 
much  as  any  child,  and  each  man  $6  more  than  any  woman. 

27.  The  value  of  11  pieces  of  money,  consisting  of  nickels 
and  dimes,  is  75  cents.  How  many  of  each  are  there? 

Hint.  Value  of  the  nickels  +  value  of  the  dimes  =  75  cents. 

Let  n  =  number  of  nickels. 

Then  11  —  n  =  number  of  dimes. 

Now  5  w  =  value  of  the  nickels  in  cents, 

and  10(11  —n)  =  value  of  the  dimes  in  cents. 

Therefore  5  w  +  10(11  —  n)  =75. 

28.  The  value  of  23  coins,  consisting  of  nickels  and  dimes, 
is  $1.60.  How  many  of  each  are  there? 

29.  The  value  of  37  coins,  consisting  of  nickels,  dimes, 
and  quarters,  is  $4.25.  There  are  twice  as  many  dimes  as 
nickels.  How  many  coins  of  each  kind  are  there? 

30.  A  boy  has  53  coins,  consisting  of  nickels,  dimes,  and 
quarters,  amounting  to  $5.  He  has  twice  as  many  nickels 
as  dimes.  How  many  of  each  kind  has  he? 
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31.  There  are  27  coins,  consisting  of  nickels,  dimes,  quar¬ 
ters,  and  half-dollars,  amounting  to  $5.95.  There  are 
2  more  dimes  than  nickels  and  as  many  half-dollars  as 
nickels.  How  many  of  each  kind  are  there  ? 

32.  A  rectangle  is  the  same  width  as  a  square,  but  is 
2  feet  longer.  The  difference  between  their  areas  is  32 
square  feet.  What  are  the  dimensions  of  each? 

33.  A  certain  rectangle  is  5  feet  longer  than  it  is  wide. 
If  2  feet  are  taken  from  the  width  and  3  feet  from  the 
length,  the  resulting  rectangle  is  24  square  feet  smaller 
than  the  original  rectangle.  Find  the  dimensions  of  the 
rectangle. 

34.  The  radius  of  one  circle  is  2  feet  more  than  that  of 
another  circle.  The  area  of  the  first  circle  exceeds  the  area 
of  the  second  circle  by  88  square  feet.  Find  the  radius  of 
each  circle. 

35.  There  are  18  steps  in  a  certain  stairway.  The  depth 
(tread)  of  each  step  is  twice  the  height  (rise).  How  deep 
is  each  step  if  9  yards  of  carpet  are  required  to  carpet 
the  stairs? 

36.  The  radius  of  one  circle  is  2  feet  less  than  the  radius 
of  a  second  circle.  The  difference  of  their  areas  is  22  square 
feet.  What  are  the  diameters  of  the  two  circles? 

37.  The  side  of  one  square  is  7  feet  less  than  the  side  of  a 
second  square.  If  two  other  squares  be  constructed,  one  with 
a  side  2  feet  greater  than  the  side  of  the  smaller  square,  and 
the  other  with  a  side  2  feet  less  than  the  side  of  the  larger 
square,  the  difference  of  their  areas  will  be  69  square  feet. 
What  are  the  dimensions  of  the  original  squares? 

38.  A  is  three  times  as  old  as  B,  and  C  is  8  years  older 
than  B.  The  sum  of  their  ages  is  48  years.  How  old  is  each  ? 
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39.  A  is  5  years  older  than  B,  and  C  is  7  years  younger 
than  B.  Five  years  ago  the  sum  of  their  ages  was  43. 
How  old  is  each  ? 

Hints.  (A’s  age  -  5)  +  (B’s  age  -  5)  +  (C’s  age  -  5)  =  43. 

Let  h  =  B’s  age  in  years  now. 

Then  6  +  5  =  A’s  age  in  years  now, 

and  6  —  7  =  C’s  age  in  years  now. 

Substituting  these  symbols,  we  have 

64-5-5  +  6-  5  +  6-  7-  5  =  43. 

Combining,  3  6  —  17  =  43. 

40.  A  is  5  years  younger  than  B,  and  C  is  10  years  older 
than  B.  In  10  years  the  sum  of  their  ages  will  be  110. 
How  old  is  each  now  ? 

41.  A  is  now  63  and  B  is  33.  How  many  years  ago  was 
A  three  times  as  old  as  B  ? 

42.  A  is  now  38  and  B  is  59.  How  many  years  ago  was 
A  half  as  old  as  B  ? 

43.  The  sum  of  the  ages  of  A  and  B  now  is  30  years. 
In  9  years  A's  age  will  be  three  times  B’s  age.  How  old 
is  each  ? 

44.  A  is  four  times  as  old  as  B.  Five  years  ago  he  was 
three  times  as  old  as  B  will  be  one  year  from  now.  How 
old  is  each  ? 

45.  A  grocer  has  20  pounds  of  coffee  worth  50  cents  per 
pound.  How  many  pounds  of  35-cent  coffee  should  he  mix 
with  it  to  produce  a  mixture  worth  40  cents  per  pound  ? 

46.  A  dealer  has  on  hand  walnuts  priced  at  45  cents  a 
pound  and  Brazil  nuts  priced  at  38  cents  a  pound.  How 
many  pounds  of  each  should  he  take  to  make  a  mixture  of 
147  pounds  which  will  be  worth  39  cents  per  pound  ? 


CHAPTER  XI 


DIVISION 

57.  Division  by  a  monomial.  Division  is  the  process  of 
finding  one  factor  (the  quotient)  of  a  product  of  two  fac¬ 
tors  (the  dividend)  when  the  other  one  of  them  (the 
divisor)  is  given. 

Thus,  the  product  6  divided  by  the  factor  3  gives  the  other 
factor,  2.  Also  5  x  divided  by  5  gives  x,  etc. 

As  in  arithmetic,  the  indicated  division  may  be  written 
as  a  fraction  and  often  simplified. 

Thus,  2  divided  by  5  =  | ;  and  9  divided  by  12  is  x^2  —  |- 

Similarly,  h-^  c  =  -;  and  6a  —  86  is  |-?  = 

c’  8  6  4  6 


By  the  definition  of  an  exponent  (p.  17), 

=  a  '  a  '  a  and  =  a  •  a  •  a  •  a  •  a, 
(ji '  '  (ji '  a  •  a  o? 

Then  = 


(ji '  (ji '  (It 


=  —  =  =  a^-^. 


Similarly,  ^ 


Also, 


9^r^  _n  '  ^  '  jt '  r  '  r 
~  jr-jr 

mn^  m  '  i.  •  7i  •  7jt 


=  nr^  =  nr^~‘^. 


Again, 


W 


•  iji  ' 


=  7n  =  TTITI^ 
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These  examples  illustrate  the 

Principle.  The  exponent  of  any  letter  in  the  quotient  is  equal  to 
its  exponent  in  the  dividend  minus  its  exponent  in  the  divisor. 

This  principle  expressed  in  general  terms  is 

^  n^  = 


What  the  above  formula  means  when  b  is  greater  than  a 
will  be  explained  later  when  the  need  for  such  division  arises. 
It  will  be  seen  then  that  this  case  is  no  exception  to  the  prin¬ 
ciple  expressed  by  the  equation. 


From  what  precedes  we  see  that 


m^np. 


Also,  ax^  -i-  =  a. 

Hence  a  letter  which  has  the  same  exponent  in  divisor 
and  dividend  should  not  appear  in  the  quotient. 

The  law  of  signs  in  division  (see  Chapter  III)  may  be 
indicated  as  follows : 

+  bx  divided  by  (-f  6)  =  +  x. 

+  hx  divided  by  (—&)  =  —  x. 

—  bx  divided  by  (+  6)  =  —  x. 

—  bx  divided  by  (—&)  =  +  x. 

2  fi 

Now  —  16  n  divided  by  8  p  - - 

P 

Here  the  quotient  is  a  fraction  and  the  minus  sign  indicates 
that  the  fraction  is  negative. 

Similarly,  8  x  divided  by  (—  2  y)  =  — 

A  2 

and  —  20  n^p  divided  by  (—  5 
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For  the  division  of  monomials  we  have  the 


Rule.  Divide  the  numeric  coefficient  in  the  dividend  by  the  numeric 
coefficient  in  the  divisor,  following  the  rule  of  signs  for  division. 

Write  after  this  quotient  all  the  letters  of  the  dividend  except  those 
having  the  same  exponent  in  the  dividend  as  in  the  divisor,  giving  to 
each  letter  an  exponent  equal  to  its  exponent  in  the  dividend  minus  its 
exponent  in  the  divisor. 

If  there  are  any  letters  in  the  divisor  unlike  those  in  the  dividend, 
write  these  under  the  preceding  result  as  a  denominator. 


Divide : 


ORAL  EXERCISES 


1.  —  22  by  2. 

2.  15  by  (-  3). 

3. -32  by  (-  4). 

4.  5  by  a?. 

5.  by  a^. 

6.  —  by  a®. 

7.  by  (—  x). 

8.  —  x^  by  (—  x^). 

9.  np^  by  (—  np). 

10.  —  n^p^  by  n^p. 

11.  —  n^xp  by  xp. 

12.  nVp^  by  n^p. 

13.  —  9  a®  by  3  a^. 


15  ri^p"^ 

27  - —• 

75  np^ 

48 

28.  — ^ — T-j  • 

—  6  n^p^ 


29. 


—  17  n^p^ 
51  n^p^ 


30. 


14.  8  x^  by  (—  2  x). 

15.  —  24  x^  by  (—  6 

16.  —  35  aV  by  7  a^x. 

17.  15  ax^  by  (—  3  bx^). 

18.  14  a^b  by  (—  7  ab). 

19.  —  27  n^p^  by  (—  3  n^p'^). 

20.  —  27  np^  by  (—  9  np^). 

21.  77  x^y^  by  (—  7  xV). 

22.  18  ah^x^  by  2  ax'^c. 

23.  49  ax^  by  (—  7  bx"^). 

24.  —  38  x^y^  by  (—  2  x‘^y^). 

25.  —  28  n^p^^  by  (—  4  n'^p^). 

26.  —  45  n'^xp^  by  9  n^xp'^. 

52  n^^p^^  —  144  aV 

—  13  *  —  24  a  V  * 


-  11 
*  77 

56 

7  n^p^r'^ 


50  x^yh^ 
-  2  x^yz  ’ 

64  mv?p^ 
-16 
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58.  Division  of  a  polynomial  by  a  monomial.  In  multi¬ 
plying  a  polynomial  by  a  monomial  (p.  92)  we  multiply 
each  term  of  the  polynomial  by  the  monomial.  In  division 
the  steps  of  multiplication  are  reversed  and  each  term  of 
the  polynomial  is  divided  by  the  monomial. 


Thus, 

Again, 


{nx  +  'px)  X  =  —  +  —  =  n  p. 

X  X 


9  -  12  +  21  x2 

-  3x2 


3  x2  -h  4  X  —  7. 


Therefore,  for  the  division  of  a  polynomial  by  a  mono¬ 
mial,  we  have  the 

Rule.  Divide  each  term  of  the  polynomial  by  the  monomial 
and  write  these  results  in  succession. 


ORAL  EXERCISES 


Perform  the  indicated  division : 


1. 


2. 


3. 


4. 


5. 


6. 


x^ 

x^y  —  x^ 

X? 

X?  —  x"^ 
x^ 


6  —  4  a; 

2  X 

9  X  —  18 
—  3  X 

8  g  —  12 
2  g 


7. 


8. 


9. 


10. 


11. 


12. 


8  gx  —  10  g^x^ 

- -  • 

—  2  gx 

9  gx"*  —  12  g^x^ 

—  3  gx2 

ah  +  ad 

—I  • 

a 

25  xV  +  30  xy* 

—  ^xy 

16  np‘^  —  36  n^p^ 

■  ■ '  ■  ■  i  ---  —  - 1.  I  ■  • 

4  np^ 

21  x^y^  —  28  x^y^ 
7  x^y^ 
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8  x'^y  —  12  g; V  +  16 
4  x'^y 

—  st^  +  qf 
- - 

12  aW  +  9  -  27 

-  3  aW 

16  a‘^h^  —  24  —  32  aW 

—  8  aW 


75  xyz  —  45  _|_  qq 

15 


18. 


5(x  -|-  3)  -f"  b(x  -p  3) 
a:  +  3 


19. 


20. 


21. 


22. 


3(x  +  1)  —  2  x(x  +  1) 
a:  +  1 

(a-j-  b)  —  2(a  -|-  b)^ 
a-j-  b 

3  a(3  X  -j-  4)  —  4  a(3  a;  +  4) 
3  X  +  4 

(a  —  b)c  —  (a  —  b)d 
■  '  —  • 

a  —  b 


23. 

24. 

25. 

26. 


(x-y)-  3{x  -  y) 

-  2{x  -  y) 

16(3x-4)4-24(3x-4)5- 

-  8(3  X- 4)4 

—  5(ac^  —  2dY-\-  x(ac^  —  2d) 
5(ac2  -2d) 

{a  +  b){x-y)^l{x-y) 


48(3  X  -  4)7 


x-y 
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69.  Division  of  one  polynomial  by  another.  In  arithmetic 
the  work  of  long  division  is  commonly  arranged  as  follows : 


2276  Quotient 


Divisor,  346  787496  Dividend 


692 

Check,  2276 

954 

346 

692 

13656 

2629 

9104 

2422 

6828 

2076 

787496 

2076 

It  should  be  noted  that  in  the  above 


Dividend 

Divisor 


=  Quotient, 


and  Quotient  x  Divisor  =  Dividend. 

These  relations  hold  in  algebra  as  in  arithmetic. 

In  algebra,  division  by  a  polynomial  is  carried  out  in  a 
similar  manner,  as  is  seen  in  the  following 


Examples 

1.  Divide  2  —  10  x  +  12  by  x  —  2. 


Solution 


Check 


2  a;  —  6 _  Quotient 

Divisor,  a;  —  2  2  —  10  x  +  12  Dividend 

2x^—  4x  =(x  —  2)  •  2  X. 


—  6  X  +  12 

-  6x+12r=(x-2)--6. 


■2x-6 
X  —  2 
2  x^  —  6  X 

-4x  +  12 
2  x2  -  10  X  + 12 
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2.  Divide  16  a  +  12  —  15  —  22  by  2  a  —  3. 


Solution 


Check 


6  a2  -  2  a  +  5 


6a2-  2a  +  5 
2a  -  3 


2  a  -  3  12  a3  -  22  a2  +  16  a  -  15 


12  -  18 

—  4  g^  +  16  g 

—  4  g^  +  6  a 


12  g^  —  4  g^  +  10  g 


-18g^+  6g-15 
12  g3  -  22  a2  +  16  g  -  15 


+  10  a-  15 
+  lOg-  15 


The  method  of  dividing  one  polynomial  by  another  is 
expressed  in  the 

Rule.  Arrange  both  the  dividend  and  the  divisor  according  to  the 
descending  (or  ascending)  powers  of  some  common  letter,  called  the 
letter  of  arrangement. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the  divisor 
and  write  the  result  as  the  first  term  of  the  quotient. 

Multiply  the  divisor  by  the  first  term  of  the  quotient  and  subtract, 
being  careful  to  write  the  terms  of  the  remainder  in  the  same  order  as 
those  of  the  divisor. 

To  find  the  second  term  of  the  quotient,  divide  the  first  term  of  the 
remainder  by  the  first  term  of  the  divisor,  and  proceed  as  before  until 
there  is  no  remainder,  or  until  the  remainder  is  of  lower  degree  in  the 
letter  of  arrangement  than  the  divisor. 

Check.  Quotient  X  Divisor  =  Dividend. 

60.  Numeric  check  for  division.  The  following  numeric 
check  for  division  is  often  useful. 

Rule.  Assign  a  small  numeric  value  to  the  letter  or  letters  of 
the  dividend,  divisor,  and  quotient.  Then  divide  the  numeric  value 
of  the  dividend  by  that  of  the  divisor.  The  result  should  equal  the 
numeric  value  of  the  quotient. 
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This  check  has  certain  advantages  over  the  check  stated 
in  the  general  rule  for  the  division  of  polynomials,  as  it 
is  shorter  and  involves  a  totally  different  series  of  opera¬ 
tions  from  those  used  in  the  work  of  the  division  itself.  It 
should  be  noted,  however,  that  while  1  is  the  easiest  num¬ 
ber  to  use,  it  does  not  check  errors  in  exponents.  Hence  2 
•or  3  are  better  numbers.  Any  number  which  makes  the 
divisor  zero  must  never  he  used. 

This  method  of  checking  division  is  illustrated  for  Ex¬ 
ample  1  (p.  113),  as  follows: 

Check.  Let  x  have  a  numeric  value  of  4. 

Then  2x2  —  10a;-|-12  will  have  a  value  of  4  (Dividend), 

X  —  2  will  have  a  value  of  2  (Divisor), 

and  2  X  —  6  will  have  a  value  of  2  (Quotient). 

Here  4  h-  2  =  2. 

It  will  be  noted  in  the  example  cited  that  the  value  x  =  2 

would  have  made  the  divisor  equal  to  zero.  The  value  x  =  3 

could  have  been  used,  but  it  gave  a  value  of  the  dividend  equal 
to  zero,  and  was  avoided  for  the  sake  of  clearness. 

EXERCISES 

Divide  the  following  and  check  as  directed  by  the  teacher : 

1.  +  10  a  +  24  by  a  +  4.  4.  2  —  3  p  —  2  by  2  p  +  1. 

2.  72^  +  n  —  6  by  w  —  2.  5.  —  2  n  —  15  by  ri  +  3. 

3.  5  +  7  72  +  2  by  n  -|- 1.  6.  5  72^  —  22  ti  +  8  by  72  —  4. 

7.  3  +  8  X  —  3  by  X  +  3. 

8.  6  72^  +  19  72  —  7  by  3  72  —  1. 

9.  3  p^  —  ap  —  2  by  p  —  a. 

10.  72^  —  11 72  —  6  by  72  -h  3. 
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11.  4  —  8  np  +  3  by  2  p  —  3  n. 

12.  8  —  12  +  6  n  —  1  by  2  w  —  1. 

13.  —  14  a  —  8  by  a  —  4. 

14.  —  11  ri  +  6  by  ?^^  +  3  w  —  2. 

16.  —  15  +  65  p  —  63  by  p  —  7. 

16.  —  11  p  +  6  by  p  —  3. 

17.  +  3  +  3  a¥  +  ¥  hy  a  b, 

18.  2  —  14  •  +  14  n  +  12  by  2  w  —  4. 

19.  S  2S  +  S9  n  —  240  by  3  —  5. 

20.  37  p  +  6  p^  —  24  —  23  p^  by  2  p  —  3. 

21.  —  40  p  —  31  p^  +  21  +  p^  +  4  p^  by  p^  —  3  +  7  p. 


22. 

+  8  by  n  +  2. 

27. 

— 

by 

72  —  p. 

23. 

8  p^  + 1  by  2  p  +  1. 

28. 

by 

72  +  p. 

24. 

Sn^  —  125  p^  by  2  — 

5  p. 

29. 

72® 

+  343  p3 

by  72^  +  7  p. 

25. 

+  125  p^  by  w  +  5 

P- 

30. 

-16 

by 

X  2. 

26. 

27  +  8  p^  by  3  72  + 

2  p. 

31. 

-16 

by 

x  —  2. 

61.  Inexact  division.  In  division  it  frequently  happens 
that  the  divisor  is  not  contained  in  the  dividend  exactly ; 
that  is,  without  a  remainder. 

Thus,  25  divided  by  4  gives  a  quotient  of  6  and  a  remainder 
of  1.  This  is  expressed  in 

2^5  _  g  1  QJ. 

Similarly,  =z  3  a  + 

5  5 


The  result  of  division  when  there  is  a  remainder  can  be 
expressed  in  general  terms  thus : 


Dividend 


=  Partial  Quotient  + 


Remainder 

—  • 

Divisor 


Divisor 


DIVISION 


Divide  6 


Soluiion. 


Check.  (2  a 

62.  General  check  for  division,  (a)  When  the  division  is 
exacts  multiply  the  divisor  by  the  quotient.  The  product  should 
he  the  dividend. 

(b)  When  there  is  a  remainder,  multiply  the  divisor  by  the 
partial  quotient  and  add  the  remainder  to  the  product  obtained. 
The  result  should  be  the  dividend. 

Note.  We  saw  on  page  2  that  it  is  customary  to  represent  the 
product  of  two  letters  by  placing  one  after  the  other  with  no’^sign 
between  them.  Thus,  ah  means  a  times  h.  But  addition,  not  multi¬ 
plication,  is  implied  by  placing  the  fraction  f  after  the  number  3. 
This  practice  comes  down  to  us  from  the  Arabs,  who  denoted  all  ad¬ 
ditions  by  placing  the  number  symbols  in  succession  without  any  sign 
of  operation.  The  later  Greeks  also  had  the  same  notation. 


117 

Example 

—  13  a  +  3  by  3  a  —  2. 


» _ ^  —  u 

3a-2!6a"-13a  +  3 
6  —  4  g _ 

—  9  g  -j-  3 

—  9  g  “t-  6 

-  3)  X  (3  g  -  2)  -  3  =  6  g2  -  13  g  -f-  6  -  3. 

=  6  g^  —  13  g  -f-  3. 


EXERCISES 

Divide  the  following  and  check  as  directed  by  the  teacher : 

1.  6  —  13  71  —  6  by  2  —  3. 

2.  19  p  +  12  +  21  by  4  p  —  3. 

3.  6  77^  -f- 11 77  —  35  by  2  77  —  7. 

4.  25  ■+  30  —  7  by  5  —  7. 
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6.  —  2  —  8  +  +  4  71  by  —  2. 

6.  71^  —  15  77^  +  65  71  —  66  by  77  —  6. 

7.  —  3  ph  +  3  by  p  —  c. 

8.  10  +  10  X  —  50  —  1  by  5  —  1. 

9.  6  —  18  p  +  12  by  p  —  1. 

10.  3  ^9^  —  +  5  p  +  9  by  —  2  p  +  9. 

11.  +  28  —  18  a  —  130  by  a  —  3. 

12.  23  —  37  X  —  24  —  6  by  2  X  +  3. 

13.  71^  +  5  77P  —  2  77  +  10  p  by  77  +  5  p. 

14.  4  77^  +  3  C77  +  8  a77  +  6  ac  by  4  77  +  3  c. 

16.  53  p  +  8  —  53  p^  +  12  p^  by  4  p^  —  7  p  —  1. 

16.  25  p^  —  10  p^  +  36  p  +  72  by  5  p  —  6. 

17.  2  a77  +  5  XT/  —  5  77?/  —  3  ax  by  3  X  —  2  77. 

18.  3  77^  +  11  77^  —  3  77^  +  17  77  —  4  by  77  —  3  77^  —  4. 

19.  23  77^  +  77^  —  55  77  +  11  77^  —  140  by  77^  —  5. 

20.  4  p^  +  1  +  p'^  +  4  p  +  6  p^  by  2  p  +  p^  +  1. 

21.  21  +  40  p  —  31  p^  +  p^  —  4  p^  by  p^  —  3  —  7  p. 

22.  77^  —  8  77^  +  24  77^  —  32  77  +  16  by  77^  —  4  77  +  4. 

23.  224  77  —  42  77^  +  10  77^  —  27  —  419  by  9  +  2  77^  —  5  77. 

24.  x^  —  5  x^  +  9  x^  —  6  x^  —  X  +  2  by  x^  —  3  X  +  2. 

25.  30  x'^  +  11  x^  —  82  x^  —  12  X  +  48  by  2  X  —  4  +  3  x^. 

26.  138  ?/  -  36  -  142  +  56  -  70  y^hy  4y^-lSy  +  6. 

27.  12  x^  —  30  x^  +  8  x^  +  14  x^  —  14  X  +  4  by  6  x^  —  2  X  +  2. 

28.  4  —  16  ?/  +  2  T/^  +  24  —  14  by  +  2  —  6  y. 

29.  28  x^  —  90  x^y  + 156  xV  +  90  xy^  +  28  t/^  by  4  x^  + 10  xy, 

30.  77^  —  p^  by  77  —  p.  33.  77^  +  by  77  +  y. 

31.  77^  —  1  by  77  —  1.  34.  77^  +  P^  by  77  —  p. 

32.  77®  —  1  by  77  +  1.  35.  77®  —  p®  by  77  +  p. 
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36.  hy  n  —  p. 

37.  p^  —  bp^  —  3000  by  p  —  5. 

38.  64  +  27  by  4  +  3  p^. 

p^  —  2  np  -\-  —  0?  hy  p  —  n  a. 

40.  81  p"^  —  256  by  27  p^  S6  p‘^  4S  p 64. 

41.  6  7^^  —  7  71^  —  28  +  8  —  21  by  3  —  5  n  —  7. 

42.  +  pV  +  71^  by  p‘^  -{-  pn-\-  v?, 

43.  8  —  50  +  32  by  4  +  6  p  —  8. 

44.  —  n^p  —  np^  p^  hy  —  2  np -\- 

45.  71^  —  3  npr  p^  hy  n  p  -\-  r. 

REVIEW  EXERCISES 
Name  the  factors  in : 

1.  4  a^xyz^,  2.  7  a^bc^d^.  3.  10  x^y^^z.  4.  9  x^^yz^. 

What  is  the  coefficient  of  x  in  : 

5.  9  ahx^.  6.  3  ay^x.  7.  15  aw^x^.  8.  10  abcx'^yz. 

9.  What  is  the  coefficient  of  a  in  Exercises  5-8  ? 

10.  What  is  the  coefficient  of  b  in  Exercises  5-8?  of  i/? 
of  2? 

What  is  the  exponent  of  x  in : 

11.  7  ax^  12.  6  xy"^.  13.  9  x^m.  14.  xac^. 

When  X  =  2,  y  =  S,  z  =  b,  find  the  value  of : 

15.  y/z^  —  2/^.  17.  (x  +  2/  +  zy,  19.  x^  +  z^. 

16.  ^y  +  z.  18.  (x  +  yy  —  (z  —  yy.  20.  ^yz-{-  xz, 

21.  +  2/2  +  X. 


22.  V3  yz  +  x^ 
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23.  If  X  =  2  and  y  =  —  S,  find  the  value  of  3  xy'^ ;  bxy; 
2  x'^y^ ;  7  xy  —  4:  x^y. 

24.  From  the  sum  of  a^x  +  +  3  ay,  4a^x  —  2  ax^  +  5  ay, 

7  —  6  ay,  and  —  4  —  3  +  3  ay  take  the  sum  of 

5 —  3  ax^  —  bay,  — 12  a^x  +  2 ax^  +  7  ay,  and  7 ax^—  3 ay. 

Simplify : 

25.  2Vx  —  y  —  3 Vx  —  y  +  7 Vx  —  y  —  fiVx  —  y. 

26.  a(^a  ~i"  &)  "h  h(^a  “h  &)  —  c(u  “f*  &)  —  3((i  ~|~  ^)» 

27.  6(x  —  2  ^)  +  3(x  —  2y)  —  5(x  —  2  ^)  —  a(x  —  2  y). 

28.  2  ab{w  +  r)  +  3  ah(w  -{-  v)  —  7 {w  v)  —  ah{w  +  v). 

29.  (x  —  |/)V^  +  12  —  (x  —  2/)V^. 


IfA  =  a2  +  4a6-362,B  =  2a6  +  462_3a2,C  =  62  + 
2  —  3  a6,  D  =  —  2  6^  +  2  c^,  find  the  expression  for : 

30.  A  +  J5  -  C  -  Z).  31.  A  -  B  +  C  -  Z). 

32.  -  2  A  +  B  +  C  -  2  Z). 

Find  the  values  of  the  unknown  in : 


33.  2  m  +  5  =  m  +  7. 


36.  2(6  —  3)  —  6  -|-  1. 


34.  6(n  +  3)  =  4{n  +  6). 
36.  =  3  m  -  10. 


37.  2x  +  5  +  x  =  4x  —  2. 

38.  3(x  +  2)  =  4(x  —  J). 


Which  of  the  following  equations  are  identities  and 
which  are  equations  of  condition  ? 


39.  3  a  —  7  =  2  a. 

40.  X  —  3  =  3  X  —  4. 


41.  3(x  “hi)  —  3  X  A 

42.  3(x  —  3)  =  5x  +  x  —  4  +  x  +  l  —  2(x  +  6). 
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Remove  the  parentheses  and  collect  like  terms : 

43.  3a:  —  4^  —  [82:  —  8x  —  (2^  —  82:)  —  9x  +  2  2:]. 

44.  4  a  —  [8  a  —  (8  a  +  2  6)  +  4]  —  (3  6  —  6). 

46.  [4  a;  +  (8  z  —  4  ?/)]  +  [4  a:  —  (3  2:  —  4  2/)]. 

Multiply  and  check : 

46.  a  —  2  —  +  2  by  2  a  —  —  1. 

47.  {x^y  —  2  y^x){xy  —  5  x^y){S  x‘^y  —  xy"^), 

48.  (a  —  8  6  +  2  cy, 

49.  (a  —  6  +  2  c  —  8  dy, 

60.  (2  a:  —  4  ?/)^  —  (2  a:  +  3  yy. 

61.  [a  +  (2  +  8)]  [a  -  (2  +  3)]. 

Solve  for  the  unknown  : 

62.  {k  -  7)(4  +  A:)  -  ik  -  b){k  +  8)  =  0. 

63.  (8  X  -  5)(4  X  -  2)  =  12  x^  -  172. 

64.  (6  -  5)(2  6  +  3)  +  21  =  2(6  -  5)(6  +  5). 

Divide  : 

4(a^c  —  2dy-\-  x{o?c  —  2d)  —  2{p?c  —  2  d)^ 

2(a2c  -2d) 

crt  x^  5  x^y  +  11  xy  +  4  x^y^  —  2  xy^  +  y^ 

66.  - ; - . 

x-\-y 

67.  A  woman  bequeathed  $10,500  to  three  charities.  To 
the  second  she  bequeathed  two  fifths  more  than  to  the  first, 
and  to  the  third  $60  less  than  twice  the  amount  given  to 
the  first.  How  much  did  each  receive? 

68.  A  man  and  a  boy  together  earn  $55.  The  man  re¬ 
ceives  three  times  as  much  per  day  as  the  boy.  How  much 
does  each  receive  if  the  boy  works  10  days  and  the  man 
works  4  days  ? 
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59.  A  certain  number  is  reduced  by  one  half  and  then 
by  three  eighths  of  its  original  value.  The  result  is  125. 
Find  the  number. 

60.  There  are  112  bushels  of  corn  in  2  bins.  In  one  bin 
there  are  17  bushels  less  than  half  as  many  as  there  are  in 
the  other.  How  many  bushels  are  there  in  each  ? 

61.  A  boy  bought  oranges’  at  the  rate  of  3  for  2  cents 
and  gained  50  cents  by  selling  them  2  for  3  cents.  How 
many  oranges  did  he  buy  ? 

62.  A  cow  and  a  sheep  together  cost  $125.  The  cow 
cost  $5  more  than  three  times  as  much  as  the  sheep.  Find 
the  cost  of  each. 

63.  An  estate  of  $97,800  was  left  to  three  men.  The 
second  received  $1200  more  than  the  first,  and  the  third 
$600  less  than  the  first  and  the  second  together.  How 
much  did  each  receive  ? 

64.  Three  men  have  together  $2000.  The  first  has  $275 
more  than  the  second,  and  the  second  has  $300  more  than 
the  third.  How  much  has  each  ? 

65.  Three  men  receive  a  certain  sum  of  money.  The  first 
receives  twice  as  much  as  the  second,  the  second  twice  as 
much  as  the  third.  The  difference  between  the  amounts 
received  by  the  first  and  third  is  $7500.  How  much  does 
each  receive? 

66.  A  stick  117  inches  long  is  to  be  cut  so  that  the  first 
piece  is  2  inches  more  than  twice  as  long  as  the  second,  and 
the  second  5  inches  less  than  three  times  as  long  as  the 
third.  Find  the  length  of  each  piece. 

67.  Four  boys  together  sold  100  papers.  The  first  sold 
twice  as  many  as  the  second,  the  third  5  more  than  three 
times  as  many  as  the  second,  and  the  fourth  4  less  than  the 
first  and  second  together.  How  many  papers  did  each  sell  ? 


DIVISION 


123 


68.  Find  three  consecutive  numbers  such  that  the  prod¬ 
uct  of  the  first  and  third  exceeds  the  product  of  the  first 
and  second  by  27. 

69.  Find  three  consecutive  numbers  whose  sum  is  84. 

70.  Find  three  consecutive  even  numbers  such  that  the 
product  of  the  second  and  third  less  the  product  of  the 
first  and  third  is  16  less  than  three  times  the  first. 

71.  Find  three  consecutive  odd  numbers  such  that  the 
product  of  the  second  and  third  exceeds  the  product  of 
the  first  and  second  by  220. 


CHAPTER  XII 


EQUATIONS  AND  PROBLEMS 

63.  Equations  involving  literal  coefficients.  In  the  most 
general  form  of  a  simple  equation  in  one  unknown  the 
constant  term  is  represented  by  a  letter  and  the  unknown 
has  literal  coefficients.  The  simplest  general  form  is  ax  =  h, 
in  which  x  is  the  unknown  and  a  and  h  are  known  numbers. 
The  solution  of  such  equations  involves  no  new  principle. 
It  is  merely  necessary  to  perform  the  usual  operations  with 
letters  instead  of  with  arithmetic  numbers. 

In  solving  equations  whose  coefficients  involve  letters 
the  answers  obtained  will  usually  involve  these  same 
letters.  Only  in  exceptional  cases  may  one  expect  to 
obtain  the  root  of  such  an  equation  in  purely  numeric 
form. 

In  the  following  exercises  the  unknown  is  represented 
by  a  letter  near  the  end  of  the  alphabet,  as  x  or  and 
the  letters  in  the  coefficients  and  terms  supposed  to  be 
known  are  taken  from  the  other  letters  of  the  alphabet. 

ORAL  EXERCISES 

Solve  for  Xy  y,  v,  or  z: 

1.  a:  —  c  =  0.  4.  X  —  7  m  =  2  m.  1 ,  az ah  —  ac, 

2.  x  +  3  6  =  8  6.  5.  —  3  m  =  1  —  m.  S,  nz  —  an  =  bn. 

S.  X  b  =  c.  6.  3  2:  —  6  6  =  9  m.  9.  2;  —  6  a  =  12  a. 
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10.  5 1;  =  10  m. 

16.  3  C2/  =  9  c  —  6  c^. 

11.  2av  =  6  a^. 

17.  4  a?/  —  2  a2  =  6  a^. 

12.  mv  —  =  m^. 

18.  S  cy  =  7  c^. 

13.  av  =  ^  a^. 

19.  (m  +  n)x  =  m-\-n. 

14.  ay  =  ab-{-  a?. 

20.  (m  —  n)y  =  {m  —  ny. 

15.  2  ^  =  4  m  — 

21.  (m  +  n)z  =  2  a{m  + 

22.  {yi  +  i)  {n 

—  =  {n-\-t){n  —  t). 

23.  {n  —  t){n-\-  t)y  =  2  c{n  — 

EXERCISES 

Solve  for  the  unknown,  and  check : 

1.  5a;  —  2a  =  10a  +  3x. 

Solution.  5  X  - 

-2a  =  10a  +  3x. 

Transposing,  5  x  - 

-3x  =  10a  +  2a. 

Combining, 

2  X  =  12  a. 

Dividing  by  2, 

X  =  6  a. 

Check.  Substituting  6  a 

for  X  in  the  first  equation. 

5(6o)  -  2  a  =  lOa  +  3(6  a) 

30  a  —  2  a  =  10  a  +  18  a,  or  28  a  =  28  a. 

2.  mx  +  m  =  5  m. 

10.  5  ax  —  10  a2  =  5  ac. 

Z.  x  —  m  =  m-\-n. 

XI.  am  —  mx  =  3  am. 

4:.  X  —  c  =  m  —  c. 

12.  3(a  x)  =  6  a. 

5.  S  mx  —  5  m  =  7  m.  13.  4(a  —  a:)  =  10  a. 

6.  ay  —  am  =  ac. 

14.  12  c  —  3(c  —  x)  =  0. 

7.  my  —  =  5 

15.  a^  —  (a  —  c)  =  3  a  +  c. 

8.  3  6a;  -  62  =  8  6^. 

16.  Z  ay  —  ah  =  2  ay  —  ac. 

9.  mn  +  wx  =  5  mn. 

17.  4nz  —  7  v?m  =  Znz-\-^  mn 
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IS,  S  ax  2  ab  =  6  ab  2  ax  —  S  ab, 

19.  mx  +  72^  =  4  —  imx  —  v?), 

20.  ax  +  5  a  =  +  6  +  3  X. 


ax  +  5  a  =  +  6  +  3  X. 
ax  —  3  X  =  —  5  a  +  6. 


Solution. 

Transposing, 


Uniting  the  coefficients  of  x, 

(a  —  3)x  =  a^  —  5  a  +  6. 

Dividing  both  members  by  a  —  3, 

a^  —  5  a  +  6 

- Q — 

a  —  o 

Performing  the  division, 

X  =  a  —  2. 

Check.  Substituting  a  —  2  for  x  in  the  original  equation, 
a(a  —  2)  +  5a  =  a2  +  6  +  3(a  —  2). 

Simplifying,  a^  —  2a+5a=:a^  +  6  +  3a  —  6, 
or  a^  +  3  a  =  a^  +  3  a. 

21.  ax  +  6c  =  6x  +  ac.  23.  ay  2  ab  =  2  a^  by. 

22.  my  1  —  m'^  —  y  =  0.  24:.  nx  1  —  —  x  =  0. 

25.  ax  —  2  a^  —  1  =  a^  —  x. 

26.  X  —  5  =  2  77^  —  2  7^x  —  1. 

27.  6  77^c  +  ax  +  a7^  =  3  am  +  2  cx  +  2  C7^. 

28.  2  a{a  +  c)  +  3  7^x  =  a(3  ti  +  2  x)  +  3  7^c. 

Hint.  Remove  parentheses  first. 

29.  {y  —  a)  (y  n)  an a^  =  y‘^  n^. 

30.  15(7/  —  n)  —  6(^  +  =  3(5  7^  —  3  7/). 

31.  4  X  —  cx  —  8  —  4  a  +  6  c  =  2  cx  —  3  ac. 

32.  2  7^7/  —  2  71  =  1  —  7/. 
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64.  Uniform  motion.  If  a  man  rides  for  8  hours  at  the 
uniform  (unvarying)  speed  of  20  miles  per  hour,  he  will 
travel  in  all  8  x  20,  or  160,  miles.  This  example  illustrates 
uniform  motion.  In  all  problems  of  uniform  motion  the 
elements  involved  are 

(а)  Time,  measured  in  seconds,  minutes,  hours,  etc. 

(б)  Rate  of  motion  (speed),  or  the  distance  traveled  in 
a  unit  of  time  (one  second,  one  hour,  one  day,  as  the  case 
may  be). 

(c)  Distance  (total),  measured  in  feet,  inches,  miles, 
meters,  etc. 

If  a  body  moves  at  a  constant  speed  r  for  a  time  t  through 
a  distance  d,  then  d,  r,  and  ^  are  connected  by  the  equation 

d  =  r  X  t.  (1) 

This  relation  or  formula  gives  an  insight  into  the  power 
of  the  algebraic  language.  By  means  of  arithmetic  num¬ 
bers  alone  we  can  express  the  relation  which  holds  between 
the  time,  the  speed,  and  the  distance  only  for  a  particular 
case.  By  means  of  the  literal  equation  (1)  we  express  the 
relation  which  is  true  not  merely  for  one  case  but  for 
countless  cases.  In  fact,  it  holds  whenever  we  are  dealing 
with  uniform  motion,  whatever  numeric  values  d,  r,  and 
t  may  have. 

ORAL  EXERCISES 

1.  An  automobile  ran  35  miles  per  hour  for  7  hours. 
How  far  did  it  run  ? 

2.  An  automobile  runs  320  miles  in  8  hours.  Find  the 
average  speed. 

3.  A  steamship  travels  1920  miles  in  4  days.  What  is 
its  speed  in  miles  per  hour? 
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4.  How  far  does  automobile  travel  if  it  runs 

ff 

(а)  25  miies  per  hour  for  6  hours  ? 

(б)  20  miles  per  hour  for  h  hours  ? 

(c)  m  miles  per  hour  for  In  hours  ? 

(d)  30  miles  per  hour  f or  ^  +  5  hours  ? 

(e)  2  X  —  4  miles  per  hour  for  7  hours  ? 

Sound  travels  about  1100  feet  per  second.  Light  travels 
186,300  miles  per  second.  Therefore  the  interval  of  time 
between  the  occurrence  and  the  observation  of  an  event 
may  be  ignored  in  the  following  problems : 

5.  An  observer  hears  the  stroke  of  an  ax  If  seconds 
after  he  sees  the  ax  strike  the  tree.  How  far  is  the  observer 
from  the  woodcutter  ? 

6.  How  far  is  an  observer  from  a  rocket  if  he  hears  it 

seconds  after  he  sees  the  flash  of  the  explosion? 

7.  What  is  the  speed  of  an  automobile  if  it  runs  uniformly 

*  (a)  240  miles  in  8  hours  ? 

(6)  d  miles  in  8  hours  ? 

(c)  d  miles  in  h  hours  ? 

(d)  240  miles  in  x  +  3  hours  ? 

{e)  d  miles  in  t  —  2  hours? 

8.  The  United  States  Air  Mail  Service  has  a  schedule 
of  32  hours  from  New  York  to  San  Francisco,  a  distance 
of  2620  miles.  What  is  the  average  speed  in  miles  per  hour  ? 

9.  An  automobile  runs  a  distance  d  at  a  speed  of  25  miles 
per  hour.  Another  car  runs  90  miles  farther  at  30  miles 
per  hour.  Represent  the  number  of  hours  required  by 
each  car  for  its  run.  If  each  requires  the  same  time,  what 
equation  can  be  stated  ? 
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10.  An  automobile  runs  25  miles  per  hour  for  t  hours,  a 
second  one  runs  18  miles  per  hour  for  ^  +  3  hours.  Repre¬ 
sent  the  distance  each  travels.  If  the  two  cars  travel  the 
same  distance,  what  equation  can  be  stated? 

11.  If  the  first  automobile  in  Exercise  10  runs  20  miles 
farther  than  the  second,  what  equations  can  be  stated  ? 

12.  Two  automobiles  leave  two  towns  450  miles  apart 
at  the  same  time  and  travel  toward  each  other,  one  at  the 
rate  of  t  miles  per  hour,  the  other  twice  as  fast.  They  meet 
in  10  hours.  Represent  the  distance  each  has  traveled 
during  that  time.  What  equation  involving  t  exists? 

13.  An  aeroplane  leaves  one  city  to  fly  to  another  720 
miles  away.  An  hour  later  another  aeroplane  leaves  the 
second  city  to  fly  to  the  first.  The  two  meet  midway 
between  the  cities.  Represent  the  speed  of  each.  If  one 
travels  30  miles  per  hour  faster  than  the  other,  state  the 
equation  involving  t  which  represents  the  conditions  of 
the  problem. 

Examples 

1.  A  motorist  traveling  20  miles  per  hour  is  overtaken 
in  12  hours  after  leaving  a  certain  point  by  a  second  motor¬ 
ist,  who  left  the  same  starting  point  4  hours  after  the  first. 

Find  the  speed  of  the  second  motorist. 

_  # 

Solution.  This  is  a  problem  in  uniform  motion,  involving 
the  distance,  the  speed,  and  the  time  of  the  first  and  of  the 
second  motorist.  By  a  careful  reading  of  the  problem  one  dis¬ 
covers  that  the  time  of  each  was  a  different  number  of  hours, 
that  each  went  at  a  different  speed,  but  that  each  traveled  the 
same  distance.  Hence  an  equation  can  be  formed  by  expressing 
d  in  terms  of  r  and  t  for  each  and  then  equating  the  two  ex¬ 
pressions  for  d. 
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By  the  conditions  of  the  problem  : 


t,  OR  Time  in 
Hours 

r,  OR  Rate  in 
Miles  per  Hour 

Distance  in  Miles 
rxi^d 

First  motorist 

12 

20 

20  X  12  =  240 

Second  motorist 

8 

X 

8  X 

and  S  X  =  240, 

then  X  =  30. 

Check,  20  x  12  =  240.  30  X  8  =  240. 


2.  Two  men,  A  and  B,  start  from  the  same  place  at  the 
same  time  and  travel  in  opposite  directions.  B  goes  three 
times  as  fast  as  A.  In  6  hours  they  are  96  miles  apart. 
Find  the  speed  of  each. 

Solution,  By  the  conditions  of  the  problem : 


t,  OR  Time  in 
Hours 

r,  OR  Rate  in 
Miles  per  Hour 

Distance  in  Miles 
r  X  t  =  d 

A 

6 

r 

6  r 

B 

6 

Sr 

18  r 

and  6  r  +  18  r  =  96 ; 

then  24  r  =  96, 

whence  r  =  4  and  3  r  =  12. 

Check,  12  =  3  •  4 ;  6  •  4  +  6  •  12  =  96. 

It  should  be  particularly  noted  in  choosing  letters  for  the 
unknowns  that  it  is  not  enough  to  say,  for  instance,  let  x 
equal  the  distance  or  let  t  equal  the  time.  This  means 
little  unless  the  unit  of  distance  or  the  unit  of  time  is 
stated.  The  unknown  distance  is  a  number  of  feet  or  miles 
or  some  other  unit  of  length,  and  the  unknown  time  is  a 


Sir  Isaac  TSl^wton 
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number  of  seconds  or  hours  or  some  other  specific  unit  of 
time.  This  should  be  borne  in  mind  each  time  a  letter  is 
taken  to  represent  the  measure  of  any  physical  quantity. 

BIOGRAPHICAL  NOTE 

Sir  Isaac  Newton.  Sir  Isaac  Newton  (1642-1727)  was  probably 
the  keenest  mathematical  thinker  who  ever  lived.  He  was  the  son  of 
a  farmer  of  slender  means,  and  as  a  boy  was  rather  lazy.  It  is  said, 
however,  that  his  complete  victory  over  a  larger  boy  in  a  fight  at  school 
led  him  to  feel  that  perhaps  he  could  be  equally  successful  in  his 
studies  if  he  really  tried.  His  ambition  and  interest  being  once  aroused, 
he  never  ceased  to  apply  himself  during  the  rest  of  his  long  life. 

His  most  important  scientific  achievement  was  the  discovery  and 
verification  of  the  laws  of  motion.  In  his  great  work  called  the 
"Principia”  he  showed  by  mathematical  reasoning  that  all  bodies, 
great  and  small,  —  the  planet  revolving  around  the  sun,  as  well  as 
the  apple  falling  from  the  tree,  —  follow  the  same  laws.  His  greatest 
discovery  in  pure  mathematics  was  that  of  a  method  called  the  cal¬ 
culus,  which  is  the  basis  of  most  of  the  advances  in  mathematics  and 
in  theoretical  physics  made  since  his  time. 

But  important  as  was  Newton’s  mathematical  work,  his  most 
significant  contribution  to  mankind  was  an  idea,  —  the  idea  that 
the  world  in  which  we  live  is  not  independent  of  the  rest  of  the  uni¬ 
verse,  but  that  every  smallest  particle  of  matter  is  connected  with  the 
most  remote  planet  and  star ;  that  we  cannot  think  of  the  earth  as 
the  center  of  all  things,  but  that  we  merely  occupy  our  place  in  a 
system  governed  by  universal  law. 


MISCELLANEOUS  PROBLEMS 

In  Problems  1-5,  A  and  B  start  at  the  same  time  from 
two  points  168  miles  apart  and  travel  toward  each  other. 
Find  the  speed  of  each : 

1.  If  they  travel  at  the  same  speed  and  meet  in  7  hours. 

2.  If  A  travels  2  miles  per  hour  faster  than  B  and  they 
meet  in  12  hours. 


c 
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3.  If  B  travels  three  times  as  fast  as  A  and  they  meet 
in  7  hours. 

4.  If  A  travels  48  miles  farther  than  B  and  they  meet 
in  6  hours. 

5.  If  they  meet  in  14  hours  and  A  travels  2  miles  per 
hour  less  than  B. 

6.  C  and  D  travel  the  same  distance,  C  in  8  hours, 
D  in  10.  C's  speed  is  3  miles  per  hour  more  than  D’s.  Find 
the  speed  of  each  and  the  distance  traveled. 

7.  The  first  transatlantic  non-stop  flight  was  made 
by  Alcock  and  Brown  from  St.  John's,  Newfoundland,  to 
Clifden,  Ireland,  in  June,  1919.  Their  speed  was  121^ 
miles  per  hour.  Had  it  been  21^  miles  per  hour  less,  the 
time  taken  would  have  been  increased  3.42  hours.  Find 
the  distance  flown. 

In  Problems  8-11,  A  and  B  start  at  the  same  time  from 
two  points  252  miles  apart  and  travel  toward  each  other 
until  they  meet.  Find  the  number  of  hours  from  the  start 
until  the  time  of  meeting : 

8.  If  A  travels  6  miles  per  hour  faster  than  B  and  twice 
as  far. 

9.  If  A  travels  5  miles  more  per  hour  than  B  and  also 
travels  three  times  as  far. 

10.  If  B  travels  9  miles  per  hour  and  A  travels  12  miles 
per  hour  but  is  delayed  2  hours  on  the  way. 

11.  If  B  is  delayed  2  hours  and  A  is  delayed  6  hours  and 
their  rates  while  moving  are  15  and  17  miles  per  hour 
respectively. 
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12.  A  starts  from  a  certain  place  and  travels  20  miles 
per  hour.  Two  hours  later  B  starts  from  the  same  place 
and  travels  in  the  same  direction  at  the  rate  of  25  miles 

t 

per  hour.  In  how  many  hours  will  B  overtake  A  ? 

13.  On  May  2,  1923,  Lieutenants  Kelly  and  Macready 
of  the  United  States  Air  Service  with  the  plane  T-2  broke 
all  previous  records  by  flying  from  New  York  to  San  Diego 
in  26  hours  and  51  minutes.  Had  they  flown  167  miles 
farther  in  the  same  time  their  rate  would  have  been  100 
miles  per  hour.  Find  their  average  speed  and  the  distance 
from  New  York  to  San  Diego. 

14.  A  traveler  having  4  hours  at  his  disposal  wishes  to 
ride  out  of  town  on  a  trolley  car  whose  speed  is  12  miles 
per  hour  and  return  on  foot  at  a  rate  of  3  miles  per  hour. 
On  the  way  back  his  route  is  2  miles  longer  than  that  of 
the  car  going  out.  How  long  and  how  far  may  he  ride? 

The  velocity  of  a  bullet  continually  decreases  from  the 
*  instant  it  leaves  the  gun.  This  is  owing  to  the  resistance 
of  the  air.  In  the  following  problems  consider  the  velocity 
of  sound  to  be  1100  feet  per  second : 

16.  A  marksman  hears  the  thud  of  a  bullet  striking  a 
target  880  yards  away  4  seconds  after  he  presses  the  trig¬ 
ger.  Find  the  average  velocity  of  the  bullet. 

16.  Two  seconds  after  a  marksman  presses  the  trigger 
of  his  revolver  he  hears  the  bullet  strike  the  target  60  rods 
away. .  Find  the  average  velocity  of  the  bullet. 

17.  The  distance  from  New  York  to  Chicago  is  912  miles. 
The  Manhattan  Limited  makes  the  run  in  22  hours.  An 
eastbound  train  leaves  Chicago  at  the  same  time  the  Man¬ 
hattan  Limited  leaves  New  York.  The  two  pass  each  other 
twelve  hours  later.  Find  the  speed  of  each  train. 
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IMPORTANT  SPECIAL  PRODUCTS 

65.  The  square  of  a  binomial.  The  multiplication 

a  +  6 
a  -\-b 
+  ab 
+  ab  -\-W 
a2  +  2  a6  +  62 

gives  the  formula  (a  hf  =  +  2  ah  +  b^. 

This  may  be  expressed  in  words  as  follows : 

I.  The  square  of  the  sum  of  two  terms  is  the  square  of  the 
first  term  plus  twice  the  product  of  the  two  terms  plus  the  * 
square  of  the  second  term. 

Similarly,  {a  —  hy  =  —  2ah  + 

which  may  be  expressed  in  words  as  follows : 

II.  The  square  of  the  difference  of  two  terms  is  the  square 
of  the  first  term  minus  twice  the  product  of  the  two  terms  plus 
the  square  of  the  second  term. 

Study  the  application  of  I  and  II  in  the  following 

Examples 

1.  (a  +  1)2  =  a2  +  2  a  +  1.  3.  (4  +  a:)2  =  16  +  8  a:  +  x\ 

2.  (a  —  3)2  =  a2  —  6  a  +  9.  4.  (3  —  ^)2  =  9  —  6  ^  +  y^. 

5.  (3  X  +  a)2  =  9  a:2  +  6  ax  +  o?. 
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ORAL  EXERCISES 

Expand  the  following  by  I  or  II  of  page  134 : 


1.  (x  +  1)^. 

9.  (10  -  2/)2. 

17.  (7  X  -  ty. 

2.  (a  +  2y. 

10.  (tt  0^* 

18.  (11  m  +  a)2. 

3.  {x  —  sy. 

11.  {x  -  ty. 

19.  (x  +  .2)2. 

4.  (y  +  7)2. 

12.  (m  —  yy. 

20.  {t  -  .3)2. 

5.  (2  —  xy. 

13.  {x-2  ty. 

21.  (3  t  +  .4)2. 

6.  (10  -  ay. 

14.  (3  t  -  ay. 

22.  {t  +  .05)2. 

7.  (4  +  xy. 

15.  (5  X  +  m)2. 

23.  (2  t  -  .09)2. 

8.  (a  —  6)2. 

16.  (3  a  —  yy. 

24.  (.5  —  4  r)2. 

State  two  equal  binomials  whose  product  is : 

25.x^  +  2x  +  1.  27.  -  4  0  +  4. 

29.  <2  -  14  i  +  49. 

26.  +  6  a;  +  9.  28.  f -10  t  +  25. 

30.  36  —  12  X  +  x2. 

Expand  and  find  the  value  of : 

31.  (8  +  3)2. 

Solution.  (8  +  3)2 : 

=  82  +  2-  8-  3  +  32  = 

:  64  +  48  +  9  =  121. 

32.  (7  +  1)2. 

33.  (9  +  3)2. 

34.  (11+  2)2. 

35.  (11 -5)2  =(11)2 

-2- 11 -5  + 52  =  121 -110  +  25  =  36. 

36.  (10  -  3)2. 

39.  (21)2. 

37.  (11  -  4)2. 

Hint.  (21)2 

=  (20  +  1)2,  etc. 

38.  (12  -  3)2. 

40.  (31)2. 

41.  (22)^  43.  (52)2.  45_  (71); 

47.  (92)2. 

42.  (41)2.  44_  (63)2_  46.  (85): 

*.  48.  (101)2. 

49.  (19)2. 

50.  (38)2. 

52.  (78)2. 

Hint.  (19)2  _  (20  _ 

l)^  etc.  51.  (29)2. 

53.  (199)2. 
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EXERCISES 


Expand  the  following : 


1.  (2  x  +  3)2. 

2.  (3  a:  -  5)2. 

3.  (2^  —  4  m)2. 

4.  (4  2/  -  3  tf. 

5.  (lOx  — 3?/)2. 

6.  (7  a  +  6  6)2. 


7.  (8  a  +  11  6)2. 

8.  (3  a:2  +  8 

9.  (3  0:2  -  5 

10.  (4  —  7  x)2. 

11.  (3  ax  +  4  aO^. 

12.  (—  2  a  +  3  6x)2. 


13.  (5  X2/  —  3  X2:)2. 

14.  (10  x^y  —  7  X2/2)2. 

15.  (.5  a  -i-  4  0^. 

16.  (.4  ax  +  6  a)2. 

17.  (.4  /  -  .8  x)2. 

18.  (10  X  -  .3  tf. 


What  changes  must  be  made  in  the  following  so  that  the 
numerator  will  be  the  square  of  the  denominator  ? 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


a2  +  a6  +  ¥ 
a  +  6 

a2  —  a^  +  f 
a  —  t 

+  10  0  +  100 
a  +  10 

x2  +  6  X  —  9 

n-  9  x2  —  6  X  +  4 
3x-2  ■ 

x2  —  20  X  +  25 

28-  - o - p - 

2  X  —  5 

x2  —  24  X  +  9 

29-  — -A - o^* 

4  X  —  3 

4  a2  +  20  at  +  25  f 

X  -|-  3 

5  ^  -  2  a 

x2  —  18  X  +  81 

m«,  .  ■■■■!■  • 

9  x2  —  12  ax  +  a2 

X  +  9 

2  a  — Zx 

^2  -  4  ^  +  16 

■  '  -  ■  1—.  1.  Ill  1  • 

16  x2  —  24  ax  +  a2 

i-4 

3  a  —  4  X 

-  20  +  25 

x2  +  .8  X  +  .16 

a2  —  5 

X-  A 

a2  —  7  a  +  49 

4  -  .4  /  +  .01 

34.  „ 

a  +  7 

2^  +  .l 
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66.  The  product  of  the  sum  and  the  difference  of  two  terms. 
The  multiplication  a  +  b 

a  —  b 
0?  +  ab 
—  ab  —  W 

gives  the  formula  (a  b)  {a  —  h)  =  —  b^. 

This  may  be  expressed  in  words  as  follows : 

III.  The  product  of  the  sum  and  the  difference  of  two  terms 
equals  the  difference  of  their  squares  taken  in  the  same  order 
as  the  difference  of  the  terms. 

Study  the  application  of  III  in  the  following 

Examples 

1.  (o  +  2)  (o  —  2)  =  o2  —  4.  3.  (m  t)(m  —  t)  =  m^^  — 

2.  (7  —  x) (7  +  x)  =  49  —  ^2.  4.  (4o— 0(4o  +  ^)  =  16o2— ^2^ 

5..  (2  ^2  +  7)  (2  0:2  -  7)  =  4  -  49^ 

ORAL  EXERCISES 
Perform  the  indicated  operation  : 


1. 

(*  +  3)  (a;  — 

-3). 

10. 

(11  0-0(11 

0  +  0* 

2. 

(a+5)(a- 

-5). 

11. 

(o2  +  12)  (o2  - 

-  12). 

3. 

«-6)(<  + 

6). 

12. 

CO 

1 

x  +  3^). 

4. 

(l  +  a)(l- 

-  a). 

13. 

(2  0  +  7  0(2 

a  —  lt). 

5. 

x). 

14. 

(4  am  —  3)  (4 

am  +  3). 

6. 

(l  +  3a;)(l 

—  3  x). 

15. 

(ax  +  7)  {ax  - 

-7). 

7. 

(a;  +  5  <)  (x 

-5  0. 

16. 

(o2  +  5)  (o2  - 

5). 

8. 

(4  a -0(4 

0  -|-  0* 

17. 

(o4+12)(o^- 

-  12). 

9. 

(7x  +  a)(7 

X  —  a). 

18. 

{xy-y^){xy 

+  2/^). 
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19.  (8  at  —  f){S  at  +  f).  22.  {x^  —  4)  -i-  (a;  —  2). 

20.  (.5  X  —  t){.^  X  -\- 1).  23.  (9  —  1)  ^  (3  X  +  1). 

21.  (9  a  —  .7  0 (9  a  +  .7  Q.  24.  (49  a^  —  36)  -j-  (6  +  7 a^). 

State  two  binomials  whose  product  is : 


25.  a?  -  4.  31.  .01  - 


26.  _  25. 

27.  36  -  xl 

28.  y‘^  -  64. 

29.  49  -  y\ 

30.  81  —  x^. 


32.  a^  -  .09. 

33.  —  .0016. 

34.  .16  a^  —  25. 

35.  x^  -  9  f. 

36.  16  a^  —  25  y^. 


37.  100  a^  -•  1. 

38.  64  a^x^  —  25. 

39.  1  —  36  m^. 

40.  25  -  49 

41.  100  —  16. 

42.  36  x^y'^  —  z^. 


Find  the  value  of : 

43.  (ll  +  3)(ll-3). 

44.  (20-l)(20  +  l). 

45.  (30  +  2)(30  -2). 

46.  (50  -l)(50  +  l). 


47.  21 . 19. 

Hint.  21  •  19  =  (20  + 1)  (20  - 1),  etc. 

48.  22  •  18. 

49.  29  •  31. 


EXERCISES 


Perform  the  indicated  operations : 


1.  \x  -\-  y  t]\x  y  —  ^]. 

Solution.  This  is  similar  to  {a  h){a  —  h)  =  if  we 

regard  x  y  as  replacing  a,  and  t  as  replacing  h.  Inclosing 
X  +  y  in  parentheses  to  indicate  this  we  have 

[x  +  y  Qlx  +  y  -  f]  =  [{x  +  y)  +  f]  [{x  +  y)  -  t] 

=  (x  +  yY  —  t^ 

=  +  2  +  2/2  — 

2.  [(x  +  2/)  +  2]  [(x  +  2/)  -  2]. 

3.  [x  “f"  3  —  Cl]  [x  3  -|-  Cl]. 


4.  [x  +  4  +  c]  [x  +  4  —  c]. 
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6.  [(2  a  —  h)  c][(2  a  —  b)  —  c]. 

Q,  [S  X  —  t  —  5  c]lS  X  —  t  5  c]. 

7.  [2  t  a  —  4:  x][2  t  a  A  x]. 

8.  [5  a  —  6  +  2  c]  [5  a  —  6  —  2  c]. 

9. [a  +  x  +  y]La-x-  y]. 

Solution,  [a  +  X  +  y][a  —  X  —  y]  =  la  +  (x  +  y)][a  —  {x  +  y)] 

=  a^  —  {x  +  yf 
=  —  (x"^  +  2  xy  -{■  y^) 

=  —  x^  —  2  xy  —  y^. 

10.  [^  +  a:  +  a]  [^  —  X  —  a].  12.  [t  a  —  x][t  —  a  x]. 

11.  [i  +  a  +  3]  [^  —  a  —  3].  Hint.  This  may  be  written 

[t  {a  —  x)]  [t  —  {a  —  x)],  etc. 

13.  [x  —  a  +  2]  [x  +  a  —  2]. 

14.  [3  +  X  +  2/]  [3  —  X  —  y\ 

15.  [4  a  +  2  2/  —  x]  [4  a  —  2  ^  +  x]. 

16.  flO  —  ^  5  sj  [10  “1“  ^  —  5  s]. 

67.  The  product  of  two  binomials  having  a  common  term. 
The  multiplication 

X  +  a 
X  4-b 

‘  X?  +  ax 

-{-bx-\-  db _ 

x^  +  (a  +  b)x  +  ab 

gives  the  formula 

{x  +  a){x  +  6)  =  +  (a  +  h)x  +  ah. 

This  may  be  expressed  in  words  as  follows : 

IV.  The  product  of  two  binomials  having  a  common  term 
equals  the  square  of  the  common  term,  plus  the  algebraic  sum 
of  the  unlike  terms  multiplied  by  the  common  term,  plus  the 
algebraic  product  of  the  unlike  terms. 
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Study  the  application  of  IV  in  the  following 

Examples 

1.  (x  +  2) (x  +  3)  =  +  {2  +  3)x  +  6  =  x^  +  5x  +  6. 

2.  (x-  5)(x- 3)  =  x2+  (-5-3)x  +  15  =  x2-8x  +  15. 

3.  (x  +  4)  (x  —  7)  =  x^  +  (4  —  7)x  —  28  =  x^  —  3  X  —  28. 

ORAL  EXERCISES 
Perform  the  indicated  operations : 


1. 

(a  -f 

l)(a  + 

3). 

16. 

(x  —  6)(x  +  3). 

2. 

(a  + 

3)  (a  + 

4). 

17. 

(x  +  4)(x  —  5). 

3. 

(a  + 

2)(®  + 

4). 

18. 

(x  —  8)(x  +  4). 

4. 

(x  + 

5)(x  + 

4). 

19. 

(t  +  a)(^  +  6). 

6. 

(x  + 

7)(x  + 

3). 

20. 

(t  m)(t  —  a). 

6. 

(x  + 

5)(x  + 

6). 

21. 

(x  —  6)(x  +  s). 

7. 

+ 

4)«  +  ' 

7). 

22. 

(x^  +  3  X  +  2) 

(x  +  2). 

8. 

(a- 

l)(o- 

4). 

23. 

(x^  +  5  X  +  6) 

■  +  2). 

9. 

(a- 

2){a- 

5). 

24. 

(x^  +  7  X  + 10)  - 

^  (x  +  5). 

10. 

(a- 

3)(a- 

4). 

25. 

(a^  —  6  a  +  8)  H 

-  (a 

-4). 

11. 

(a- 

5)(a- 

3). 

26. 

(a^  —  a  —  6)  H- 

(a- 

3). 

12. 

{a- 

6)(a- 

5). 

27. 

—  a  —  12) 

(a- 

-4). 

13. 

(a- 

5)(a- 

7). 

28. 

(a^  +  a  —  20)  -i- 

(a  +  5). 

14. 

(x- 

7)(x- 

8). 

29. 

(a2  +  a  -  42)  - 

(o- 

-6). 

16. 

(x- 

5)(x  + 

2). 

30. 

—  at  — 

■  {t- 

3  a). 

31.  (a- 

*  +  4  ai  — 

21 1^) 

(a  —  3  t). 

32.  (x^  7  xy  —  IS  y"^)  -i-  (x 9  y). 

33.  —  at  — 90  a^)  -h  {t  —  10  a). 
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Supply  the  missing  term  or  sign  and  then  carry  out  the 


following  as  exact  divisions : 

34. 

35.  (^2  +  i-56)-4-  (^  +  ?). 

36.  (a^  —  4  a  —  32)  (a  —  ?). 

37.  (a^  +  2  a  —  48)  (a  —  ?). 

38.  {a^  —  a  —  72)  -j-  (a  ?  9). 


39.  (x^  —  Sx  —  40)  -J-  (x  ?  5). 

40.  (o:^  +  3  a:  —  28)  -f-  (x  ?  4). 

41.  (x^  —  5x  —  24)  -i-  (x -{-?). 

42.  (x^-j-3  X  —  10)  -h  (x?  5). 

43.  (x^  —  X  —  42)  ^  (x  —  ?). 


68.  The  product  of  two  binomials  of  the  form  (ax  +  h) 
(cx  +  d).  The  multiplications 


6  +  15  X 

—  14  X  —  35  and 

6  x^  +  X  —  35 


acx^  +  hex 

+  adx  +  hd _ 

acx^  +  (be  +  ad)x  +  bd 


show  that  in  the  product  of  any  two  binomials  of  the  form 
(ax  +  b)  (ex  +  d) 

(a)  the  first  term  is  the  product  of  the  first  terms  of 
the  binomials, 

(b)  the  second  term  is  the  sum  of  the  cross  products,  and 

(c)  the  third  term  is  the  algebraic  product  of  the  second 
terms  of  the  binomials. 


Examples 

1.  (2x  +  3)(3x  +  4)  =  6x^+9x  +  8x  +  12=6x^+  17x  + 12. 

I _ I 

2.  (3^+ 57^^-!)  =  12^2  +  20 3^-5  =  12^2  + 17<- 5. 

I _ I 

3.  (5  a  +  2)  (2  a  —  7)  =  10  a2  —  31  a  —  14. 

I _ I 
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EXERCISES 

Write  the  products  of  the  following :  ' 


1. 

(2  a 

+  3)(2  a  +  1). 

12. 

(4  X 

+  3)(a:-5). 

2. 

(2  a 

+  2)(2a  +  3). 

13. 

(4r 

-5)(^-3). 

3. 

(3^ 

—  1)(3  ^  +  4). 

14. 

(4^- 

-l)(^  +  5). 

4. 

-f3)(2^-5). 

16. 

(3  a 

—  2)(a  —  4). 

6. 

{2t- 

-3)(2^  +  5). 

16. 

(2  a 

-  l)(3a  +  2). 

6. 

(2  X 

-3)(2x  +  4). 

17. 

(2  X 

+  3)(3a:-  1). 

7. 

(2 

-  l)(2a:  +  5). 

18. 

{3x 

—  2)  (4  a:  -j-  3). 

8. 

(2  a 

-3)(a-  1). 

19. 

{5t- 

-  6  a:)(4  i  +  5  a:). 

9. 

(2  a 

-2)(a-3). 

20. 

(4  a 

—  S  t)(6  a  —  7  t). 

10. 

(3  <  + 4)0-1). 

21. 

(5  a: 

—  2  a)(7  X  +  3  a). 

11. 

(3  a 

-5)(a  +  2). 

22. 

(4  X 

—  9  t)(2  X  —  5  t). 

ORAL  REVIEW  EXERCISES 


Perform  the  following  indicated  operations : 


1.  (/i  +  2  ky. 

12.  (5  —  4  n^hy. 

2.  {Sh-  k)\ 

13.  (7  ry  —  h){7  ry  +  h). 

3.  {n  —  ^  hy. 

14.  (-  sryh-2  hyy. 

4.  (2  m  +  3  A:)^ 

15.  (29)2. 

5.  (m  —  4  r)^. 

16.  (71)2. 

6.  (m^  +  3  r)^. 

17.  (89)2. 

7.  {n  —  Sr)(n-\-S  r). 

18.  {ji  -f“  7)  (?7/  -|”  3). 

8.  (h  —  4:n){h  -j-  4:  n). 

19.  {n  —  8)(?^  —  3). 

9.  (3  n^h  +  2  hy. 

20.  in  —  6){n-\-  9). 

10.  (5 

21.  (7  nh  —  3)  (7  nh  +  3) 

11.  (S  n  —  b  h)(S  n ^  h). 

22.  (^2+16)(i2-16). 
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23.  (4  -  9) (4  <2  +  9). 

24.  (w  —  t)  +  P)  (n  +  t). 

Hint.  Multiply  the  first  binomial  by  the  third  and  this  result  by 
the  second  binomial. 

25.  (n  —  3)(7z^  +  9)(w  +  3). 

26.  (t  +  l)(i^  +  1)0^  +  1)(^  —  1). 

27.  (n  —  2){n^  +  4)(7^^  +  16)  (n  +  2). 

28.  (m  +  2)(m  —  2)(m‘^  —  4). 

29.  (a  —  he)  (a  +  6c)  (a^  —  6V). 

30.  (x  +  2)(x^  +  4)(x  —  2){x'^  +  16). 

31.  {x^  +  y^)ix  —  y){x  +  y){x^  -  y^). 

32.  \n r  t\\n r  —  t\, 

33.  [ri  +  r  —  5][ri  +  r  +  5]. 


34. 

(2 

n  S  r){n  +  r). 

39.  (4  k  —  6  nt)(7  k 

-f"  2  77^). 

35. 

(2 

n  —  Sr){2n-\- 

■r). 

40.  {rP  —  3  t)i4rP  -\- 

■5  0. 

36. 

(3 

r  —  5  n)(2  r  — 

n). 

41.  (4i2  +  )}2)(4i2_ 

h?). 

37. 

(3 

rn  — 2  t)  (4  rn 

+  0* 

42.  {4P-2  n^)i4  e 

+  3  77^). 

38. 

(6 

r^n  +  h)  (2  r^n 

-Sh). 

43.  {vP  -\-2ni  +  P)- 

5-  (^  +  77). 

44.  (n^  — 

20  7?-^  -f" 

100  P)  H-  (10  ^  -  n). 

45.  (n^  - 

81)  H-  (n*  +  9). 

46.  + 

3^  +  2)- 

T-  {t  2). 

47.  (7^2  - 

5  77  +  6) 

-f-  (77  —  3). 

Indicate  the  simplest  way  to  obtain  the  products  of  the 
following : 

48.  {n  +  0 (^  +  0 —  — 

49.  +  r^)  {n  +  r)  (n^  +  r^)  (w  -  r). 

50.  (4  ^2  +  n^)  (2  i  +.^)  (16  +  n^)  (2t-n). 


CHAPTER  XIV 


FACTORING 

69.  Definitions.  Factoring  is  the  process  of  finding  two 
or  more  expressions  whose  product  is  equal  to  a  given 
expression. 

Many  simple  exercises  in  factoring  were  solved  in  the 
preceding  chapter  in  connection  with  the  rules  of  multi¬ 
plication  there  given.  In  fact,  the  process  of  factoring  is 
the  reverse  of  multiplication. 

The  subject  of  factoring  is  extensive.  In  this  chapter 
we  shall  consider  only  the  more  common  forms  of  factor¬ 
able  expressions,  and  usually  seek  only  such  factors  as  have 
integers  as  coefficients. 

If  a  polynomial  cannot  be  expressed  as  the  product  of 
expressions  other  than  itself  and  1,  it  is  said  to  be  prime. 

Thus  2  a;  +  1,  3  a  —  5,  and  +  1  are  prime. 

70.  Square  root  of  monomials.  In  factoring  it  is  often 
necessary  to  find  the  square  root,  the  cube  root,  and  other 
roots  of  monomials. 

The  square  root  of  a  monomial  is  one  of  the  two  equal 
factors  whose  product  is  the  monomial. 

Since  +  2  •  +  2  =  4  and  —  2  •  —  2  =  4,  the  square  root  of 
4  is  ±  2,  which  means  both  plus  2  and  minus  2. 

Similarly,  the  square  root  of  9  is  ±  3  and  the  square  root  of 

is  ±  a. 
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That  is,  Every  positive  number  or  algebraic  expression 
has  two  square  roots  which  have  the  same  absolute  value  but 
opposite  signs. 

It  is  customary  to  speak  of  the  positive  square  root  of  a 
number  as  the  principal  square  rooty  and  if  no  sign  precedes 
the  radical,  the  principal  root  is  understood. 

Thus,  V4  =  2,  not  —  2  ;  —  V4  =  —  2,  not  +  2. 

When  both  the  positive  and  the  negative  square  roots 
are  considered,  the  double  sign  must  precede  the  radical. 

Since  =  (—  x^)  (—  x^)  =  x®,  then  ±  ±  x^. 

That  is.  The  exponent  of  any  letter  in  the  square  root  of 
a  monomial  is  one  half  the  exponent  of  that  letter  in  the 
monomial. 

Hence  for  extracting  the  square  root  of  a  monomial 
where  both  positive  and  negative  factors  are  desired  we 
have  the 

Rule.  Write  the  square  root  of  the  numeric  coefficient  pre¬ 
ceded  by  the  double  sign  ±  and  followed  by  all  the  letters  of  the 
monomial,  giving  to  each  letter  an  exponent  equal  to  one  half  its 
exponent  in  the  monomial. 

A  rule  similar  to  the  preceding  one  holds  for  the  fourth 
root,  sixth  root,  and  other  even  roots. 

Thus,  ±  ^81  c*  =  ±  3  c2,  and  ±  ^  =  ±  a\ 

In  this  chapter,  and  also  in  Chapter  XVI  on  Fractions, 
where  square  roots  arise,  only  the  principal  square  root  will 
be  considered. 

According  to  the  definition  of  square  root,  the  two  factors 
of  a  term  either  of  which  is  its  square  root  must  be  equal. 
Consequently  they  must  have  the  same  sign. 
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ORAL  EXERCISES 


^Perform  the  indicated  operation  in  the  following : 


1.  v^. 

11.  V4  x^a^ 

21.  \/225  a^x^. 

2.  VP. 

12.  V36  aV. 

22.  V22  •  32  •  72. 

3.  y/s\ 

13.  V64  a^x^ 

23.  V9  •  25  •  81. 

4.  V22  •  3^ 

14.  V49  a^x®. 

24.  V32  •  16  •  52. 

5.  V42  •  V. 

15.  VSl  a^x^. 

25.  V4  x^{a^)^. 

6.  V4 

16.  Vl69  a®x^. 

26.  3Vx^(2/^)^. 

7.  V9  x\ 

17.  Vl44  a^x^. 

27.  axV(x  +  ay. 

8.  VI6 

18.  6Vl00a“ 

28.  3V4(a;  -  a)\ 

9.  V26 

19.  5V12I  a“. 

29.  V9  x^(x  +  a)^. 

10.  V9 

20.  2Vl96  a^^x^. 

30.  2V(3  x  -  2)V. 

71.  Polynomials 

with  a  common 

monomial  factor.  The 

type  form  is 

ab  +  ac  —  ad. 

Since  ah  ac  —  ad  =  a(b  +  c  —  d), 

we  have,  for  factoring  expressions  having  a  common  mono¬ 
mial  factor,  the  following 

Rule.  Determine  by  inspection  the  monomial  factor  which  is 
the  product  of  all  numeric  and  literal  factors  common  to  every 
term  of  the  polynomial. 

Divide  the  polynomial  by  this  monomial  factor. 

Write  the  quotient  in  a  parenthesis  preceded  by  the  monomial 
factor. 

Example 

Factor  6  aH  —  15  a^. 

Solution.  The  common  monomial  factor  of  both  terms  is 
seen  to  be  3  a^.  Dividing  the  binomial  by  3  the  quotient  is 
2  ax  —  5. 

Therefore  6  a^x  —  15  a'^  =  S  a^(2  ax  —  5). 


FACTORING 

ORAL  EXERCISES 

Factor  the  following : 
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1.  2  X  —  2. 

11.  ax  —  cx. 

21.  2  ac  +  cibc. 

2.  2  X  +  4. 

12.  ac  —  c^. 

22.  3  ax  —  6  acx. 

3.  3  X  —  6. 

13.  ^  ax  —  6  a. 

23.  4  ac  —  12  a. 

4.  5  X  —  10. 

14.  4  a^  —  12  a. 

24.  ax  —  bx^. 

6.  ax  +  a. 

15.  2  ttR  —  2  7rr. 

26.  a^x  +  ax. 

6.  3  ax  —  6  a. 

16.  ax  +  acx. 

26.  2  ax  —  4  ab. 

7.7  a-  21. 

17.  Sax  —  6  ax^. 

27.  3  ax  +  6  6x. 

8.  9  —  3  a. 

18.  5  ax^  —  10  x^. 

28.  2  ax^  +  a^x. 

9.  5  x^  +  10  X. 

19.  12  ax  —  10  6x. 

29.  acx  —  3  ac  +  c. 

10.  cx  —  2  c. 

20.  2  a^x  +  ax^. 

EXERCISES 

30.  am  +  aw  +  ax. 

Write  the  prime  factors  of : 

1.  2  a  +  6.  6.  27rr  —  27ra.  11.  ab  —  ax  —  ac. 

2.  ax  +  x^.  7.  a^b  —  a¥.  12.  irR^h  +  Trr^h  +  TrRrh, 

3.  +  a^.  8.  27rRl  +  2Trrl.  13.  2  a  —  4  +  6 

4.  3  ax  —  15  a^.  9.  3  ax  —  6  ay.  14.  a^  +  a^  —  a^. 

6.  2  a^  +  6  a.  10.  4  a^  +  16  ab.  15.  3  —  12  c  —  18 

16.  ax  —  aV  —  a^x.  19.  3  —  15  c  +  6  c^. 

■ 

17.  ay  —  abc  —  aby.  20.  a^  —  a^  a^  a. 

18.  a^  —  2  ax  +  a.  21.  8  a^  —  4  a®  +  12  a^  —  6  a\ 

22.  Solve  for  x,  ax  =  a(6  +  c). 

23.  Solve  for  x,  ax  =  am  —  ac. 

24.  Solve  for  y,  my  =  ma  +  6m  +  cm. 

26.  Solve  for  y,  ay  =  ab  —  abc  —  a\ 

26.  Solve  for  a,  ax  =  6x  —  cx  +  x\ 

27.  Solve  for  2,  az  =  a^  —  abc  —  2  a. 
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Factor,  then  compute  the  numeric  value  of : 

28.  3  •  5  •  172  -  3  •  5  •  41 

Hint.  3  •  5  •  I72  -  3  •  5  •  4^  =  3  •  5(172  -  43),  etc. 

29.  (3.1416)196-  (3.1416)121. 

30.  7  •  13(31)2  5 . 13(31)2  _  3 . 13(31)2^ 

31.  ^(21)2  +  -2/(14)2  -  ^(21  •  14). 

32.  3.1416  •  (13)2  ^  3.1416(65)  +  4(3.1416X13)  (11)^ 

72.  Polynomials  having  a  common  binomial  factor.  The 
type  form  is 

ax  +  ay  hx  +  by. 

Plainly,  ax ay  bx by  =  a{x  +  y)  +  b{x  +  ?/). 

Dividing  both  terms  of  a{x  +  y)  +  b(x  y)  by  (x  +  y), 
the  quotient  is  a  +  6. 

Therefore  ax ay  bx by  =  (x  +  y)  (a  +  6). 

Example 

Factor  2  ac  +  5  6a:  +  6c  +  10  ax. 

Solution.  2  ac  +  be  5  bx  10  ax  =  c{2  a  +  b)  5  x(b  +  2  a) 

=  (2  a  +  6)(c  +  5  x). 

The  preceding  example  illustrates  the 

Rule.  Arrange  the  terms  of  the  polynomial  to  he  factored  in 
groups  of  two  or  more  terms  each  such  that  in  each  group  a 
monomial  factor  may  he  written  outside  a  parenthesis,  which  in 
each  case  will  contain  the  same  expression. 

Rewrite,  placing  these  monomial  factors  outside  parentheses. 

Then  divide  hy  the  expression  in  parenthesis  and  write  the 
divisor  as  one  factor  and  the  quotient  as  the  other. 
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Polynomials  which  may  be  factored  by  grouping  terms 
according  to  the  foregoing  rule  usually  contain  either  four, 
six,  or  eight  terms. 

It  is  important  to  note  that  one  can  obtain  two  apparently 
different  sets  of  factors  for  a  given  expression.  Thus 

(a  -  b){x  -Sy)  =  (b-  a)(3  y  -  x), 
for  each  pair  by  actual  multiplication  gives 

ax  —  bx  —  S  ay  +  S  by. 

An  inspection  of  the  expression  shows  that  the  two  binomials 
of  the  first  pair  are  the  negatives  respectively  of  those  in  the 
second  pair ;  hence  either  pair  of  factors  is  correct. 

I 

The  relation  that  the  process  of  factoring  bears  to  the 
processes  of  multiplication  and  division  of  monomials  and 
polynomials  should  be  kept  constantly  in  mind.  In  multi¬ 
plication  we  have  two  factors  given  and  are  required  to 
find  their  product.  In  division  we  have  the  product  and 
one  factor  given  and  are  required  to  find  the  other  factor. 
In  factoring,  however,  the  problem  is  a  little  more  difficult, 
for  we  have  only  the  product  given,  and  the  insight  which 
can  be  obtained  only  by  experience  will  enable  us  to  deter¬ 
mine  the  factors.  To  gain  this  insight  rapidly  one  must 
keep  clearly  in  mind  the  typical  products  of  Chapter  XIII 
and  must  study  carefully  certain  typical  forms,  two  of  which 
have  already  been  presented  on  pages  146  and  148. 

There  is  no  simple  operation  the  performance  of  which 
makes  us  sure  that  we  have  found  the  prime  factors  of  a 
given  expression.  Here,  again,  only  the  ability  which  comes 
with  practice  and  experience  enables  us  to  find  prime  fac¬ 
tors  with  certainty. 
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A  partial  check,  however,  that  may  be  applied  to  all 
the  exercises  in  factoring  consists  in  actually  multiplying 
together  the  factors  that  have  been  found.  The  result 
should  be  the  original  expression. 


ORAL  EXERCISES 

1.  Divide  3(a  —  6)  +  c(a  —  h)  by  a  —  b.  What  is  the 
quotient?  What  are  the  factors  of  the  first  expression? 

Give  the  binomial  factors  for : 


2.  3(a  —  6)  +  c{a  —  h).  4.  x{a  —  26)  +  y{a  —  2  6). 

3.  a{x  +  2)  +  b(x  +  2).  5.  a{m  —  2  n)  —  6(m  —  2  n). 


Factor : 

6.  x{a  —  6)  +  y(a  —  6).  9.  (s  +  t)x  +  (^  +  s)y, 

7.  2  n{a  —  7)  +  (a  —  7).  10.  a{n  —  7)  —  6(—  7  +  n). 

8.  (c  —  a)a  —  (c  —  a)c.  11.  x{r  —  Q  +  2  y{—  t  +  r). 

12.  6(a  —  x)  —  (a  —  x). 

13.  2  m(a  —  2  t)  (a  —  2  t), 

14.  3  m(a  —  2c)  —  n{a  —  2  c). 

16.  {x  —  y)m  +  n{x  —  y). 

16.  r{t  —  x)  —  {t  —  x)m. 

17.  2  a{x  —  m)  +  (x  —  m)5  6. 

18.  4  a{2  X  —  7)  —  3(2  x  —  7). 

19.  2  a(a  —  3  c)  +  (a  —  3  c)x. 

20.  7  x(a  —  6)  —  3(a  —  6). 

21.  a(x  -  2/)  +  6(x  -  2/)  -  c(x  -  y), 

22.  x(a  —  3)  +  c(a  —  3)  +  (a  —  3). 


FACTORING 


151 


EXERCISES 

Factor  the  following : 

1.  2  m  -\-  hm  2  z  hz. 

Hint.  Collecting  the  coeffi¬ 
cients  of  m  and  z  we  have 

(2  +  h)m  +  (2  +  h)z,  etc. 

2.  ax  2  X  ay  2  y, 

3.  rx ry  sx sy. 

4.  ax  ay  2  X  2  y, 

5.  ay  az cy  cz. 

6.  ah  -|-  hh  -}~  ak  -[-  hTc, 

7.  +  a:  +  1. 


8.  a^  \  a  a^, 

9.  4  x{a  —  c)  +  3(c  —  a). 
Hint.  This  can  be  written 

4  x{a  —  c)—  3(a  —  c),  etc. 

10.  t{c  —  t)  —  x{t  —  c). 

11.  rx X ar  a. 

12.  ac  ax  X  -{■  c. 

13.  28  ac  +  9  rx  +  21  ar  + 12  cx. 

14.  2  ax  +  7  + 16  6x  +  56  ab. 

15.  36  +  45  +  4  2/  +  5  (i. 

16.  5  x^  +  10  X  +  5  x^  +  10. 

17.  3  6  +  5  6^^  +  6  %  +  10  hy^. 

18.  a(r  —  t)  —  c(t  —  r). 

19.  2  x(c  —  0  +  —  c)- 

20.  S  ax  —  6bx  —  ay  -\-2  by. 

Solution.  S  ax  —  6  bx  —  ay  +  2  by 

3  x{a  —  25)—  y(a  —  2  b)  =  {a  —  2  b)(S  x  —  y). 

21.  ax  +  3  a  —  6x  —  3  6. 

22.  6  ax  —  2  ac  +  3  X  —  c. 

23.  ac  —  ax-\-bx  —  be. 

24.  2  ari  +  9  5m  —  3  am  —  6  bn. 

25.  m^  —  at-{-  amt  —  m.  29.  r^  +  af  +  r^at  +  rt. 

26.  6rx  —  4rc  —  6c  +  9x.  30.  1  he  —  11  hz  —  de 11  dz. 

27.  a^—  2  ax  —  a?x  +  2  x^.  31.  12  ax^  —  6  ax^  —  4  x^  +  2  x^. 

28.  a^c— acx+acx^— a^cx.  32.  ^  dr  —  4:  rs -\-  dst  —  dH. 
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33.  16  acxy  —  40  hx^y  —  6  abc^  +  15  6+x. 

34.  36  axy  +  45  acy  —  Axy  —  b  cy. 

35.  Solve  for  x,  x{a  +  1)  =  b(a  +  1)  +  c{a  +  1). 

36.  Solve  for  X,  ax  +  =  ac  +  6c  +  2  a  +  2  6. 

Hint.  In  the  preceding  equation,  and  in  similar  ones,  the  value 
of  the  unknown  should  be  obtained  by  the  use  of  factoring.  In  the 
final  step  of  the  solution  mental  division  should  be  employed,  not 
ordinary  long  division. 

37.  Solve  for  z,  abz  z  =  abr  +  r  +  2  a6  +  2. 

38.  Solve  for  y,  ay  —  ^y  =  am  —  3m  —  6  +  2  a. 

39.  Solve  for  x,  2  ax  +  cx  =  2  a6  +  cm  +  6c  +  2  am. 

40.  Solve  for  x,  ax  +  6c  =  a^  +  a6  —  ac  —  6x. 

41.  Solve  for  X,  ax  +  2  c  =  ac  +  3  a  —  6  +  2  x. 

73.  Trinomials  which  are  perfect  squares.  Here  the  type 
form  is  ±  2  ab  +  b\ 

This,  as  on  page  134,  gives  us  the  two  expressions : 
a^  +  2  a6  +  6^  =  (a  +  6)^,  a^  —  2  a6  +  6^  =  (a  —  6)^. 

If  an  algebraic  expression  is  the  product  of  two  equal 
factors,  it  is  said  to  be  a  perfect  square. 

A  trinomial,  arranged  according  to  the  descending 
powers  of  one  letter,  is  a  perfect  square  if  the  first  and  third 
terms  are  positive  and  if  the  absolute  value  of  the  middle  term 
is  twice  the  product  of  the  absolute  values  of  the  square  roots  of 
the  other  two  terms. 

Thus,  i^  the  type  form  above,  the  middle  term  2  ab  = 
2  «  •  +62. 

Similarly,  the  trinomial  25  +  60  a‘^b  +  36  6^  is  a  perfect 

square,  since  the  middle  term  60  a^b  =  2  •  +25  a'‘  •  +36  ¥  = 
2  •  5  a2 . 6  6. 
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ORAL  EXERCISES 


Form  perfect  trinomial  squares  by  supplying  the  missing 
term  in : 


1.  +  (?)  + 1. 

2.  +  ( ? )  + 

3.  +  ( ? )  +  4. 

4.  x2+(?)  +  25. 

5.  a:2+(?)  +  9^2. 

6.  l+(?)  +  16c2 

19.  4  —  20  cx  +  (?). 

20.  16  —  16  ax  +  (?). 

21.  9  x^  —  18  ax  +  (?). 

22.  9  x^  +  24  cx  +  (?). 

23.  16  x^  —  32  mx  +  (?)• 


7.  x2  +  2cx+(?).  13.  c2  +  8c+(?). 

8.  x^  +  4ax+ (?).  14.  c^  — 5ac+ (?). 

9.  x2  +  10ax+(?).  15.  xH12x2c+(?). 

10.  a2-6ax+(?).  16.  x4-12x2+(?). 

11.  r^2-18?^+(?).  17.  4x2  +  4x+(?). 

12.  a^  —  14ax+  (?)•  18.  9x^  —  6 x  +  (?). 

24.  ( ? )  “f"  12  X  -}-  36. 

25.  (?)-16x  +  64. 

26.  ( ? )  —  24  ac  +  9  (P‘, 

27.  16x2-  4  ^2^ 

28.  25  a2  +  10  a  +  (?). 


For  obtaining  one  of  the  two  equal  factors  of  a  perfect 
trinomial  square  we  have  the* 


Rule.  Arrange  the  terms  of  the  trinomial  according  to  the  descend¬ 
ing  powers  of  some  letter  in  it. 

Extract  the  square  roots  of  the  first  and  third  terms  and  connect  the 
results  by  the  sign  of  the  middle  term. 

Before  applying  the  foregoing  rule  one  should  never 
fail  to  observe  whether  the  expression  to  be  factored  is  a 
perfect  trinomial  square  or  not. 


ORAL  EXERCISES 
Factor  the  following : 

1.  x2  —  4  X  +  4.  4.  a2  —  12  a  +  36.  7.  9  —  12  c  +  4. 

2.  x2  +  6  X  +  9.  5.  4  a2  —  4  a  +  1.  8.  a^  —  14  a  +  49. 

3.  x2-10x  +  25.  6.  9a2  +  6a  +  l.  9.  9  x^- 18x2  + 9. 
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10.  +  4  —  4  c. 

11.  +  9  —  6  X. 

12.  36  _  12  ^  +  1. 

13.  64  —  16 

14.  81  -  18  + 1\ 

15.  100  -  20  ^  +  t\ 

16.  1  +  6  +  9  t\ 

17.  a®  +  4  +  4. 

18.  -101^  +  25. 


19.  +  2  +  1. 

20.  9f-4.2t  +  49. 

21.  25  —  20  a:  +  4. 

22.  9  -  30  ^  +  25. 

23.  121  f-Ut  +  4:. 

24.  -  A  +  .04. 

25.  +  X  +  |. 

26.  4  +  X  +  1^-. 

27.  9  —  2  a  +  ^. 


EXERCISES 

Factor  the  following : 


1. x^  +  2xy  + 

2.  —  2  at  + 

3.  —  10  +  25  f. 

4.  16  ^2  -  8  +  a\ 

5.  4  x^  —  12  x?/  +  9  2/^ 

6.  25  x^  —  20  X2/  +  4  2/2. 

7.  9  a2  -  30  at  +  25  t\ 

8.  4  a2  —  28  at  +  49  f. 

9.  9  f  —  12  at  4:  a^. 

10.  x2  +  §  X  + 

11.  a?  —  22  ax  +  121  x^. 


12.  144  t-  -  120  at  +  25  a^. 

13.  169  x2  +  78  ax  +  9  a^. 

14.  36  m2  +  25  ^2  —  60  mn, 

15.  x^  +  4  +  4  x22/2. 

16.  4  aH^  -4at^-\- 1. 

17.  12  aH^  +  4  a^  +  9 

18.  121  x2  -  110  cx  +  25  c2. 

19.  9  x^  -  66  x2  +  121. 

20.  ft  +  I  *  +  1. 

21.  v^  +  y-\-\- 

22.  36  +  12  a  +  1. 


23.  121  xV  _  220  txz  +  100  f. 

24.  169  a2  —  156  az  +  36  z^. 

Solve  for  x : 


25.  (a  +  6)x  =  a2  +  2  a6  +  ¥. 

26.  ax  —  cx  =  a2  —  2  ac  +  ^2. 

27.  ax  —  2  ^x  =  a2  —  4  ai  +  4 1^, 
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Solve  for  z : 

28. 712:  —  4  2:  =  _  8 10. 

29.  az  —  &  =  (]?-\-2ac,  —  cz. 

30.  az 2  an  =  nz n^. 

It  is  only  in  the  beginning  of  factoring  that  polynomials 
are  classified  for  the  student.  In  the  practical  work  of 
handling  fractions  and  solving  equations  he  must  deter¬ 
mine  for  himself  the  type  of  the  polynomial  to  be  factored. 
It  is  therefore  very  important  that  he  fix  in  mind  the 
various  types  and  the  manner  of  factoring  each.  More¬ 
over,  he  should  remember  that  the  polynomials  which  arise 
in  practice  often  have  three  or  more  factors.  Miscellaneous 
review  exercises  afford  excellent  practice  in  recognizing 
types  and  in  determining  all  the  prime  factors. 

At  this  point  the  suggestions  given  on  page  167  will 
prove  helpful,  though  only  the  first  two  of  the  types  there 
given  have  as  yet  been  considered. 


REVIEW  EXERCISES 
Separate  into  prime  factors : 


1.  3  -j-  18  X  -|-  27. 

2.  -f  2  +  a. 

3.  2  -  12  f  +  18. 

4.  -  4  +  4 

6.  aV  —  2  +  0?, 

6.  12  -f-  36  t  -(“  27. 

7.  2  -  20  c2  +  50  c. 

8.  4  —  16  c^x  -}-  16  c^. 


9.  8  —  40  aH  +  50  af, 

10.  5  at"^  —  70  af  +  245  a. 

11.  S2af  —  48  at^  +  18  at^, 

12.  7  t^-]-2Sf-  28 

13.  14  ant  —  7  7^  —  21  hnz, 

14.  2  +  2  ax  +  2  6^  +  2  hx. 

15.  3  —  3  cx  +  3  a^  —  3  ax, 

16.  a^  —  a  +  /  —  1. 
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17.  +  X. 

18.  2  —  2  +  2  —  2 

19.  30  ai  -  15  a  +  17  c  -  34  ct. 

20.  6  atx  -\-Qhtx  —  10  aty  —  10  hty. 

21.  56  +  63  xc  —  40  xt  —  45  ct. 

Solve  for  x : 

22.  (a  +  b)x  =  c(a  +  6)  —  d{a  +  h). 

23.  ax  —  bx  =  —  2  ah 

24.  ax  —  cx  =  a6  +  —  cn  —  be. 

25.  ax  +  3  X  =  a6  —  6  ^  +  3  &  —  2  aL 

26.  ^x  -  4  c2  =  ^2  _  4  2  ex. 

27.  a^  +  i  +  mx  =  am  +  m  +  tx. 

28.  2  =  bf  +  bc^  —  hex  +  btx. 

Factor : 

29.  ttR^  —  Trr^  +  4  7r(i2  +  r)^. 

30.  +  Tr{R  +  r)2  —  vrr^]  2  h. 

31.  (7ri^2  _|_  7rr2)2  h  —  {ttR^  +  Trr^)h. 

32.  7r/i(i^  —  r)2  —  Trh{R rY  +  irkR!^. 

74.  A  binomial  the  difference  of  two  squares.  The  type 
form  is 

—  b^. 

By  page  137,  —  b^  =  {a  +  b)  (a  —  6). 

Hence  we  have  the 

Rule.  Extract  the  square  root  of  the  absolute  value  of  each  term 
of  the  binomial. 

Add  the  two  square  roots  for  one  factor,  and  subtract  the  second 
from  the  first  for  the  other. 
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ORAL  EXERCISES 

Factor : 


1.  —  x^. 

9.  9  f  —  a^. 

17.  144  <2  _  49  r^. 

2.  x^  —  1. 

10.  ttR^  —  irr^. 

18.  64  x^  -  169  f. 

3.  x^  —  4. 

11.  9  i"*  -  4  x\ 

19.  81  —  121  m^. 

4.  4  —  1. 

12.  25  fi  -  36 

20.  .81  fi  -  1.96 

5.  a?-  —  9. 

13.  49  f  -  64  r^. 

21.  169  -  .36  f. 

6.  1  —  m^. 

14.  100  x*  -  81  f. 

22.  ^  -  .04  xl 

7.  16  -  tK 

15.  100  f-9  x\ 

23.  .25  -  \  a\ 

8.  4  -  9. 

16.  4  wR^  —  Trr%. 

24.  —  I4. 

25.  2.25  -  1.44  28. 

Oft  4._9  ^2  1.6.  ^.2  on  4,  ^2  1  Ol 

3  6*^  2  5c/*  46i/*  9  X  — 

27.  .36  aW  —  .25  c^.  30.  2/^  —  .16  2:^. 


Solve  for  X : 

31.  x(t  —  2)  =  —  4.  34.  (m  —  6)x  =  w?  —  36. 

32.  x(3  c  +  1)  =  9  —  1.  35.  (2  ^  —  3)x  =  4  —  9. 

33.  x(ri  —  a)  =  nr  —  a^.  36.  (4  r  —  5  n)x  =  16  —  25  v?. 

Examples 

1.  Factor :  —  81. 

Solution,  —  81  =  +  9)  —  9),  by  application  of  the  rule 

=  (a;2  +  9)(a:  +  3)(a;  —  3),  by  application  of 
the  rule  to  —  9. 

2.  Factor :  16  —  81 

Solution.  16  —  81  =  (4  oj'*  +  9  a®)  (4  —  9  a®) 

=  (4  +  9  a^){2  x2  +  3  a^){2  x^  -  3  a^). 
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EXERCISES 


—  1. 

16. 


6.  1  —  16 

7.  16  —  a^. 

8.  -  81. 

9.  -  256. 

10.  16  -  81. 


11.  -  625. 

12.  -  b\ 

13.  —  a^. 

14.  -  16  h\ 

15.  a¥  -  81. 


{a  +  xY  —  P  =  [(a  +  x)  4-  ^][(a  +  x)  —  f],  etc. 


Factor : 

1. 

2. 

3. 

4.  x^  —  81. 

5.  81  - 1\ 

16.  (a  +  xy  —  f. 
Hint. 

17.  (a  +  ty  -  4. 

18.  {x  —  3)^  —  ttY. 

19.  (2  X  +  0^  —  9  a^. 

20.  4(x  -2  ay-  25. 

21.  9(^  +  3  x)^  —  4 

22.  25  a\x  -  ty  -  16  m\ 

23.  —  (2  X  —  ty. 

24.  —  (3  a  —  cy. 

25.  4  x2  -  (2  a  +  3)^. 

26.  16  —  (5  a  —  x)^. 

27.  25  x2  -  (a  +  7)2. 

28.  a^x^  —  {a  —  xy. 

29.  a2^2  —  (^  -}-  ay. 

30.  9  a2  —  4(^  —  x)2. 


31.  16  a2  —  9(m  +  ty. 

32.  25  x2  —  (a  —  2  x)^. 

33.  4  rH^  —  (2  r  —  ty. 

34.  36  aH^  —  (at —  2  xy. 

35.  16  m2  —  4  a2(x  —  1)2. 

36.  81  f  -  16(2  t  -  3  x)2. 

37.  64  x2  -  9(x  -  3  ty. 

38.  (a  +  x)2  —  (6  +  yy- 

39.  (a  —  xy  —  (b  —  ty. 

40.  (a  —  2  x)2  —  (3  X  +  ty. 

41.  (2  a  —  ty  —  (2  X  —  m)2. 

42.  (3  i  —  x)2  —  (m  +  3  a)2. 

43.  (2  a  -  3  6)2  -  (3  c  -  2  x)2. 

44.  (3  X  -  1)2  -  (1  -  2  yy. 


Factor,  then  find  the  numeric  value  of : 

45.  (12.7)2  -  (9.8)2. 

Solution.  (12.7)2  -  (9.8)2  ^  (i2.7  +  9.8)  (12.7  -  9.8) 

=  (22.5)  (2.9)  =  65.25. 


ICO 
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46.  (7.3)2  _  (4^3)2^ 

47.  (8.6)2  _  (5^0)2. 

48.  (11.4)2  _  (0^4)2^ 

49.  (13.7)2  -  (3.7)2. 

54.  If  TT  =  3.1416,  r 
ttR^  —  7rr2. 


50.  (9.4)2  _  (0^3)2^ 

51.  (14.1)2  -  (7.8)2. 

52.  72  -  2  •  7  •  5  +  52. 

53.  49  —  2  •  7  •  9  -f-  81. 

7,  and  R  =  11,  find  the  value  of 


55.  If  TT  =  R  =  1,  and  r  =  3,  find  the  value  of 


Some  polynomials  of  four  or  six  terms  may  be  arranged 
as  the  difference  of  two  squares  and  factored  as  in  the 
preceding  exercises. 


EXERCISES 


Factor : 

1.  a2  —  2  a6  + 

Solution.  a^  —  2ah  +  ¥  — 

2.  +  2  at  +  f  —  x^. 

3.  a2  +  2  ac  +  c2  —  4  m2. 

4.  a2  —  4  ax  +  4  ^2  —  9 

5.  4x2  —  4x  +  l  —  ^2^ 

6.  25  —  10  ^  —  4  m2  + 

7.  x2  —  16  ?^2  —  4  ^x  +  4  ^2. 

8.  2/^  —  ^2  -f  _  2  xy. 


x2  =  (a  —  6)2  —  7? 

=  (a  —  6  +  x)  (a  —  6  —  x). 

9.  6  x?/  —  ^2  -j-  ^2  9  ^2^ 

10.  4  x2  —  25  ^2  _|_  9  ^2  _  22  tx. 

11.  x2  —  +  16  m2  —  8  mx. 

12.  1  —  4  a^  —  ^2  4  (1%^^ 

13.  12  a6  —  4  m2  +  9  a2  +  4 

14.  9  m2  —  25  ^2  —  6  m^  + 1^- 

15.  12  a^  —  4  a2  —  9  ^2  -j- 


Solution.  12at-Aa^-9P  +  m^  =  m?-(la^-12at  +  9  f) 

=  m^-  (2a -Sty 
=  [m  +  (2  a  —  3  0]  [m  —  (2  a  —  3  01 
=  (m  +  2  a  —  3  0  (m  —  2  a  +  3  0* 
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16.  —  2at  —  20.  4  +  4  —  4 

17.  —  ¥  —  2  hd  —  (P,  21,  6  m  9  —  9  —  m^, 

18.  —  6^  +  4  6c  —  4  ¥.  22.  4  a6  —  4  +  4  m®  —  ¥, 

19.  2tx  —  f  —  -{-  a^.  23.  -^2  ah -\-¥  —  —  2tx  —  f, 

2^.  x‘^  —  4:  xt  4:  f  —  9  +  6  a  —  1. 

25.  1  +  2  6c  +  2  a  —  c^  —  6^  +  a^. 

26.  —  1  +  +  2  +  2  m. 

27.  4  +  10  X  —  25  —  12  am  —  +  9  m^. 


Factor : 


REVIEW  EXERCISES 


1.  —  a, 

2. P-2P  +  1. 

3.  —  8  +  16. 

4.  a  —  a^. 

5.  P-2P-\-l, 

6.  —  18  a^  +  81  a, 

7.  a^  —  a  +  a^x  —  x. 

8.  2  a^  —  18  aP. 


11.  tn^  —  Pn. 

12.  36  a  —  12  a^  + 

13.  ^  atm  +  ^  at. 

14. P-P-4t  +  4. 

15.Sat  +  Sf-27t-  27  a. 

16.  2  a^x  +  3  a^x  —  8  ax  —  12  x. 

17.  na^  —  nf  4  nt  —  4  n. 

18.  o?x  —  9x-\-a  —  Z. 


9.  P  —  10  +  9.  19.  2  x^  —  40  x^  +  200  —  18. 

10.  P^2t^-\- 1\  20.  5  a^  +  20  a^  +  5  a^  +  20  al 

21.  aW  —  ¥x^  —  4  a^  +  4  x^. 


22.  j  +  ^ 

4 


2  St 

~T 


f 

9’ 


Solve  for  x : 


23.  ax  =  a^h  —  ah. 

24.  a6  =  ax  —  4  aH. 

25.  ax  +  6x  =  a^  —  ¥. 


26.  ax  —  4  =  a^  —  4  ai  +  2  tx. 

27.  Px  —  P  =  tx  —  t. 

28.  x{t  -  S){P  +  9)  =  -  81. 
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75.  The  quadratic  trinomial.  The  type  form  is 

+  6jc  +  c. 

For  many  trinomials  of  this  type  two  binomial  factors 
may  be  found  of  the  form  (x4-r)(x  +  s).  The  method 
of  factoring  to  be  used  is  the  reverse  of  the  method  of 
multiplying  two  binomials  given  on  page  139.  From  a 
study  of  the  four  examples  there  given  it  is  evident  that 
to  factor  a  trinomial  of  the  form  -\-bx-\-  c  we  must,  if 
possible,  find  two  numbers  whose  product  is  c  and  whose 
sum  is  b.  Let  these  numbers  be  called  r  and  s. 

Then  the  required  factors  are  x-\-r  and  x  +  s, 

since  {x  +  r)  (x  +  s)  =  +  (r  +  s)x  +  rs. 

Examples 

1.  Factor  x^  +  12  x  +  32. 

Solution.  +  12  X  +  S2  =  (x  +  ?)  (x  +  ?). 

It  is  necessary  to  find  two  numbers  whose  product  is  +  32 
and  whose  sum  is  +  12. 

Now  32  =  1  •  32  =  2  •  16  =  4  •  8. 

The  first  two  pairs  are  rejected,  for  each  fails  to  give  the 
sum  +12.  The  third  pair  of  factors  of  32,  namely  4  and  8, 
gives  the  correct  sum. 

Therefore  x^  +  12  x  +  32  =  (x  +  4)(x  +  8). 

2.  Factor  —  11  a  +  24. 

Solution.  Since  24  is  positive,  its  two  factors  must  have  the 
same  sign ;  since  —  11  is  negative,  both  factors  must  be  nega¬ 
tive.  Now  24  =  1  •  24  =  2  •  12  =  3  •  8  =  4  •  6.  By  inspection 
of  these  products,  —  3  and  —  8  are  found  to  be  the  required 
numbers. 

Therefore  —  11  a  +  24  =  (a  —  3)  (a  —  8). 
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3.  Factor  —  c  —  42. 

Solution.  The  product  —  42  is  negative ;  hence  the  required 
factors  have  unlike  signs.  Since  —  1  is  negative,  the  negative 
factor  of  —  42  must  have  the  greater  absolute  value.  Now 
42  =  1  •  42  =  2  •  21  =  3  •  14  =  6  •  7.  We  see  that  6  +  (-  7)  =  -  1. 

Therefore  ~  c  —  42  =  (c  +  6)(c  —  7). 


Factor : 

1.  S  X  2i. 

2.  +  4  a:  +  3. 

3.  +  5  X  +  4. 

4.  x^  +  6  X  +  5. 

5.  x^  1 X  Q. 

6.  x^  —  8  X  +  7. 

7.  x^  —  9  X  +  8. 

8.  +  4  a  +  4. 

9.  -|-  5  u  “b  6. 

10.  Q  d  S. 

11.  d^“|“7  d-j"  19. 

12.  d^  —  8  d  +  12. 


EXERCISES 

13.  d^  —  9  d  +  14. 

14.  +  6  71  +  9. 

15.  77^  +  7  71  +  12. 

16.  S  h  15. 

17.  x2  -  9  X  +  20. 

18.  ^2  _  45  +  4 

19.  71^  —  13  77  +  42. 

20.  f-t-6. 

21.  f-t  -  12. 

22.  x^  +  X  —  20. 

23.  x^  —  X  —  30. 
2^.h^-Sh  -  10. 

37.  —  x^  +  X  +  20. 


26.  +  3  ^  _  10. 

2Q.f-2t-  15. 

27.  15. 

28.  _  4  ^  -  21. 

2d.f  +  4:t-  21. 

30.  ^2  _  4  ^  _  45. 

31.  x^  —  1.1  X  +  .3. 

32.  -j-  .5  ^  “b  .06. 

33.  f-.7t+  .12. 

34.  x2  +  .2  ^  -  .15. 
36.  77^  —  1  77  +  .09. 
36.  x^  —  1.6  X  —  .8. 


Solution.  —  x^  +  X  +  20  =  —  (x^  —  x  —  20) 

=  —  1  (x  —  5)  (x  +  4)  =  (5  —  x)  (x  +  4). 


38.  —  77^  —  77  +  12. 

39.  9  —  8  77  —  77^. 

40.  —  2  X  —  x^  +  63. 

41.  80  —  2  77  —  77^. 


42.  +  110. 

43.  d^b^  —  3  dhy  —  28  y^. 

44.  77®  —  11  77®  +  18. 

46.  dW  +  10  d6x®  —  24  X®. 
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46.  9  tx^y^  +  tV  —  22  49.  (a  —  —  5 (a  —  a:)  —  14. 

47.  33  71^  —  aV  —  8  anx,  50.  +  (a  +  b)n  +  oh. 

48.  (a  +  xY  +  3(a  -\-x)  -^2.  61.  +  (2  a  +  5)n  +  10  a. 

62.  (a  -  2  0^  _  8(a  -  2  0  +  15. 

63.  16  —  17(2  ^  —  a;)  +  (2  ^  —  xY. 


Factor : 


REVIEW  EXERCISES 


1.  —  4  X. 

2.  4  ax^  —  4  a. 

3.  +  6  +  9  a^. 

4.  —  5  +  6 

6.  3  71^  —  9  w  —  30. 


12.  56  ^ 

13.  4  ax^  —  16  a^. 

14.  162  a  —  2a^. 

15.  4  +  4  +  t\ 

16.  5  an^  —  20  n^. 


6.  S  at^  —  S  af  —  6  at. 

7.  x"^  —  .5  x^  +  -04. 

8.  nt^  —  7nf-\- 12  n. 

9.  at^  —  laf  —  18  a. 

10.  -  13  +  36. 


17.  e  -  17  +  16. 

18.  81  a  —  18  +  a^. 

19.  -  143  -  144. 

20.  4  —  92  —  200  a. 

21.  5  —  5  an^  +  5  an^  —  5  an. 

11.  3  71^  —  21  —  54  n^.  22.  4  —  8  af  —  24  +  48  a. 

23.  10  ahc  —  30  6c  +  20  ac  —  60  c. 

24.  6  af  -\-S  fc  +  18  atn  +  9  ctn. 

26.  4  —  4  ay'^  —  8  ayz  —  4  az^. 

26.  Solve  for  x,  (a  —  3)x  =  —  5  a  +  0. 

27.  Solve  for  x,  4  x  +  ax  =  —  16. 

28.  Solve  for  y,  ny  42  =  n‘^  —  n  —  6  y. 

29.  Solve  for  y,  ay-\-o  =  a‘^-\-^y  —  20. 

30.  Solve  for  z,  a^:  +  3  ac  =  a^  +  2  C2:  +  2  c^. 
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Factor : 

31.  irhiR  +  r)^  +  irhiR^  —  r^). 

32.  2  Trhilf  —  r^)  +  3  Trh{R  —  r)^. 

33.  5  Tr{R^h  —  4'/i)  +  2  7r{R  +  2)%. 

Simplify  and  factor : 

34.  (tt-R^  —  7rr‘^)h  +  (ttR^  +  7rr^)3  h. 

35.  5  7r(R^  —  r^)h  —  2  h{7rR‘^  —  irr^). 

36.  [ttR^  +  7rr^  +  7r(R  +  r)^]/i  —  [ttR^  +  irr^  +  7rRr]h. 

76.  The  general  quadratic  trinomial.  The  type  form  is 

ax^  +  &JC  +  c. 

For  many  trinomials  of  this  type  two  binomial  factors  of 
the  form  {hx  +  k)  (mx  +  n)  may  be  found.  The  method  of 
factoring  such  trinomials  is  illustrated  in  the  following 


Examples 

1.  Factor  3  +  7  a:  +  2. 

Solution.  3  +  7  X  +  2 

=  (?x+  ?)(?a;+  ?). 

To  obtain  the  correct  factors  we  must  3  +  ?  x 

supply  such  numbers  for  the  interroga-  +  ?  x  +  2 

tion  points  in  (1)  and  in  (2)  as  will  give  3  x^  +  7  x  +  2 

3  x^  for  the  product  of  the  first  two  terms  of  the  binomials, 
+  2  for  the  product  of  the  last  two  terms  of  the  binomials,  and 
+  7  X  for  the  sum  of  the  cross  products. 

Now 


and 


3  x^  =  3  X  •  X, 
+  2  =  1-2. 
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The  factors  1  and  2  may  be  substituted  for  the  interrogation 
points  in  (1)  and  (2)  in  either  of  the  following  ways: 

^  ^  (Incorrect)  ^  2  (Correct) 

The  first  pair  is  rejected,  for  it  fails  to  give  a  product  hav¬ 
ing  the  required  middle  term,  +  1  x.  The  second  pair  gives 
the  correct  product. 

Therefore  3  -h  7  a;  -f  2  =  (3  x  +  l)(x  +  2). 

2.  Factor  3  x“  —  13  x  —  10. 

Solution.  3  x^  =  3  X  •  X. 

-10  =  l-  -10  =  -l-10  =  2-  -5  =  -2-5. 

Test  the  following  pairs  of  binomials : 

3x  +  l  x  +  1  3x  — 1  X  —  1  x  +  2  3  x  — 2  x  — 2  3x  +  2 
X  —  10  3x  —  10  x  +  10  3x-|-  10  3x  —  5  x  +  53x-}-5  x  —  5 

Only  the  last  pair  gives  the  desired  product. 

Therefore  3  x^  —  13  x  —  10  =  (x  —  5)(3  x  +  2). 

After  a  little  practice  it  will  usually  be  found  unnecessary 
to  write  down  all  the  pairs  of  binomials  that  do  not  produce 
the  required  product. 

If  none  of  the  pairs  gives  the  required  product,  the  given 
trinomial  is  prime. 


Factor : 

1.  2  x^  -j-  5  X  -|-  2. 

2.  3  x^  -1-  5  X  -f  2. 

3.  2  -f-  5  ^  -f" 

4.  2  x^  +  7  X  +  3. 
6.  3  x^  -f-  7  X  “1”  2. 


EXERCISES 

6.  3  -f- 10  a  +  3. 

7.  2  71^  +  7  71  +  6. 

8.  3  -f-  8  ^  “h  4. 

9.  2  -f-  9  d  -f-  9. 

10.  3  x^  +  11  +  6. 


11.  2  71^  —  3  72  —  2. 

12.  2  ^2  _  5  ^  _  3^ 

13.  2  a2  —  a  —  3. 

14.  2  x2  —  X  —  6. 

15.  3  a2  -|-  2  a  —  1. 
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16.  3  -  5  ^  -  2. 

17.  3  —  8  —  3. 

18.  3  +  a  —  2. 

19.  3  -f-  4  ^  -  4. 

20.  3  +  7  —  6. 

21.  3  —  11  a:  +  6. 

22.  3  ^2  -  14  ^  +  8. 

23.  3  —  17  a  +  10. 

24.  6  —  71  —  2. 

25.  6  —  13  r  +  6. 

26.  10  —  19  m  +  6. 

27.  15  a®  —  4  —  4. 

28.  10  —  39  n  +  14. 


29.  14  +  41  +  15  t\ 

30.  6  +  35  —  31  X. 

31.  35  +  a  —  6. 

32.  15  —  24  +  9  0?. 

33.  11  aW  —  80  abx  +  21  x^. 

34.  18  aV  —  41  anx  —  10  n^, 

35.  35  af  +  62  abt  —  33  a6^. 

36.  10  an^  —  59  arn  —  39  ar^. 

37.  6  —  25  X  —  51. 

38.  12  aH‘^  —  53  +  30. 

39.  35  x®  -  102  x^  +  55. 

40.  26  aV  -^Sl  an  —  35. 

41.  36  x^  —  9  X  —  10. 


77.  General  directions  for  factoring.  Since  no  general 
method  of  factoring  can  be  stated  in  a  few  simple  rules, 
the  process  must  be  learned  by  means  of  such  type  forms 
and  typical  solutions  as  are  given  in  the  preceding  pages. 
When  these  have  been  once  thoroughly  mastered,  readi¬ 
ness  in  factoring  expressions  which  are  represented  by 
them  becomes  a  matter  of  experience.  Generally  a  student 
finds  it  comparatively  easy  to  factor  a  list  of  exercises 
classified  under  a  particular  type  form,  yet  a  list  of  mis¬ 
cellaneous  exercises  he  finds  difficult.  This  usually  indi¬ 
cates  inability  to  determine  the  type  of  an  expression  from 
its  appearance.  Until  the  student,  by  careful  study  of  the 
type  forms,  has  acquired  the  ability  to  do  this,  he  will 
make  little  progress.  There  are  many  types  that  are  not 
included  in  this  book,  which  the  student  who  continues 
the  study  of  algebra  will  meet  later. 
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The  following  suggestions  will  prove  helpful  in  solving 
the  types  here  considered : 

I.  First  look  for  a  common  monomial  factor,  and  if  there  is 
one  {other  than  1)  separate  the  expression  into  its  greatest 
monomial  factor  and  the  corresponding  polynomial  factor. 

II.  Then  hy  the  form  of  the  polynomial  factor  determine 
with  which  of  the  following  types  it  should  he  classed  and  use 
the  methods  of  factoring  applicable  to  that  type. 

1.  ax  +  ay  hx  +  hy.  3.  a^  —  b^. 

2.  db  2  ah  +  b^.  4.  x^  -[■  bx  +  c. 

5.  ax^  -h  bx  +  c. 

III.  Proceed  again  as  in  II  with  each,  polynomial  factor 
obtained  until  the  original  expression  has  been  separated  into 
its  prime  factors. 


MISCELLANEOUS  EXERCISES 


Factor : 
l.2n^  —  2n. 

2.  3  —  75  a. 

3.  —  81  a. 

4.  rrar^  —  2  irrh. 

5.  ttW  —  3  iraR. 

6.  ax^  —  16  a. 

7. 

8.  2  x^  —  2. 

9.  3  x^  -  27  y\ 

10.  n‘^  —  n^. 

11.  t^  -  64  t\ 

12.  1  —  2  +  n"^. 


13.  n^  —  2  n"^  1. 

14.  16  X  —  8  x^  +  x^ 

15.  10  -  10  a  -  60. 

16.  x^  —  .1  X  —  .02. 

17.  9  +  —  10  a^. 

18.  +  36  -  13  al 

19.  t^  -\-2  nH^  +  nH^. 

20.  +  Trr^  +  2TrRr. 

21.  .02  —  .3  a  —  2. 

22.  x^  —  x^  —  90  X. 

23.  4  x‘^  —  2  x^  —  30  y"^. 

24.  4  x^  —  20  to  +  25 
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25.  14  +  16  7^4  _|_  3^ 

26.  3  ^2  +  10  x  -  8. 

27.  2  ah  —  0?  —  W, 

28.  72  —  96  +  14  'if, 

29.  20  -  a:  - 

30.  .6  —  .Sx  —  .2. 

31.  3  a2  +  5  a  -  28. 

32.  4  -  9  _  9. 

33.  n^-S  71^  +  4:71^ 


40.  1 71^  71  —  71^, 

41.  X^  —  X^  X  —  1, 

42.  4.  ^  _  ^4  _ 

43. 77^  —  71^  +  12  a7i  —  36  a^. 
44.  10  +  5  a6  -  5  h\ 

46.  —  X  —  y. 


46.  a  —  6  +  —  6^, 

47.  77^  -  30  772  +  225  -  9  7n\ 
12  77.  48.  289 -  100 x^-f-  20  tx. 

S4:.2aH-\-SaH-Sat-12L  49.  o:^  +  3  +  3  x  +  9. 

35.  .12  -  ,7  ah  +  h\  50.  -  3  +  9  a;  -  27. 

36.  x"^  —  x^  —  X  1.  61.  x^  +  3.2  xy  +  .6  y^, 

37.  77^  -  77^  -  77^  +  772.  62.  77^  +  3  772^  +  3  Tlt^  +  9  tK 

38.  6  a%  —  3  a^hTi  —  3  a‘^¥7i.  63.  18  77^  —  6  77^  +  3  77  —  1. 

39.  —  a  +  4  —  16  a2.  54.  4  ac  —  2  c  +  8  ac?  —  4  d. 

65.  Solve  for  a:,  a2  +  3  X  —  ax  —  9  =  0. 

56.  Solve  for  t,  a‘^  ct  =  at 2  ac, 

57.  Solve  for  2:,  7772  +  2  777  +  3  2:  =  7772:  +  15. 

58.  Solve  for  X,  2  a2  +  3  X  =  a  +  2  ax  +  3. 

59.  Solve  for  a2  —  3  a  —  2  ^  =  a^  —  2  a  +  6. 


CHAPTER  XV 


SOLUTION  OF  EQUATIONS  BY  FACTORING 

78.  Simple  equations.  A  simple  or  linear  equation  in  one 
unknown  is  one  which  may  be  put  in  such  a  form  that 

(a)  the  unknown  does  not  appear  in  any  denominator ; 

(b)  only  the  first  power  of  the  unknown  is  involved. 

Thus  5  x  —  2  =  13,  3  ^  —  7  =  5  ^  —  21,  aa;  +  6  =  0,  are  simple 
equations,  (x  +  4)(x  —  5)  =  {x  +  7){x  —  10)  is  also  a  simple 
equation,  since  on  multiplying  out  it  becomes  x^  —  x  —  20  =  x'^ 
—  Sx  — 10,  from  which,  after  transposing,  we  get  2  a;  +  50  =  0. 

In  the  preceding  chapters  only  simple  equations  have 
been  considered. 

79.  Quadratic  equations.  A  quadratic  equation  in  one 
unknown  is  one  which  may  be  put  in  such  a  form  that 

(а)  the  unknown  does  not  appear  in  any  denominator ; 

(б)  the  second  but  no  higher  power  of  the  unknown 
is  involved. 

Thus  —  5a:  +  6  =  0,  7x2  +  4  =  6a;  +  16,  ax^  -\-hx  c  =  0 
are  quadratic  equations. 

A  quadratic  equation  is  often  called  an  equation  of  the 
second  degree. 

The  term  in  a  quadratic  equation  which  does  not  involve 
the  unknown  is  called  the  constant  term. 

169 
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80.  Solution  of  equations.  The  methods  of  factoring 
given  in  Chapter  XIV  enable  us  to  solve  many  quadratic 
equations.  In  the  solution  of  equations  by  factoring,  use 
is  made  of  the  following 

Principle.  If  the  product  of  two  or  more  factors  is  zero,  at  least 
one  of  the  factors  must  be  equal  to  zero. 

Two  or  more,  or  even  all,  of  the  factors  may  be  zero,  but 
the  vanishing  of  one  is  sufficient  to  make  the  product  zero. 

Consider  the  equation,  in  factored  form, 

{x  —  3)(x  —  8)  =  0.  (1) 

If  this  equation  is  to  be  solved,  all  the  numbers  which 
satisfy  it  must  be  found.  That  is,  we  must  find  every 
value  of  X  for  which  the  product  on  the  left  of  (1)  is  zero. 
If  the  product  is  to  equal  zero,  the  foregoing  principle  re¬ 
quires  that  one  of  the  factors  be  zero.  Hence  any  value  of  x 
which  satisfies  (1)  must  make  either  x  —  3  =  0  or  x  —  8  =  0. 
Hence  x  must  equal  either  3  or  8.  On  substituting  3  for 
X  in  (1)  we  obtain  (3  —  3)  (3  —  8)  =  0,  or  0  •  (—  5)  =  0. 
Hence  3  is  a  root  of  (1).  On  substituting  8  for  x  in  (1) 
we  obtain  (8  —  3)  (8  —  8)  =  0,  or  5  •  0  =  0.  Hence  8  is  also 
a  root  of  (1).  A  moment’s  inspection  makes  it  clear  that 
3  and  8  are  the  only  roots  of  the  equation. 

ORAL  EXERCISES 

Tor  what  value  of  x  is  each  of  the  following  expressions 
equal  to  zero  ? 

1.  X  —  S.  4.  a:  +  9.  7.  2  x  —  5. 

2.  X  +  7.  5.  2  X  —  10.  8.  7  a:  —  11. 

3.  X  —  6.  6.  3  X  —  18.  9.  ax  —  b. 
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10.  What  is  the  value  of  3x0?  of  0x3?  of  —  7x0? 
ofwxO?  ofmxO? 

11.  Make  a  statement  which  will  include  all  the  results 
of  Exercise  10. 

Find  the  value  of : 

12.  (x  —  2){x  —  3)  when  x  =  0,  2,  4. 

13.  (x  —  5)  (x  —  6)  when  x  =  l,  3,  5. 

14.  (x  +  3)  (x  —  1)  when  x  =  1,  3,  —  3. 

15.  (2  X  —  1)  (3  X  + 1)  when  x  =  —  j, 

16.  a;(2  X  —  8)  when  x  =  3,  0,  4. 

In  the  following  determine  which  of  the  numbers  on  the 
right  is  a  root  of  the  corresponding  equation : 


• 

o 

II 

1 

1 

• 

1> 

1,  2,  3. 

• 

o 

II 

1 

1 

00 

-4,-3, 

19.  x(2  X  —  5)  =  0. 

1,  i,  0. 

20.  (2(-3)(t+l)=0. 

0,  1,  - 1, 

21.  (t  -  2)(t  -  3)(t  -  4)  =  0. 

5,  2,  3,  4. 

What  are  the  roots  of  the  following  equations  ? 

22'.  (x  —  2)(x  +  2)  =  0. 

23.  x(x  —  3)  =  0. 

24.  (x  +  3)(x-4)  =  0. 

25.  (2  t  -  1)(3  t  -  2)  =  0, 

26.  (3^  +  l)(5^-2)  =0. 

27.  (^-l)(^-3)(^-4)  =  0. 

28.  (2^-1)(1-0(^  +  2)  =  0. 

29.  Is  there  any  one  number  which  will  make  both  fac¬ 
tors  of  (2/  —  5)  (?/  -f  7)  equal  to  zero  ? 


172  NEW  COMPLETE  SCHOOL  ALGEBRA 


Examples 

1.  Solve  —  7  a:  =  18. 

Solution.  Transposing,  —  7  x  —  18  =  0. 

Factoring  (x  —  9)  (x  +  2)  =  0. 

The  value  of  x  which  makes  the  first  factor  zero  is  a  root  of 
the  quadratic.  Setting  x  —  9  =  0,  we  obtain  x  =  9. 

Similarly,  that  value  of  x  which  makes  the  second  factor 
zero  is  also  a  root  of  the  quadratic.  Setting  x  +  2  =  0,  we 
obtain  x  =  —  2. 

Therefore  x  =  9  and  x  =  —  2  are  the  required  roots. 

Check.  Substituting  9  for  x  in  —  7  x  =  18  gives 

81  -  63  =  18, 

or  18  =  18. 

Substituting  —  2  for  x  in  —  7  x  =  18  gives 

4  +  14  =  18, 

or  18  =  18. 

2.  Solve  3  =  5  X. 

Solution.  Transposing,  3  x^  —  5  x  =  0. 

Factoring,  x(3  x  —  5)  =  0. 

Setting  each  factor  equal  to  zero,  we  obtain  x  =  0  and 
3  X  —  5  =  0.  Solving  the  second  equation,  x  =  f .  Therefore 
the  roots  are  x  =  0  and  x  =  f . 

Check.  3  X  (0)2  =  5  X  0,  or  0  =  0. 

3(f  =  5(f),  or  -V-  =  -V-. 

For  solving  an  equation  in  one  unknown  by  factoring 
we  have  the 

Rule.  Transpose  the  terms  so  that  the  right  member  is  zero. 
Then  factor  the  expression  on  the  left,  set  each  factor  which  contains 
the  unknown  equal  to  zero,  and  solve  the  resulting  equations. 
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It  must  be  kept  in  mind  that  a  root  of  an  equation  is 
a  number  which  satisfies  the  equation. 

One  should  never  divide  each  member  of  an  equation  by  an 
expression  containing  the  unknown,  for  if  this  is  done  one  or 
more  roots  may  be  lost. 

Thus,  if  in  Example  2  we  had  divided  both  sides  of  the 
equation  by  x,  the  resulting  equation  would  have  been 
3  a:  —  5  =  0,  which,  to  be  sure,  gives  us  one  root  of  the 
given  equation.  But  we  have  lost  the  root  x  =  0,  which 
corresponds  to  the  factor  by  which  we  divided. 


EXERCISES 

Solve  by  factoring  and  check : 


1.  =  4.  6.  x^  +  12  =  7  X.  9.  8  +  x^  =  9  x. 

2.  x^  =  16.  6.  x^  —  X  =  90.  10.  5  x^  =  25  x. 


3.  x^  =  49.  7.  x^  +  X  =  56.  11.  x^  —  11  x  =  26. 

4.  x^  =  5  X.  8.  6  x^  —  18  X  =  0.  12.  x^  =  19  X  —  34. 

13.  2x^-|“fi^“f"^~0. 

14.  3  x^  +  5  X  +  2  =  0. 

15.  3  x2  =  11  X  +  20. 

16.  10  x2  =  13  X  +  9. 

17.  10  x^  =  19  X  —  6. 

18.  (x  +  7)(x-2)  =  10. 

19.  (x  +  3)(2  X  —  1)  —  15  =  0. 

20.  (x  —  3)^  (x  -f-  3)(x  3)  =  0. 

21.  (2  X  -  1)2  +  (2  X  +  5)(2  X  -  1)  =  0. 

22.  (3  X  -  2)2  -  (3  X  -  2)(x  -  7)  =  0. 


23.  x2  —  4  =  3  X  +  6. 
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24.  —  3  +  2  6^  =  0. 

25.  -\-  ax  —  cx  =  0. 

26.  —  nx-{-  cx  —  cn  =  0. 

27.  =  5  a:  —  5 

28.  {x  —  a)^  —  (2  X  —  1)  {x  —  a)  —  0. 

29.  (3  a:  +  2)(a:  —  2  ?^)  —  {x  —  2ny  =  0. 

30.  —  4  —  3  X  +  6  =  0. 

31.  —  0?  —  cx ac  =  0. 

81.  Cubic  equations.  An  equation  in  x  which  may  be  put 
in  the  form 

ax^  -{■  hx^  cx  d  =  0, 

where  the  coefficients  a,  b,  c,  and  d  represent  numbers,  is 
called  a  cubic  equation,  or  an  equation  of  the  third  degree. 

Some  equations  of  higher  degree  than  the  second  may 
be  solved  by  the  method  of  factoring. 


Example 

Solve  the  cubic  equation  =  4  x  +  4. 

Solution.  Transposing,  —  4  x  —  4  =  0. 

Factoring,  x^{x  +  1)  —  4(x  +  1)  =  (x  +  l)(x2  —  4) 

=  (x  +  l)(x  —  2)(x  +  2). 

Setting  each  factor  equal  to  zero, 

X  +  1  =  0,  therefore  x  =  —  1 ; 


X  —  2  =  0, 

X  ~|“  2  =  0, 

Check.  When  x  =  —  1, 
When  X  =  2, 
When  X  =  —  2, 


therefore  x  =  2 ; 
therefore  x  =  —  2. 

-H-l  =  -4  +  4. 

8  +  4  =  8  +  4. 
-8  +  4  =  -8  +  4. 
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EXERCISES 

Solve  and  check  the  following : 


1.  —  9  X  =  0. 

2.  x^  =  4  X. 

3.  x^  —  x^  —  20  X  =  0. 

4.  x^  =  x^  +  12  X. 

5.  x^  +  6  X  =  5  x^. 

Q.  2  —  S2  y  =  —  16. 

7,  y^  —  9  y  =  4:5  —  5  y'^. 


8.  x^  +  2  =  X  +  2  x^. 

9.  +  4  2/^  =  36  +  9  ?/. 

10.  6  x^  —  9  X  =  54  —  x^. 

11.  2/"*  —  5  2/^  +  4  =  0. 

12.  -I-  9  =  10  y^, 

13.  y^-\-S6  =  13  y\ 

14.  x^  —  ax^  =  4  n^x  —  4  an^. 


PROBLEMS 

1.  The  square  of  a  certain  number  plus  the  number  itself 
equals  30.  Find  the  number. 

Hint.  Translated  into  an  equation  this  becomes  n  =  30. 

2.  Four  times  the  square  of  a  certain  number  equals  nine 
times  the  number.  What  is  the  number  ? 

Hint.  Translated  into  an  equation  this  becomes  4  =  9  n. 

3.  If  to  the  square  of  a  certain  number  the  sum  of  twice 
the  number  and  7  be  added,  the  result  is  70.  Find  the 
number. 

4.  If  from  the  square  of  a  certain  number  twice  the 
number  be  taken,  the  result  is  24.  Find  the  number. 

5.  A  certain  number  is  added  to  19  and  the  same  num¬ 
ber  is  added  to  25.  The  product  of  the  two  sums  is  720. 
Find  the  number. 

6.  A  certain  number  is  subtracted  from  17  and  is  also 
subtracted  from  31.  The  product  of  the  remainders  is  240. 
Find  the  number. 

7.  The  difference  between  two  numbers  is  7  and  the 
difference  of  their  squares  is  203.  Find  the  numbers. 
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8.  A  certain  number  is  added  to  23  and  subtracted 
from  32.  The  product  of  the  two  results  obtained  is  92 
more  than  14  times  the  number.  Find  the  number. 

9.  If  from  the  square  of  three  times  a  certain  number  ’ 
20  times  the  number  be  taken,  the  result  will  be  16  times 
the  number.  Find  the  number. 

10.  The  depth  of  a  certain  lot  whose  area  is  4800  square 
feet  is  three  times  its  frontage.  Find  the  dimensions  of 
the  lot. 

11.  The  area  of  the  floor  of  a  certain  room  is  80  square 
yards  and  the  room  is  6  feet  longer  than  it  is  wide.  Find 
the  dimensions  of  the  room. 

12.  The  area  of  a  rectangular  field  is  80  square  rods. 
The  field  is  11  yards  longer  than  it  is  wide.  Find  its 
dimensions. 

13.  The  sum  of  the  squares  of  two  consecutive  numbers 
is  181.  Find  the  numbers. 

14.  The  sum  of  the  squares  of  two  consecutive  odd  num¬ 
bers  is  130.  Find  the  numbers. 

15.  The  difference  of  the  squares  of  two  consecutive 
even  numbers  is  76.  Find  the  numbers. 

16.  The  sum  of  the  squares  of  three  consecutive  odd 
numbers  is  155.  Find  the  numbers. 

17.  An  uncovered  square  box  9  inches  deep  has  252 
square  inches  of  inside  surface.  Find  its  dimensions. 

18.  The  entire  outer  surface  of  a  cube  is  150  square 
inches.  Find  the  edge  of  the  cube. 

19.  A  rectangular  box  is  four  times  as  long  and  three 
times  as  wide  as  it  is  deep.  There  are  950  square  inches 
in  its  entire  outer  surface.  Find  the  dimensions. 
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20.  A  box  is  5  inches  longer  and  3  inches  wider  than  it  is 
deep.  There  are  180  square  inches  in  its  entire  outer  sur¬ 
face.  Find  its  dimensions. 

The  altitude  of  a  triangle  is  the  perpendicular  from  any 
vertex  to  the  side  opposite.  This  side  is  called  the  base, 

B  B 


In  the  adjacent  figures,  BD  is  the  altitude  and  AC  is  the 
base  of  each  triangle. 

If  a  is  the  altitude  of  a  triangle  and  b  its  base,  the  area 
of  the  triangle  is 

In  making  use  of  this  and  similar  formulas  the  unit  in 
terms  of  which  the  lines  are  measured  must  be  stated. 

21.  The  area  of  a  triangle  is  42  square  feet  and  the  alti¬ 
tude  is  7  feet.  Find  the  base. 

22.  The  altitude  of  a  triangle  is  four  times  the  base  and 
the  area  is  50  square  feet.  Find  the  base  and  the  altitude. 

23.  The  base  of  a  triangle  is  three  times  the  altitude 
and  the  area  is  54  square  feet.  Find  the  base  and  the 
altitude. 

24.  The  area  of  a  triangle  is  144  square  feet  and  the 
base  is  eight  times  the  altitude.  Find  the  base  and  the 
altitude. 


178  NEW  COMPLETE  SCHOOL  ALGEBRA 


25.  The  area  of  a  triangle  is  96  square  feet  and  the  base 
is  4  feet  longer  than  the  altitude.  Find  the  base  and  the 
altitude. 


Hint.  Let  x  =  altitude  in  feet. 

Then  a;  +  4  =  base  in  feet, 

.  ,,  x(x  +  4)  „  „ 

and  the  area  =  -  - =  96, 

or  x^  +  4  X  =  192,  etc. 

26.  The  altitude  of  a  triangle  is  3  feet  longer  than  the 
base.  The  area  is  10  square  yards.  Find  the  base  and  the 
altitude. 

27.  In  a  triangle  the  two  sides  about  the  right  angle  differ 
by  5  feet.  The  area  of  the  triangle  is  150  square  feet.  Find 
the  sides  about  the  right  angle. 

28.  The  area  of  a  triangle  is  81  square  feet  and  the  alti¬ 
tude  is  twice  the  base.  Find  the  base  and  the  altitude. 


29.  The  area  of  a  triangle  is  6f  square  feet  and  the 
altitude  is  28  inches  longer  than  the  base.  Find  the  base 
and  the  altitude. 

30.  The  sum  of  the  two  shorter  sides  of  a  right  triangle 
is  34  feet  and  the  area  is  120  square  feet.  Find  the  base 
and  the  altitude  of  the  triangle. 


31.  The  area  of  a  triangle  is  12  square  yards  and  the 
altitude  is  3  feet  longer  than  three  times  the  base.  Find 
the  base  and  the  altitude.  ^ 

A  trapezoid  is  a  four-sided 
figure  two  of  whose  sides  are 
unequal  and  parallel. 

The  bases  of  a  trapezoid  are  the  two  parallel  sides, 
6  and  c. 
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The  altitude,  a,  is  the  perpendicular  distance  between 
the  bases. 

The  area  of  a  trapezoid  is  given  by  the  formula  ^ 

32.  Find  the  area  of  a  trapezoid  whose  bases  are  12  feet 
and  20  feet  respectively,  and  whose  altitude  is  9  feet. 

33.  The  altitude  of  a  trapezoid  is  10  inches,  its  area  is 
135  square  inches,  and  one  base  is  5  inches  longer  than 
the  other.  Find  the  bases. 


Hint. 

Then 

and 

or 


Let  X 
X  +  5 

the  area 

20  X  +  50 


the  length  of  one  base  in  inches, 
the  length  of  the  other  base  in  inches, 
(x  +  X  +  5)10 


2 

270,  etc. 


=  135, 


34.  One  base  of  a  trapezoid  is  10  feet,  the  other  base  is 
three  times  the  altitude,  and  the  area  is  84  square  feet. 
Find  the  altitude  and  the  other  base. 


35.  The  altitude  of  a  trapezoid  is  one  half  the  shorter 
base,  and  the  latter  is  two  thirds  of  the  other  base.  The 
area  is  160  square  feet.  Find  the  bases  and  the  altitude. 

36.  The  bases  of  a  trapezoid  are  respectively  4  feet  and 
8  feet  longer  than  the  altitude,  and  the  area  is  352  square 
feet.  Find  the  bases  and  the  altitude. 

37.  One  base  of  a  trapezoid  is  14  feet  longer  than  the 
other,  and  the  altitude  is  one  third  the  sum  of  the  bases. 
The  area  is  54  square  yards.  Find  the  bases  and  the 
altitude. 

38.  The  area  of  a  trapezoid  is  20  square  yards,  the  alti¬ 
tude  equals  one  base,  and  the  other  base  exceeds  the  alti¬ 
tude  by  6  feet.  Find  the  bases  and  the  altitude. 

39.  One  base  of  a  trapezoid  exceeds  the  other  by  12  feet, 
the  altitude  is  3  feet  longer  than  five  times  the  shorter 
base,  and  the  area  is  44  square  yards.  Find  the  bases. 
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REVIEW  EXERCISES 

1.  Does  a:  =  7  satisfy  the  equation  —  66  =  0? 

Does  x  =  —  6  satisfy  it  ? 

2.  Give  an  example  of  (a)  a  linear  equation,  (h)  a  quad¬ 
ratic  equation,  (c)  a  cubic  equation. 

3.  Is  zero  a  root  of  the  equation  —  4a:  =  5?  Is  2 

a  root  ?  Is  —  2  a  root  ? 

4.  Give  an  example  of  an  equation  of  the  second  degree. 
Give  one  of  the  third  degree. 

30 

6.  Is  4  a  root  of  the  equation - ^  —  2x  =  4?  Is  3a 

root?  ^ 

6.  What  conclusion  can  be  drawn  from  the  statement 
25(7  X- 35)  =  0?  Explain. 

7.  Solve  2a:^  +  5a:-l-3  =  0. 

8.  Solve  2  +  5  x  =  88. 

9.  Solve  for  x  the  equation  x‘^  —  2ax-{-  ahx  =  2  a^h. 

10.  Given  —  64:t  =  0  and  f  —  64:  =  0.  If  we  solve  the 
second  equation,  have  we  solved  the  first?  Explain  the 
point  illustrated  by  these  two  equations. 

11.  If  ahc  =  0,  what  conclusion  regarding  the  values  of 
a,  by  or  c  can  be  drawn?  What  possible  values  may  exist 
for  a,  by  and  c  ? 

12.  The  product  of  two  numbers  whose  difference  is  4 
equals  357.  Find  the  numbers. 

13.  Four  times  the  square  of  a  certain  number  minus 
four  times  the  number  equals  399.  Find  the  number. 

14.  A  verbal  problem  apparently  easily  solved  may  pre¬ 
sent  an  impossible  situation  and  lead  to  impossible  results. 
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Note  the  following:  A  double-decked  bus  carried  25 
passengers.  Two  more  passengers  rode  inside  than  on  top. 
Find  the  number  of  passengers  riding  inside. 

15.  Nine  times  the  square  of  a  certain  number  of  books 
minus  15  times  that  number  is  176.  How  many  books  are 
there  ?  Is  this  result  possible  ? 

16.  In  Exercise  15  change  the  word  books  to  ''days.” 
Are  the  results  possible  ?  Change  it  to  "  motor  cars.”  Are 
the  results  possible? 

17.  The  area  of  a  square  in  square  yards  and  its  perim¬ 
eter  in  feet  are  expressed  by  the  same  number.  Find  the 
dimensions. 

18.  Find  two  consecutive  integers  whose  product  is  210. 

19.  The  product  of  a  certain  even  number  and  the  second 
odd  number  greater  in  value  is  550.  Find  the  odd  and  the 
even  number. 

20.  The  product  of  a  certain  odd  number  and  the  second 
greater  even  number  is  208.  Find  the  two  numbers. 
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FRACTIONS 

82.  Algebraic  fractions.  In  arithmetic  the  student  learned 
the  properties  of  such  fractions  as  f,  f ,  .2,  .36,  etc.,  and 
how  to  perform  the  four  fundamental  operations  on  such 
fractions.  We  must  now  study  the  properties  of  algebraic 
fractions  and  learn  to  perform  the  four  fundamental  oper¬ 
ations  on  them. 

The  expression  in  which  a  and  h  represent  numbers 

or  polynomials,  is  an  algebraic  fraction.  It  is  read 
divided  by  6,”  or  over  h”  A  fraction  is  an  indicated 
quotient  in  which  the  dividend  is  the  numerator  and  the 
divisor  the  denominator.  The  numerator  and  denominator 
are  often  called  the  terms  of  a  fraction. 

Certain  operations  upon  fractions,  such  as  multiplying 
both  numerator  and  denominator  by  a  number  (raising  to 
higher  terms),  and  dividing  both  numerator  and  denomi¬ 
nator  by  a  number  (reducing  to  lower  terms),  are  often 
necessary  before  the  processes  of  addition  or  subtraction  of 
two  or  more  fractions  can  be  performed. 

The  change  of  a  fraction  to  lower  or  to  higher  terms, 
and  the  addition  and  the  subtraction  of  fractions  in  both 
arithmetic  and  algebra,  depend  on  the 

Principle.  The  numerator  and  the  denominator  of  a  fraction 
may  be  multiplied  by  the  same  expression  or  divided  by  the  same 
expression  without  changing  the  value  of  the  fraction. 
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Thus 

Similarly, 


4 

5 

X 

z 


• 

I  CO 

II 

12 

and 

24  _  24  6  _  4 

5  •  3 

15 

42  42  6  7 

X  •  a  

ax 

and 

X  ^  n  x/n 

m.m  • 

z  •  a 

az 

z  n  z/n 

3  6  d 

Since  ->  and  -  are  each  equal  to  1,  each  of  the  four  pre- 
6  6  a  n 

ceding  illustrations  is  really  a  multiplication  or  a  division  of  a 
fraction  by  1.  This  produces  no  change  in  the  numerical  value 
of  any  fraction,  though  it  may  change  its  form. 


ORAL  EXERCISES 


What  is  the  fraction  obtained  by  multiplying  the  nu¬ 
merator  and  the  denominator  of  each  of  the  following  frac¬ 
tions  by  the  number  on  the  right  ? 


1.  i.  3. 

3.  %  3. 

0 

6.  -f  5. 

X 

7  3 

^■n  +  2 

2  4 

•V  •  '  -i-  • 

4.  %  4. 

6.  — >  c. 
n 

o  a  —  n 

8.  y 

a-\-n 

»  a. 


>  2  n. 


How  is  the  second  fraction  obtained  from  the  first  ? 


1 

3 

,36 

,5  10  a 

9.  g. 

9’ 

5’  10‘ 

9’  18a' 

1 

2 

in  2  6 

7  14  a 

10.  7. 

4 

—  # 

8 

1'^-  rj’  21 

^  •  8  x'  16  ax 

What  fractions  are  obtained  by  dividing  both  the  nu¬ 
merator  and  the  denominator  of  each  of  the  following  frac- 
tions  by  the  number  on  the  right  ? 

3  n 


15.  |.  3. 
o 

16.  3. 

io 


17.  6. 

18.  o. 

Zo 


19.  3. 

20.  — .  n. 
nx 


21. 


n-\-nx 


f  n. 


n-\-  an 

22.  — ! - >  n. 

n  —  an 
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How  is  the  second  fraction  obtained  from  the  first  ? 


23. 


6  2 
9'  3* 


o..  24  3 
32’  4' 


27. 


nx^  X 

2  ^  * 


24. 


12  4 
21'  7’ 


26. 


n 

nx'  X 


28. 


3w' 


n 


9  77^7/'  3 


y 


83.  Reduction  of  fractions  to  lowest  terms.  A  fraction 
is  in  its  lowest  terms  when  no  factor  except  1  is  common 
to  both  numerator  and  denominator. 

Cancellation  is  the  process  of  dividing  the  numerator  and 
the  denominator  of  a  fraction  by  a  factor  common  to  both. 


Examples 


Reduce  to  lowest  terms : 


63  a  W 
84  a¥c^  ‘ 


Solution. 


6 

63  aW_ 

84  aVe‘‘ 

*  /»2 


4 


2. 


4  a^n  —  36  77 


3  a^n  —  18  a77  +  27  77 


4  7/(a  4-  3)(i^^-^)  _  4  g  -f  12 
sk{a  —  3)  ~  3  a  —  9 


The  pupil  should  note  that  a  factor  which  occurs  one 
or  more  times  in  both  numerator  and  denominator  of  a 
fraction  can  be  canceled  only  the  same  number  of  times 
from  each. 

For  reducing  a  fraction  to  its  lowest  terms  we  have  the 


Rule.  Separate  the  numerator  and  the  denominator  into  their 
prime  factors  and  cancel  the  factors  common  to  both. 
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Cancellation  as  used  in  the  rule  means  an  actual  divi¬ 
sion  of  the  numerator  and  the  denominator  by  the  same 
expression.  Therefore  only  factors  which  are  common  to  the 
numerator  and  the  denominator  can  he  canceled. 

The  terms  (the  parts  connected  by  plus  or  minus  signs) 
in  polynomial  numerators  and  denominators,  even  if  alike, 
can  never  be  canceled.  For  example,  it  would  be  incorrect 

to  ''cancel’’  thus:  as  the  resulting  fraction  would 

be  instead  of  the  true  value,  or  y.  Similarly,  in  the 


a  I  X  I  3  t^ 

fraction  — r- —  ^  ^  cancellation  is  possible. 


We  have  seen  that  we  may  multiply  or  divide  both  numera¬ 
tor  and  denominator  of  a  fraction  by  the  same  number  without 
affecting  the  value  of  the  fraction.  But  we  should  never  forget 
that  adding  the  same  number  to  or  subtracting  the  same  number 
from  both  numerator  and  denominator  changes  the  value  of  the 
fraction.  Also,  squaring  both  numerator  and  denominator  leads 
to  a  different  value.  Compare  this  statement  with  the  operations 
that  may  be  performed  on  each  member  of  an  equation  as  given 
on  pages  56-58. 


ORAL  EXERCISES 


Reduce  to  lowest  terms : 


18 

c 

10 

24 

25 

27 

14  a 

36* 

6. 

42  a2 

12 

8  X 

42 

7. 

56 

3  ax 

8. 

9  a^ 

15 

54  a 

60 

13. 

36  a 

90  m^ 

96 

36  a 

14. 

121  X 

84  ax 

77x2 

18  ax 

15. 

144x2 

72 

120  X 

24  ax 

16. 

108  am 

60  a“X 

144  a^m 
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66  xn^ 


17. 


18. 


19. 


110  an 

55  az 
132  aH 

64 

128 


20. 

132  x^ 

23. 

-  14 

26. 

—  363  X  V 

144  x^ 

-21 

—  33  x^y^ 

21. 

-13 

24. 

3  a^x 

27. 

-  45  hV 

39 

—  36  ax^ 

SOhW 

22. 

-12 

25. 

—  14  mV 

28. 

160  sH^ 

18 

120  mV 

25  s^% 

EXERCISES 

Reduce  to  lowest  terms : 


1. 


2. 


3. 


4. 


5. 


6. 


32 

72* 

54 

81* 

a^b 

x^n 

-  • 

xn^ 

an^ 


7. 


8. 


9. 


10. 


11. 


3  a^n 

10  an^x 
5  ax‘^ 

4-  7  a:  —  18 


12. 


15  an^ 
25  aVx 

12  xV 
18  xn^ 

42 

56  aVc^ 
3  a 

3  (X  -p  ^ 

4:  n  —  6 
2 

3  ?xx  +  3 
3 


13. 


14. 


16. 


16. 


17. 


18. 


14  n 


21  +  14 

Sn  —  2 
6  —  An 

—  4 

(x-2)2‘ 


n^ 


2  +  1 


—  1 
—  4 

“(Xi  +  2)2  * 

+  3  —  10 


19. 


20. 


21. 


22. 


x^  —  3  X  +  2 

(x^  —  n^)  (x  +  3  7x) 
(x  +  ny(2  X  +  3  7x) 

n‘^-25 
n"^  —  n  — SO 

X"  —  5  xj/  +  4 
x^  —  16 


23. 


24. 


25. 


26. 


+  4  —  5 

3  ^2  _  3  ^  _  270 

Sn^-  243 

_ x^  —  16 _ 

x^  —  2x^  +  4x  —  8 


n 


+  3  n‘^a^  +  2 


X" 


5  X  +  6 


2  x^  —  12  X  +  18 
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3  —  6  a7^  +  3 

0?  an  — 1 V? 

{x  -  3)^  - 
2  x  -  6  +  2  a 


29. 


0?  —  {h  —  cY 

wm...  ■  .  —  .  .  I  .  I  ■  • 

an bn  —  cn 


4  —  5  —  4  71  +  5 

8W"-10  773+1271-15’ 


Supply  the  missing  terms  in  the  following 

3  ?  15  ?  „  9 

32.  :r7?  = 


31.  -j 
4 


12' 


16  “48 


oo  -  _18  12 

10  ~  ?  ■  32 


6 

? 


? 

—  « 
8 


Change  the  following  to  equivalent  fractions  having  as 
denominators  the  expressions  given  at  the  right : 


12  77  9 

35.  - >  12  m^n. 

m 

O'b  T 

36.  — »  abc. 
c 


m-\-n  „  „ 

37. - ^  —  w. 

m  —  n 


38-  15  +  13  a&  +  2 

o  a  “T"  "  ^ 


84.  Lowest  common  multiple.  The  lowest  common  multiple 
(L.C.M.)  of  two  or  more  arithmetical  or  algebraic  expres¬ 
sions  is  the  expression  having  the  least  number  of  factors 
which  will  exactly  contain  each  of  the  given  expressions. 

If  two  or  more  polynomials  have  no  common  factor 
other  than  1,  they  are  said  to  be  prime  to  each  other. 

The  L.C.M.  of  two  prime  expressions  is  their  product. 

Thus  7  xH  and*  11  at‘^  are  prime  to  each  other,  as  also 
are  3  —  5  x  and  x^  —  16.  But  a^  —  16  and  —  5  a  +  4  are 

not  prime  to  each  other,  since  each  contains  the  factor  a— 4. 


ORAL  EXERCISES 

Determine  by  inspection  the  L.C.M.  of : 

1.  4,  10.  4.  6,  10.  7.  10,  25. 

2.  6,  8.  5.  4,  10.  8.  4,  14. 

3.  6,  9.  6.  10,  15.  9.  7,  14. 


10.  4,  12. 

11.  6,  12. 
12.  8,  12. 
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13.  10,  12. 

14.  2,  4,  6. 

15.  3,  6,  9. 


16.  2,  5,  15. 

17.  3,  5,  10. 

18.  6,  5,  10. 


19.  4,  6,  8. 

20.  6,  8,  12. 


21.  4,  9,  12. 


22.  Give  one  other  common  multiple  for  the  numbers  in 
Exercises  1-10. 


Example 


Find  the  L.C.M.  of  18  15  20  x^y^. 


18  x^y  =  2  •  •  yy 

15  xyi^  =  S  •  5  •  X  •  y^, 
20  x^y^  =  2‘^  •  b  '  x^ '  y^. 


Solution, 


Since  the  L.C.M.  must  contain  each  of  the  expressions, 
it  must  contain  as  factors  2^,  3^,  5,  x^,  and  y^.  If  it  does 
this  it  will  contain  the  other  factors,  2,  3,  5,  x",  y,  x,  and 
and  hence  will  contain  any  of  the  above  numbers. 

Therefore  the  L.C.M.  =  2^  •  3^  •  5  •  =  180  x^y^. 

The  method  of  finding  the  L.C.M.  of  two  or  more  ex¬ 
pressions  is  stated  in  the  following 

Rule.  Separate  each  expression  into  its  prime  factors.  Then  find 
the  product  of  all  the  different  prime  factors,  using  each  factor  the 
greatest  number  of  times  it  occurs  in  any  one  expression. 


EXERCISES 


Find  the  L.C.M.  of : 

1.  18,  24,  36.  4.  54,  75,  96.  7.  n^x,  nx^,  nV. 

2.  25,  30,  35.  5.  7i^x,  nV,  nx^.  8.  4  ri^,  6  nx^,  9  nH. 

3.  24,  36,  44.  6.  an,  n^.  9.  9  n^,  6  12  n^. 
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10.  3  ax,  5  aH,  7  a. 

11.  3  a,  4  6,  6  nx. 

12.  5  x^y,  10  y\  4  x^yz^. 

13.  36  ax^,  42  axy,  63  x^y. 
'  14.  ^n,  v?  —  bn. 


15.  12  an,  3  an^  —  3  a^n. 

16.  —  an,  a^n. 

17.  nx^,  3  n^x,  9  an^  —  6  a^n. 

18.  cx  +  cy,  dx  +  dy. 

19.  3  +  3  x,  6  aw  +  6  ax. 


20.  n^  —  nx,  S  an  —  S  ax. 


21.  ax^  —  9  a,  —  5  x  +  6,  —  4  a:  +  4. 

Solution.  ax^  —  9  a  =  a{x  —  3)(a;  +  3). 


x‘^  —  bx  +  6  =  {x  —  2){x  —  S). 
—  4  x  +  4  =  (x  —  2)  (a;  —  2). 


Tlierefore  the  L.C.M.  =  a{x  —  3)(a;  +  3)(x  —  2)^. 

22.  x^  —  4,  x^  —  X  —  6. 

23.  x^  —  ax,  X?  —  c^. 

24.  —  4,  —  8  w  —  20. 

25.  2  —  2  w,  3  +  15  —  18  r^. 

26.  a^  ah  —  2¥,  ac  —  2hd  2  ad  —  he. 

27.  a^  —  a,a^  —  —  2  a,  o?  —  2  a. 

86.  Equivalent  fractions.  Two  fractions  are  equivalent 
when  one  can  be  obtained  from  the  other  either  by  multi¬ 
plying  or  by  dividing  both  numerator  and  denominator  by 
the  same  expression. 

For  example,  f  and  are  equivalent  fractions;  also 

nx  ,  X 
— ^  and  -  • 
n^  n 

The  lowest  common  denominator  (L.C.D.)  of  two  or  more 
fractions  is  the  L.C.M.  of  their  denominators. 
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Before  adding  or  subtracting  fractions  it  is  necessary  to 
find  equivalent  fractions  having  the  L.C.D. 


Examples 


Reduce  to  respectively  equivalent  fractions  having  the 
lowest  common  denominator : 


1  —  —  jitiH  — 
3^  4f  9* 


Solution.  The  L.  C.M.  of  the  denominators  is  36.  Multi¬ 
plying  the  numerator  and  denominator  of  the  first  fraction  by 
12,  of  the  second  by  9,  and  of  the  third  by  4,  we  obtain  f  f 
and  1^  respectively. 


2. 


3  a  j  5  n 
— 5-  and  ^ — 2* 
4  n^x  6  ax^ 


Solution.  The  L.C.M.  of  the  denominators  is  12  ari^x"^.  By 
inspection  it  is  seen  that  4  n^x  multiplied  by  3  ax  gives  12 
and  6  ax"^  multiplied  by  2  gives  12  an^x‘^.  Multiplying  the 
numerator  and  the  denominator  of  the  first  fraction  by  3  ax  and 

of  the  second  by  2  gives  ^  — -f-n  and  \  »  respectively. 

12  an^x^  12  an^x^ 


Thus, 

and 


3  a  _  3  a  •  3  ax  _  9  a^x 
4  ri^x  4  n^x  •  S  ax  12  an^x^ 

5  n  _  5  n  •  2  _  10 

6  ax^  6  ax^  •  2  12  an^x^ 


Therefore,  to  change  two  or  more  fractions  (in  their  low¬ 
est  terms)  to  respectively  equivalent  fractions  we  have  the 

Rule.  Write  the  fractions  with  their  denominators  in  factored 
form  if  they  are  not  already  so  expressed. 

Find  the  L.C.M.  of  the  denominators  of  the  fractions. 

Multiply  the  numerator  and  the  denominator  of  each  fraction 
by  those  factors  of  this  L.C.M.  which  are  not  found  in  the 
denominator  of  that  fraction. 
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ORAL  EXERCISES 


Transform  to  respectively  equivalent  fractions  having 
the  lowest  common  denominator : 


1  T  i 

A.  2>  4* 

6* 

1 

12* 

11  2  3 

11*  3>  5* 

16.  i, 

4 

9- 

oil 

3* 

7-  h 

1 

9‘ 

12  i  i 

17.  i 

1 

3) 

1 

5* 

Q  1  1 

2>  6* 

8.  i 

1 

5* 

1  q  1  1 

12* 

18.  i 

1 

2) 

1 

9* 

4  1  1 

3^  4* 

9.  i 

1 

5- 

14  1  1 

1^*  10)  15* 

19.  i 

1 

6) 

1 

1  2 

4»  16* 

10.  §, 

1 

2* 

1  ^  3  2 

1^*  10)  5* 

20. 

3 

4) 

1 

5* 

1 

1 

24. 

3  2 

27. 

4  5 

21. 

0  * 

• 

a 

an 

1 

1 

25. 

1  1 

28. 

1  c 

22.  — » 

■  III  ■  • 

a’  h 

6'  d* 

ax 

cx 

2 

3 

26. 

2  3 

29. 

a  c 

23. 

—  • 

X 

a’  ab 

6’  d* 

EXERCISES 

Transform  to  respectively  equivalent  fractions  having 
the  lowest  common  denominator : 


a  X 

.  2  n  S  an  a^ 

X 

„  a  c 

X 

2'  3 

• 

3.  -F 
0 

■’  4 

’  6‘ 

5« 

X 

)  — • 
a 

V  d’ 

V 

2  x 

3  a 

,  1 

1  1 

t 

a  c 

t 

-  —  • 

2 

a 

6’  c* 

6.  - 
n 

)  —  • 

X 

O.  —7)f  — : 

X^  '  X 

'  3 

9. 

3  a 
2Wc 

2h 

3 

12. 

h  —  c 
2a  ' 

a  +  6 

3c 

10. 

3  V 

2 

9  X 

4  71^2: 

)  and 

7 

5 

13. 

2  + 

2  x 

4  + 

4  71 

11. 

a  +  6 
c 

a  —  i 

) 

a 

5 

14. 

a  —  X 

mn 

am  —  X 

’  o 

1 
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15. 


_2 _ ^ 

a  +  3'  a  —  3 


Solution.  By  inspection  it  is  seen  that  the  L.  C.  D.  is  the 
product  of  the  two  denominators,  or  (o  +  3)(a  —  3).  Hence 
the  multiplier  for  the  numerator  and  denominator  of  the  first 
fraction  is  a  —  3,  and  for  the  second  is  a  +  3.  Using  these,  we 
obtain 

2  _2a  —  6  ,  5  _5a+15 

a  +  3  “  a2-9  -  9  * 


16.  I  o  ^  o  * 
a  +  2  a  —  2 

a;  2  X 
x-3^  x  +  3* 


18. 


19. 


a 


n 


a  n  a  —  n 

x-\-2  x  —  2 
x  —  2’  X  +  2 


20. 


X  +  1  x  —  2 
X  —  2^  X  +  1 


01  ®  3  a 

21.  — -• 

X  +  2  x  —  2  X 


Hint.  The  L.  C.  D.  =  —  2)(x  +  2).  Hence  the  numerator  and 

denominator  of  the  first  fraction  must  be  multiplied  by  x(x  —  2),  of 
the  second  by  x(x  +  2),  and  of  the  third  by  (x  2)  (x  —  2) . 


12  3 

22. 


a  b  a -\-b 
c 


CL  ^ 

23. 


24. 


25. 


X  ax  a  +  X 
2  3 


X  -f-  ^  2  X  -j-  6 


n 


ax  +  a^  x-\-  a 


b 

26.  - Ti* 


—  vr  x-\-n 


^  3  X  5  X  X 

x2^'  6  +  3x’  x^‘ 

«o  2x  5  5 

x-3'  x2-9'  x2-5x  +  6‘ 

OQ  ^  ^  ^  +  1  2 

x2-25'  x2  -6x  +  5'  x  +  5‘ 

1  2a- 1  3 

^^*4a2-1^2a  +  l'a‘ 

X  +  1  3  X 

2  X  +  3’  2x2  +  5x  +  3‘ 
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Note.  The  problem  of  operating  with  fractions  presented  great 
difficulties  to  all  the  early  races.  The  Egyptians  and  the  Greeks, 
even  down  to  the  sixth  century  of  our  era,  always  reduced  their 
fractions  to  the  sum  of  several  fractions  each  of  which  had  1  for 
a  numerator.  For  example,  f  would  be  expressed  as  The 

Romans  usually  expressed  all  the  fractions  of  a  sum  in  terms  of 
fractions  with  the  common  denominator  12.  The  Babylonians  re¬ 
sorted  to  a  similar  device,  but  used  60  for  the  denominator.  In 
some  way  they  all  attempted  to  evade  the  difficulty  of  considering 
changes  in  both  numerator  and  denominator.  The  Hindus  seem  to 
have  been  the  first  to  reduce  fractions  to  a  common  denominator, 
though  Euclid  (300  B.  c.)  was  familiar  with  the  method  of  finding 
the  least  common  multiple  of  two  or  more  numbers. 


86.  Addition  and  subtraction  of  fractions.  If  two  or  more 
fractions  have  the  same  denominator,  their  sum  is  the  frac¬ 
tion  obtained  by  adding  their  numerators  and  writing  the 
result  over  their  common  denominator. 


^  .3,2,6  11  .n,3n,5w 

For  example,  _  +  _  +  -  =  and  2  +  -^  +  ^ 


9  n 
~d' 


If  two  fractions  have  the  same  denominators,  their  differ¬ 
ence  is  the  fraction  obtained  by  subtracting  the  numerator 
of  the  subtrahend  from  the  numerator  of  the  minuend  and 
writing  the  result  over  their  common  denominator. 


For  example 


.a  c 
and - 

X  X 


If  it  is  required  to  add  or  to  subtract  two  fractions  hav¬ 
ing  unlike  denominators,  the  fractions  must  be  changed 
to  respectively  equivalent  fractions  having  a  common  de¬ 
nominator  ;  then  their  sum  or  their  difference  is  obtained 
as  explained  above. 

For  example,  to  find  the  sum  of  f  +  f  +  f  we  reduce 
the  fractions  to  respectively  equivalent  fractions  having  the 


i 
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common  denominator  30,  by  multiplying  both  numerator  and 
denominator  of  f  by  10,  of  f  by  6,  and  of  f  by  5.  The  frac¬ 
tions  become  f  and  respectively,  and  their  sum  is 


6  3  __  21 

3  0  >  or  10* 


The  pupil  should  always  reduce  fractional  results  to 
their  lowest  terms. 


ORAL  EXERCISES 
Find  the  algebraic  sum  of : 


1 1+1 

3^3 

„  4  ,  6 
5^  5' 

3.  ^  +  7' 

11  11 

,  A_1 

12  12 

ft  11^1 
18  +  18' 


7.  1  +  1 

n  n 

8. ^  +  “. 

n  n 

,  10  3 

a  a 

n  3 

10. - 

ax  ax 


13. 


14. 


16. 


c 

ax 


a  +  c 
ax 

a  —  n 
3  X 

o?  -\-v?  —  a^ 

'■  ■  ■  I  • "  •  « 

a-\-n  a-\-n 


a-\-  n 
3  X 


11. 


12. 


+  1 
a 

a  —  3 

X 


2 
a 

+1 

X 


a^  —  ax  ,  2  ax 

16. - ^ - - i - 

a  +  X  a  +  X 

^3  _  ^2  2n^ 


17. 


18. 


+ 


72+1  72+1 

2a  +  72  272  +  a 

a  +  a72  a  +  a72 


In  adding  or  subtracting  algebraic  fractions  with  unlike 

a  c 

denominators,  as  -  and  ->  we  proceed  in  a  similar  way, 
as  follows:  ^  ^ 

OL  C 

Multiply  both  terms  of  -  by  z,  and  of  -  by  x.  The  fractions 

X  z 

become  —  and  —  respectively,  the  sum  of  which  is 

xz  xz  ■  xz 

o-  -1  1  ^  ^  ny  t  xd  —  ny 

Similarly, - ;  =  — 7 - which  equals - r— 

y  d  yd  yd  yd 
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Example 


Find  the  algebraic  sum  of 

O  71 

Solution.  The  L.  C.  D.  is  15  an^. 


5  15  a  S  an  5  n‘^  •  S  a  15  a  •  S  an  •  5  n 


9  ax  ,  n^x  —  5  n‘^  _  10  nx  —  5  n^ 
15  an^  15  an^  ■  15  an^ 


—  9  aa;  +  {n^x  —  5  n^)  —  (10  nx  —  5  n^) 

15  an^ 

_  9  ax  +  n^x  —  5  ri^  —  10  nx  +  5 

15  an^ 

_  9  ax  +  n^x  —  10  nx 
15  an^ 

Check.  The  above  solution  gives : 

3x  X— 5_2x  —  n_  9  ax  +  n^x  —  10  nx 
5  n^  15  a  3  an  15  an^ 

Now  let  X  =  1,  a  =  2,  and  n  =  S,  and  we  obtain 
3  1-  5  2-3_18  +  9-30 

45  30  18  270 

6-12  +  5_-3  -1_-1 

90  270  ’  90  90  ’ 

Therefore,  to  find  the  algebraic  sum  of  two  or  more 
fractions  (in  their  lowest  terms)  we  have  the 

Rule.  Reduce  the  fractions  to  respectively  equivalent  fractions 
having  the  lowest  common  denominator.  Write  in  succession  over  the 
lowest  common  denominator  the  numerators  of  the  equivalent  fractions, 
inclosing  each  numerator  in  a  parenthesis  preceded  by  the  sign  of  the 
corresponding  fraction. 

Rewrite  the  fraction  just  obtained,  removing  the  parentheses  in  the 
numerator. 

Then  combine  like  terms  in  the  numerator  and,  if  necessary,  reduce 
the  resulting  fraction  to  its  lowest  terms. 


c 
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EXERCISES 

Find  the  algebraic  sum  of : 


I.t  +  i  3.1^  + 


12 


5.  f  + 


1 1 


7. 


26 


I  _8 _ 

^  39 


1  7 


5  2' 


o  5  I  3^5  I  3  ^  3L  I  i  I  _7_  Q  A  I  _7_  _  A 

2.  6  i~  8  *  114*  4-1-3-1-15.  0*6^12  9* 

n  6  n 

9. 


10. 


11. 


12. 


13. 


5  n  . 

6  n 

CO 

+ 

5  * 

3  n  , 

2  ,  4  71 

5  + 

3+15’ 

X  -f  3 

3x-h5 

6 

8 

bn  — 

4  2  71  -f-  8 

12 

15 

3  X  — 

2  5-x  , 

4 

6  + 

16.“-^  +  A. 

X  a  ax 


i„  2  5  10  x 

*  3  X  ‘  2  4 

tt  -]-  6  2  6  Cl 


18. 


a 


ab 


5  X 


19.  7-  H - 

h  c  a 

on  3  .  4 

20.  “0  -1 - 

n 


8 


3 


14.  -  +  i- 

a  b 

15.  -  + 

a  b  c 


1-^  +  1. 

a‘^  ax 

3.5  6 


22. 


ab  2a^  5  ab^ 


23. - 

n 


24. 


_5 _ X 

2  71^  4 


25. 


26. 


27. 


01 

CO 

1 

00 

1 

K) 

V?  3  77  — 

9  77^ 

4 

6  r? 

71^  —  4 

4«2_9 

,6  —  77 

nx^ 

2  nx 

4-^0* 

5  w 

1 

CO 

5-3^ 

.  4^2-5 

bf 

2t  '  3^2  ■ 

2  n 

3  X  —  2 

4  77X  -h  5 

5  77^X 

10  nx^ 

15  77^X^ 
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x  +  4  _  2  X  —  3 

*x^  —  9  x^  —  5x  +  6 

Solution. 

x  +  4  2x  —  3  _  x  +  4 _ 2  X  —  3 

x^— 9  x^— 5x  +  6  (x  — 3)(x  +  3)  (x  — 3)(x  — 2) 

(x  +  4)(x-2)  (2x-3)(x  +  3) 

(x-3)(x  +  3)(x-2)  (x-3)(x-2)(x  +  3) 

_x^  H-2x  —  8  —  (2x^H-3x  —  9) 

(x  —  3)(x  —  2)(x  +  3) 

_x^  +  2x  —  8  —  2x^  —  3x  +  9 
(x  —  3)(x  —  2)(x  +  3) 

—  —  —  X  +  1  _  1  —  X  —  x'*^ 

(x  —  3)(x  —  2)(xH- 3)  x^  — 2x2  — 9x+18 

(Unless  otherwise  directed  the  denominator  should  be 
retained  in  factored  form  throughout  the  solution.) 


Check,  Let  x  =  4. 

x  +  4_  2x  —  3  _  1  —  X  —  x2 

x2  —  9  x2  —  5x  +  6  x^  —  2x2  —  9x+18 

4  +  4  8-3  _  1-4-16 

16-9  16  -  20  +  6  ~  64  -  32  -  36  +  18* 

8_5^_^  = 

7  2  14’  14  14  14' 

In  checking  work  in  fractions  -we  must  assign  such 
values  to  the  letters  as  will  make  no  denominator  zero. 
This  is  necessary  to  avoid  division  by  zero  (see  page  115). 
For  this  reason  x  in  the  above  check  cannot  be  2,  3,  or  —  3. 


2 

x^  —  3  X  +  2 


30. 


3  H-  ^ 

n  —  3 


4 

—  • 

5 


31. 


+ 


X  —  7  X  +  7 


4  n 
+  nx 


11 

n 


198  NEW  COMPLETE  SCHOOL  ALGEBRA 


„„  Sx-y  5 

9  9  I  * 

X  —  y 

9  5 

x‘^  - 16'^  x^- 9  x  +  20' 


35. 


36. 


3  a:  a-\-2  X 


—  ax 
^  71  2 

+  3 


41. 


42. 


43. 


0?  — 

A  +  l 

2m^4 
7z>  ~}~  3  ■  2 
-\-n'  n 
a-\-x 


37. 


38. 


39. 


40. 


8 

1 

7i^- 25 

-  16  w  +  55 

71  +  2 

2  n  —  1 

71^-25 

71^  —  5  71  +  5 

1 

CO 

2  g  +  4 

g^  —  6  g 

g^  —  8  g  +  12 

g^  —  3  gx  +  x^  3  x  —  4  g 

12 


5  —  71 
+  2  n  +  1 


44. 


g  —  4  X  3  g  —  X 
—  ax  g^  —  2  gx  + 

2x-[-3  ^_i_^  — 

x^  +  3x  — 10  4x  x^  +  5x  • 

x^H-3  2  .  3  ._x  —  g 


x^  —  16  x^  —  4  x^  +  4  X  +  g  x  —  g 


45. 


X  +  ot  3  g 


X 


87.  Changes  of  sign  in  a  fraction.  The  sigTi  of  a  fractioTi 
is  the  plus  or  minus  sign  placed  before  the  line  separating 
the  numerator  from  the  denominator.  Hence  there  are  in  a 
fraction  three  signs  to  consider :  the  sign  of  the  fraction, 
the  sign  of  the  numerator,  and  the  sign  of  the  denominator. 

Now  in  division  the  quotient  of  two  expressions  having 
like  signs  is  positive,  and  the  quotient  of  two  expressions 
having  unlike  signs  is  negative. 


Therefore 
+  12 


+ 


+  3 

-  12 
+  3 


+  4; 

-  (-  4) 


+ 


=  +  4; 


+ 


+  g 
+  5 


=  + 


-12 

-  3 

+  12 

-  3 

-  a 


-  h 


=  +  4; 

=  -  (-4)  =  +  4. 
—  g _  +  g 


Or,  in  general  terms, 
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These  examples  illustrate  the 

Principle.  Without  altering  the  value  of  a  fraction  the  fol¬ 
lowing  changes  in  sign  may  he  made: 

(a)  The  sign  of  the  numerator  and  the  sign  of  the  denominator. 

(b)  The  sign  of  the  numerator  and  the  sign  before  the  fraction. 

(c)  The  sign  of  the  denominator  and  the  sign  before  the  fraction. 

Hence  any  fraction  may  be  written  in  at  least  four  ways, 
if  proper  changes  of  sign  are  made. 

rp,  4a  4a_  — 4a_  4a 

2-3x~3x-2~“2-3x“"“3a:-2‘ 

Similarly, 

a  —  2n  _  2n  —  a 
Sx  —  —  Sx-\-y  —  z 

_  2n  —  a  _  a  —  2n 
3  X  —  7/ +  2:  —Sx-\-y  —  z 

The  pupil  should  note  particularly  that  changing  the  sign 
of  the  numerator  involves  a  change  of  sign  in  each  term  of  the 
numerator.  Similarly,  a  change  of  sign  of  the  denominator 
involves  a  change  of  sign  in  each  term  of  the  denominator. 

Multiplying  one  factor  of  an  indicated  product  by  —  1 
changes  the  sign  of  every  term  of  the  expanded  product. 

Thus,  (n  —  S){n  —  4c)  =n^  —  7  n-\- 12. 

Multiplying  the  terms  of  the  factor  —  3  by  —  1,  we  have 
{S  —  n){n  —  4:)  =  —  -{-  7  n  —  12. 

Multiplying  two  factors  of  an  indicated  product  by  —  1 
does  not  change  the  sign  of  the  expanded  product. 

As  before,  (n  —  S){n  —  4:)'=  —  7  n  12. 

But  (n  —  3)(—  l)(n  —  4)(—  1)  =  (3  —  ?z)(4  —  n) 

=  —  7  +  12. 
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From  these  illustrations  it  follows  that  changing  the 
sign  of  an  odd  number  of  factors  in  an  indicated  product 
changes  the  sign  of  .every  term  of  the  expanded  product, 
but  if  the  sign  of  an  even  number  of  factors  is  changed  the 
sign  of  the  expanded  product  is  not  changed. 


EXERCISES 


Write  as  equivalent  fractions  in  three  other  ways : 


1. 


5. 


—  2x 

■  ■  ■  '  I  • 

a  —  b 


a  —  b 
Sx  —  2 


2. 


8. 


a  —  X 
—  f 


a  —  3 

x^-2x-12' 


3- 
2x-5 


Write  so  that  the  letters  are  in  alphabetical  order  in  the 
factors  of  the  denominator  or  so  that  the  letter  precedes 
the  number  if  but  one  letter  occurs  in  a  factor : 


11. 

3 

15. 

(3  —  x)  (x  +  4) 

12. 

4 

16. 

(a  +  6)  (6  —  a) 

13. 

-5 

17. 

(x  +  5)  (7  —  x) ' 

14. 

-6 

18. 

(a  —  c)  (c  —  a) 

a  —  X 

{x  —  a)  (x  —  c) 

—  X  —  3 

(5  —  x)  (—  3  —  x) 

_ -7 _ 

(a  —  b){b  —  a)  (c  —  a) 

_ -8 _ 

(3  —  a)  (6  —  a)  (c  —  a)  ’ 


Perform  the  indicated  operation : 


-3  3 

-5  5- 


Hint.  Rewrite  so  that  the  common  denominator  is  x  —  5. 
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20. 


n 


X 


X  —  n  n  —  X 


n  —  a 


a  —  n 


22.^  +  |ii£+ 


23. 


2  —  n  n  —  2  2  —  n 

X  X‘^  4:  X 


Hint. 


X 


S  —  X 
+  4  X 


—  9 

—  X 


x^  +  4  X 


3  —  X  (x  —  3)  (x  +  3)  X  —  3  (x  —  3)  (x  +  3) 


etc. 


24. 

3 

5 

26. 

1 

1 

2  —  X 

25. 

x  +  1 

5  —  X 

X  —  1 
x2-25 

27. 

x  +  4 _ 3  2 

— 5a:  +  6  3  — a:'2  — x’ 


x"^  —  tx 


28. 


^  3 


X  t 


—  4aa:  +  3a2  Za  —  x  a  — x 
t  3 


29. 


—  8^  +  15  5  —  ^  3  —  ^ 

2  1 


(a  —  b)  (a  —  c)  (a  —  6)  (c  —  a) 


^  ^  4 

(w-3)(7i-4)  ~  ■(3^^n)(4“=^) ' 

_  6  -  8 
'  (a  —  7)  (a  —  c)  (7  —  a)  (c  —  a) 

X  —  3  2x  —  5 
x2  -  5  X  +  6  9  -  x2  * 

3x-l *  3x-7 

’x^  —  9x  x^  —  6x  +  9 


2a- St  It 

a2-5a^  +  6i2 


-  10  a;  +  24 


1 

6  X  —  x^  —  8 


+ 


3 

(6  —  x)  (2  —  x) 
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88.  Reduction  of  a  mixed  expression  to  a  fraction.  The 
mixed  number  4f  really  means  4  +  f .  It  is  equal  to 
Y  +  f ,  or  +  f ,  =  The  corresponding  case  in  algebra 


is  a  H — 
c 

Now, 


,6  a  ,  b  ac  ,  b  ac  +  6 

a  +  -  =  Y  +  -  =  — h-  = - 

c  1  c  c  c  c 


Similarly, 

,  o  \  ^  +  2  ,  3  _  {n 2)(n  —  2)  3 


—  4  +  3  —  1 

.  . .  .1  — —  ■.  • 

ri  —  2  —  2 

The  process  involved  in  this  operation  is  nothing  more 
than  the  addition  of  two  fractions,  one  of  which  has  the 
denominator  1. 

ORAL  EXERCISES 


Reduce  to  fractional  form : 

1.  2  Y*  4.  5 

2.  3  +  4- 


4 ' 

5 


3.  4  +  f . 

13.  !  +  -• 

X 

14.  2--- 

a 

15.  X - 

X 

16.  n-~ 

2  X 

17.  a:  H — 

n 


6.  6  +  y. 

6.  8  -f- 

19.  1  - 


7.  3  +  ^2' 

8.  4  -  f . 
9.5-f. 


10.  6  -  f . 
11. 1-2. 


5 
1  4 


18.  2  0/  -\- 


3  X 
2  a 


20.  +  ^2 

21.  X, 

22.  X"  -  I  ^ • 


23. 

24.  3  + 


.3. 

2 


25.  4- 


12.  3- 
3 

n  —  2 


3. 


X  +  1 


26.  ic  -j“  1  ”h 

27.  X  -  2  + 

« 

28.  X  —  3  ~j“ 

29.  w  +  4  — 

30.  w  —  5  — 


a;  —  1 
2 

a;  +  2 
1 

X  +  3 
16 

—  4 

72  —  4 
10 

72  +  5 


4 
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EXERCISES 

Write  as  fractions  and  simplify  results : 


1  1  ^ 
1.  a  H — 

X 


5.  d  —  3  -|- 


a 


2.  6- 


h  ' 


6  +  1 


6.  2  cc  3  — 


2  X 


_  X  +  2  ,  - 

9.  X - -f- 1. 

X  —  2 

—  f' 


10.  w  -  ^  + 


3.  m  +  w  + 

4.  a  +  X  — 


n 

m 

a 

• 

X 


7.  6 


6  +  3 


-  3.  11. 


13.  Ifl  —  t  -\- 


14.  2  TZ  —  X  — 


16.  x^  +  X  +  1  — 


S.  n  — 2  — 

—  A  f 
n  + 1 

+  x^ 

2  +  X 

x^  +  2 


2  n 
n  —  S 

17. 


12. 


u  -|-  2 
2  cb  \ 

x^  + 


Sx  —  n 
a  a  — 2 


n-^t' 

-\-2  Cb  —  1. 

+  3  X  +  ??-. 


8 


a  —  2  a  +  2  a^  —  4 

6 


X 


19. 


62-l'6  +  l  1-6 


3  a 


a  1 


2  +  6  6-2  '62-4 


x^  +  2/' 


X 


16.  x2  +  ^2  _  —  xy,  20.  „  7  i~  + 


2x' 


2  X 


x  +  2/ 


X+l  x2— 1  X— 1 


fti  2  I  X"^  +  3  x2  +  1  ^ 

21.  x2  +  X - :+ —  ,  +  1. 


22 


X2  —  X  +  1 
•  (2®  +  ^“+2)“(®  +  ^~+4)‘ 


Hint.  Removing  parentheses, 


2  o  +  3  -  -  a  -  1  +  T-l-r  =  a  +  2  -  +  -4-7 ,  etc. 


a  —  2 

23 


a  +  4 


a  —  2  a  +  4 
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25. 

26. 


2n  \ 
x  —  y) 


2  71  —  3  ^  “1“ 


Sn 

2  71  1 


471  \ 

71 - i - )• 

x  +  y/ 

)  -j-  ^3  71  -|“  2 1  — 


27. 

28. 

29. 


m 


+  71 - —)-(7n-7i  + 

771—  71/  \ 


71 


71  — S 


Sti  ^ 
72-  “1“  3/ 


-U  +  3  + 


771  +  71/ 

Sti  \ 


ax  +  a  — 


a 


X  +  h 


71  — S/ 
(ax-a-j^) 


89.  Multiplication  of  fractions.  In  algebra  as  in  arith¬ 
metic  the  product  of  two  or  more  fractions  is  the  prod¬ 
uct  of  their  numerators  divided  by  the  product  of  their 
denominators. 


Thus, 


1  _4_  —  11 
5  *  11  “■5  5* 


Similarly, 


a  c  _ac 
h’d~hd' 


and 


In  like  manner. 


a  _n  a  _na 


If  a  factor  occurs  one  or  more  times  in  any  numerator 
and  in  any  denominator  of  the  indicated  product  of  two 
or  more  fractions,  it  should  be  canceled  the  same  number 
of  times  from  both,  thus  giving  the  product  of  the  several 
fractions  in  lower  terms. 

a  .  ^  _  a 
?c  n  n 


Thus, 
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Example 


2 


To  find  the  product  of  two  or  more  fractions  or  mixed 
expressions  we  have  the 

Rule.  If  there  are  integral  or  mixed  expressions,  reduce  them  to 
fractional  form. 

Separate  each  numerator  and  each  denominator  into  its  prime 
factors. 

Cancel  the  factors  common  to  any  numerator  and  any  denominator. 

Write  the  product  of  the  factors  remaining  in  the  numerator  over 
the  product  of  the  factors  remaining  in  the  denominator. 


ORAL  EXERCISES 


Find  the  product  jof 


15. 


—  4  6  X 

3  a:  g  —  2 

3  a:  +  ^ 


X  c 


nx  Sx  —  n 


7.  Q —  •  — • 
2  a:  g 

^  2_n 


a  X 


9.  — 2  •  —  • 
a 


n 


14. 


—  x^  a 

14. - -  — r 


a  a-\-x 
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EXERCISES 


Find  the  product  of 


1  s 
!•  9  * 

1  2 

20* 

4. 

13  14 

•  5  • 

7.  If  •  4f . 

0  5 

2  1 

1  4 

*  25* 

5. 

9  1  1  5 

Q  0  3  15 

O'  ^5  *  2  6* 

CO 

• 

• 

f -10. 

6. 

117  94 

ll  8  •  -^^7. 

9.  if  •32- 

1  4 

24 


10. 


11. 


12. 


13. 


10  aV  12  n 


15 

7a3 

6  an 

12  0:^2/ 

9  a: 

16  n 

25 

4 

6 

5  a:' 

/2  a^Y 

9  a 

V3  a/ 

X 

/2 

^  10  n 

15. 


5  ax  6  nx 
bV 


n^a 


X' 


,  ^  a  a^x 

16.  ^ 


17. 


b 
16 


ax 

12 


15  na^ 


9  40  4 


_  /2yY  12  ¥  0  5  3 

(3  bz)  '  16  c‘^yz‘^  •  8  c  2  . 


19. 


20. 


X  /  n  Y 
4  '¥\2  x) 

2  x^^ 


3i. 


n 


2  n' 


X 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


X 


^3  o' 


{2xy  V 

X  /  V3/  ‘ 

6n/-2 

xy/9 

CO 

/  Ux/ 

7^  +  2  n 

^  —  4  ?^  +  4 

n  —  2 

1 

1 

a-\-x 

¥  —  X? 

a  —  X  a/ 

^  +  2  ax  +  x^ 

7j2-4  ^ 

\n-\-6 

?^  +  3  Sn  —  6 

x  +  7 

3x-15 

25 

ax  +  7  a 

3  a:-  12 

a^x  +  3  a^ 

aa:  +  3  a 

nx  —  4:  n 

5a  +  5c 

an^  —  cn^ 

an  —  cn 

a^  +  ac 

2  n^  6 

10  x^ 

5  a:^ 

3  7^2 +  9' 

X?  —  X  — 

6  X  +  2 

a;2  —  4 

X  —  3 

a:2-16 

x^  -1-x  — 6 

2  a:2  -  18 

x^  +  X  —  20 
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H,,T. 

3 X  \/.  3 


33.  +  j— 


—  2a  +  l  a  +  1 
a  —  1 


etc. 


2  X/ 


4- 


1  — 


(Itl  +  ^  ^  +  rfjs)' 


35. 

36. 


9 


3  -  54  71  +  51 

ax^  +  2  ax  +  4  a 


6  X2/ 


(i+?-4)- 

V  n  wl 

12  xV 

3  x^  +  6  X  +  12 


3- 


2  —  Xy 


/I  .  1  30\/  ,  20-9a  , 


39.  \7i  -|“  3  -|“ 


5  —  a 
5  a"^  +  5  a^ 


v3  a2  -  33  a  +  84 
n-S\/.  ^  21 


1_5  ,  4' 

a  ^  a^j 


3  77  +  5. 


4  —  3  77  — 


77  +  4/  V2  77  +  2/ 


90.  Division  of  fractions.  In  arithmetic,  f  -J-  y  =  f  •  t 

.1 .4  —  7  pn^  ^  _j_  Q  —  ^  _ 3—  Al<?n  —  -s-  _ —  -i-  — 

2  0  —  1  0>  7~®~7  8~56*  7  .  ^^<4  —  7  .  4 

5  4  _  20 

7*11  —  77* 


Similarly, 


a 


b  *  d 


a  d  ad  .a  ala 

j-  •  -  =  -7-,  and  j--^n  =  T'-  =  j—> 
h  c  be  b  b  n  bn 


ad 


cd  +  77  6cd  +  bn 


For  division  of  fractions  we  have  the 


Rule.  Reduce  all  integral  or  mixed  expressions  to  fractional 
form. 

Then  invert  the  divisor,  or  divisors,  and  proceed  as  in  multipli¬ 
cation  of  fractions. 
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Note.  Inverting  the  divisor.  The  student  of  algebra  will  remem¬ 
ber  that  in  arithmetic  the  divisor  is  inverted  in  division  of  fractions, 
but  he  may  fail  to  recall  just  why.  It  is  worth  while  for  anyone  to 
understand  thoroughly  this  particular  step  of  the  process  of  division 
of  fractions  and  why  division  is  then  replaced  by  multiplication.,  In 
a  book  on  arithmetic  the  explanation  could  be  made  clear  by  ana¬ 
lyzing  the  solution  of  a  simple  problem  like  8  ^  f .  To  see  just  why  the 
divisor  is  here  inverted  consider  first  1  ^  f  •  This  last  requires  that  a 
unit  of  one  kind  (unity  itself)  be  divided  by  three  units  of  a  different 
kind  (fifths).  Any  difficulty  of  this  nature  is  avoided  by  reducing  the 
number  1  to  fifths ;  then  1  ^  |  becomes  |  -r-  f ,  and  the  problem  is 
transformed  to  that  of  dividing  three  units  of  a  certain  kind  (fifths) 
into  five  of  the  same  kind.  This  can  be  done  directly  and  we  have 
f  -i-  f  =  f .  But  the  answer  f  is  f  inverted.  This  means  that  to 
find  how  often  f  is  contained  in  the  number  1  we  merely  invert  it 
and  obtain  f .  Obviously  f  is  contained  in  2  twice  as  often  as  in  1, 
in  3  three  times  as  often,  and  in  8  eight  times  as  often,  etc.  Hence 

Q  .  3.  _  Q  v  5  _  4il 

0—5  —  0X3  —  3-. 

In  the  general  problem  n  -i--  we  may  as  before  write  1  -7-  -  =  -  -f- 

C  0  c 

0/0  O  C  •  • 

-  =  -.  That  is,  -  is  contained  in  the  number  1,  -  times.  In  n  it  will 

c  a  c  a 

be  contained  n  times  as  often  as  in  1.  Hence  n-i--  =  nx-  =  —' 

•  c  a  a 


EXERCISES 

Perform  the  indicated  operations : 


1. 

2. 


3. 


3  4 

2  '  7* 

A_ 

51  *  17* 

23  115 

39  *’  26  ’ 


5. 


6. 


a  _c 


8. 


a  ^  0? 
h  '  be 


FRACTIONS 


209 


9. 


3  ab 

X 


10.  -  -J- 


ac 

-i- - 1 

4  nx 
2  a 


17. 


18. 


10  a¥  5  b 


21 

/3  aV 


11. 


n  vr 


-5-  7r-9  14  a^6. 

3 

/3a^^ 

^  x^ 


X/ 


a  X  an 

12.  r  -i - 5- 1—2 

b  n  bx^ 


6  an^ 
2 


19. 


\2  X/ 

Hint.  See  Rule,  p.  207. 

/5w^V 


256 


(8 


13. 


3  an  6  o^n  10  an‘^ 


4  bx 

1.  15 

4  • 

12 


15. 


16. 


10^2  ■ 
(4  71^)2 


12 


3  ¥x  '  8  ex 

5  a  (3  7i2)2 
12  a^  ’ 

4  ax 
Tbf' 

(2 

I  I  ■  I i.i  « 

6 


a^ 

20.  — 

X 


2  n^ 

6jl_ 

'5x  ■ 

■  O'- 


21. 


22. 


X 

a/ 

2n-l 
15  ax^ 

1  —  x^ 


23. 


24. 


s-iT2)*(«'- 


x2  _  16  *  x2  -  7  X  +  12 

n^  —  n^  —  12n  ^  3 
—  4ri  +  4  ’  4  — 

+  3/ 


/  71^  \  /2wx  +  x2  \ 

’  \  71  +  X/  \  77  +  X 


26. 


27. 


71  +  X/  \  77  +  X 

^77  9  _j_  / _  81  a^\ 

Ka  77  /  \4  4  77^  / 


X  /  \  X  x^/ 


+  3 


4  77^  —  1 

(iTfr)  ^  +  2). 

a  +  77  \ 


nx 


(77  a)  '  (2  a^  —  2  an/  2  (a  —  77) 
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31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 


9  71^-4  '371-2^  +^  + 

4  _  4  7^4  2  +  2 


4  —  25  71^  *  2  71  —  5 


3  71^  + 


3  nJ 

Sin?  —  m?'' 
77—1  / 


'3K=-76n)  +  (2  +  ^  +  |)(6«-ll 

'—6a  3\  /  3 

.a"  -  " 

4- 


w 


4  '  2-a 
6 


a  ~f- 1 
2  X  X 


-  8- 


\a^  —  a  —  6/ 

4a-8\ 

a^-l/ 

'3  a:  2  a: 


X  —  2  X  —  1/  \x  —  3  X  —  2/ 

8  4  \  _ 

/  \m  —  X  777  +  X/ 

3  \ 


kTYI  —  X  x^  —  w? 


^  -5  2  ^ 

.X^  —  4  2  —  Xy 


-  2  + 


X  —  2/ 


91.  Complex  fractions.  A  complex  fraction  is  a  fractional 
expression  containing  one  or  more  fractions  either  in  the 
numerator  or  in  the  denominator  or  in  both. 


Example 


Simplify 


X 


—  X 


^  ^  1 

x3  +  x2  X 


Solution.  Reducing  the  numerator  and  denominator  to 
simple  fractions,  iq  _  ^2 
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Performing  the  indicated  division, 

16  —  ^2 

_ ^ _ (4  —  a;)14H=^gr.  ^ 

24  +  10  (^  +  ~  x  +  6  * 

x^ 


Check.  If  we  let  x  =  2, 
16 


X 


—  X 


4  x^ 


X‘ 


^  ^  1  x+6 

X^  X^  X 

or 


becomes 

6_8 
6  8* 


16 


-2 


,  10  ,  1 
8  4  "^2 


4-4-8 
2  +  6  ’ 


For  simplifying  a  complex  fraction  we  have  the 

Rule.  Reduce  the  numerator  and  the  denominator  each  to  a  simple 
fraction.  Then  multiply  the  numerator  by  the  inverted  denominator. 


EXERCISES 

Simplify : 


9. 


3_^ 

a 


a 


13  +  — 
a 


c 


1  0-1  © 
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l-{-x 


10. 


X 


1-^ 


X" 


12. 


y 

X 


8  X 

~V 


-2 


,  y  20  X 

"^x  y 


14. 


1 

¥ 


a  ^  6 


a 

c'^  6* 


1  + 


X 


13. 


x-y 


X 


x-y 


x  + 


15. 


X  +  2 


x  + 


X  —  2 


+  2 


16. 


(x  —  2  ay 
4  ax 


+  2 


2  + 


X 

a 


21. 


(x  +  5  o 

10  XI/ 

1_5 

y  X 


X 


17. 


1  +  X 


1  —  X 

X 


X  1  —  ^ 


1  +  X 


X 


a  3  6 


22. 


3  6  a 


46 
a  +  6 


-1 


+  6^ 


—  2a 


18. 


1- 


a 


23. 


10 +  - 
X 


(a  —  10  x)‘ 
20  ax 


+  2 


19. 


2x^1/ 


'  +^.+  ' 


5  1/^  2  X2/  5  x^ 


a  + 


^2 


24. 


a  —  2t 


a 


2f 
a  1 


20. 


a^  a" 


12 

a^ 


9 

a  — 
a 


8  a  — 


26. 


(3  g  +  2  x)^ 
3  X 


'3  a  +  4  xV  6  X 


3  a 


Y_^ 
/  a 
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REVIEW  EXERCISES 

1.  How  are  fractions  added  when  they  have  the  same 
denominators? 

2.  Is  y2  +  T2  +  tV  operation  of  the  type  referred 
to  in  Exercise  1? 


3.  State  an  exercise  of  this  type  involving  letters  only. 

4.  In  finding  the  sum  of  f  +  f ,  why  is  it  not  correct  to 
add  the  denominators  for  the  denominator  of  the  result? 


5.  State  the  principle  on  which  the  changing  of  fractions 
to  equivalent  fractions  in  higher  or  lower  terms  depends. 

6.  What  are  equivalent  fractions? 

7.  When  we  write  f  -f  ^  on  what  fundamen¬ 

tal  principle  is  the  equality  based  ? 

8.  If  3  is  added  to  the  numerator  and  the  denominator 
of  will  the  value  of  the  resulting  fraction  be  equivalent 
to  ^?  If  3  is  subtracted? 


d/  G/ 

9.  If  - — o  is  transformed  to  what  operations  are 

•JC  O  oc 

really  performed?  Does  this  change  the  value  of  the 
fraction  ? 

•C  I  0/  oc 

10.  If  —  is  changed  to  15— >  what  operations  are  really 

Sy+a  ^  Sy  ^ 

performed  ?  Has  the  value  of  the  fraction  been  changed  ? 

11.  Mention  an  error  which  must  be  avoided  in  simpli¬ 
fying  the  fraction 


a 


2  X  +  4  — 


x  —  2a 
a 


12.  Give  an  example  of  a  mixed  number;  of  a  mixed 
expression. 
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13.  Why  is  it  desirable  to  write 

1 


+ 


in  the  form 


(a  —  x){x  —  h)  {x  —  a)  {b  —  x) 


(a  —  x)(b  —  x)  {a  —  x)  {b  —  x) 

before  adding?  By  the  use  of  what  principle  is  the  second 
form  of  the  fractions  obtained  ? 

14.  State  the  arithmetic  method  of  multiplying  f  by  y. 
Is  the  process  the  same  for  algebraic  fractions? 

15.  State  the  arithmetic  method  of  dividing  5  by  y.  Is 
the  process  the  same  for  the  division  of  algebraic  fractions  ? 

16.  What  is  a  complex  fraction  ? 

17.  How  can  the  numerator  of  a  complex  fraction  be 
distinguished  from  the  denominator?  Consider 

a 

mmm  • 

b 

c 

Which  is  the  numerator?  the  denominator? 

18.  How  is  a  complex  fraction  simplified  ? 

19.  In  simplifying  complex  fractions  like  those  on  page 
211,  which  of  the  four  fundamental  operations  must  be 
performed  first?  Which  one  is  performed  last? 

1 


20.  In  what  two  ways  may 


21.  Simplify 


4  -  (f 

2  +  f 


(!)! _ 

(!)  +  i 


be  simplified  ? 


in  the  shortest  way. 


CHAPTER  XVII 


EQUATIONS  CONTAINING  FRACTIONS 

92.  Equations  containing  fractions  with  monomial  denomi¬ 
nators.  If  fractions  are  involved  in  one  or  both  members 
of  an  equation,  it  is  necessary  to  find  a  number  or  a  literal 
expression  by  which  one  may  multiply  both  members  in 
order  to  get  rid  of  the  fractions.  (Compare  Example  1, 
p.  216.)  This  process  involves  the  application  of  Axiom  III, 
p.  57,  which  is  the  only  principle  employed  in  this  chap¬ 
ter  that  has  not  been  used  repeatedly  in  the  earlier  work 
with  equations. 

Especial  care  is  required  to  avoid  errors  when  a  frac¬ 
tion  which  has  two  or  more  terms  in  its  numerator  is 
preceded  by  a  minus  sign. 


ORAL  EXERCISES 

Solve  for  x,  stating  what  operations  are  necessary : 

1-’=' 


X  o  _ 
8 

2X-1-4 

5 

3  X  —  6 


coi 

II 

• 

• 

II 

• 

9. 

00 

II 

II 

CO 

• 

CO 

10. 

^  Q 

7~^- 

«  ^  ^  a 

7.  -E-  =  b. 

5 

11. 

8.  ^  =  10. 

12. 

10 

7 

215 

=  0. 


=  0. 
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13.  =  0. 


14. 

15. 

16. 

17. 

18. 


2 

x-\-l 
2 

x  —  1 
“3“ 

x  —  2 
4 

3  X  +  2 


2 

5  X  +  2 


=  3. 

=  1. 

=  5. 

=  4. 


=  4. 


19.  -  =  2. 

X 


20.  -  =  1. 

X 


21.  -  =  5. 

X 


22.  -  =  8. 

X 


23. 

24. 


2  X 
5  X 


=  5. 
=  15. 


25. 

26. 

27. 


X  +  1 
5 

x—1 

3 

X  +  1 


=  1. 
=  1. 

=  4. 


28.  4  = 

29. 


X  —  3 
2  1 


X  + 1  X 


30.  -  =  — 
X  a 


31.  Using  the  least  multipliers  possible,  clear  of  fractions 
Exercises  1-10  on  page  215. 


Examples 

1.  Solve  the  equation  ^  —  ^  =  9. 

Solution.  Multiplying  both  members  by  35  (L.  C.  M.  of  the 
denominators)  and  canceling,  we  obtain 

14x-5x  =  315.  • 

Then  9  x  =  315, 

or  X  =  35. 

Check.  Substituting  35  for  x  in  the  given  equation, 

7  0  _  3  5_  _  q 
"5  -j  — 


14  -  5  =  9. 
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Solution.  Removing  the  parenthesis, 


X  n  ,  12  X  ,  IS  .. 
o  ~  6  +  +  -^  =  14. 

o  5  5 


Collecting, 


X  .12  X 


82 

5 


Multiplying  by  15  (the  L.  C.  M.  of  the  denominators)  gives 

5  a;  +  36  a;  =  246. 


Then 

41  a:  =  246, 

or 

a:  =  6. 

Check. 

6  3-6 

3  5  ' 

(^0_4)  +  3i  =  14. 

2  -  6  +  ^^-  +  V  =  14. 

-  4  +  18  =  14. 


For  solving  equations  containing  fractions  with  mono¬ 
mial  denominators,  we  have  the 


Rule.  Free  the  equation  of  any  parentheses  it  may  contain. 
Find  the  L.  C.  M.  of  the  denominators  of  the  fractions  and 
multiply  each  term  of  the  equation  by  it,  using  cancellation  wher¬ 
ever  possible. 

Transpose  and  solve  as  usual. 


EXERCISES 


Solve  and  check : 

1  ?  =  14 

2^5  .  * 

3,^  +  ^  =  19. 


4. 


5. 


3  a:  — 


5  X 


XXX 

2“^3'^4 

1  +  2  3 

X  a:  a: 


=  8. 
=  9. 
=  3. 
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7. 

8. 


X  +  4 


X 


=  5. 


2  5 

3x  +  l  ,  5x  —  1 


+ 


6 


=  8. 


6  12  +  ^_4 

t  St  “3 


13. 

14. 

15. 


t-5 


7 

16 


^  +  4 

2  ^  -  3  17 

3^-2  “28' 

2  1 


10. 


t 


3^  ^6  4^ 


11.  5^  +  7-4^  3-  -  =3.  17. 


t-S  t-5 

t-.6^1 
t  .4:  6 

.2  if  -p  4  .3  ^ 


12. 


3  +  2^_  1 
2^-3“4 


18. 


5  6 

^  “P  5 _ ^  -p  4 

t-^^  t-S 


19. 


5t 


-3  3  5 

^  +  4«-l)-2' 


2) 


3  <  -  16  1-t 


21. 


<-3_  <  +  5 
^  —  4  ^  -p  2 


X  -p  3  Q 
22.  — —  =  X  —  2. 


23. 

24. 


X  —  5 

x  +  5 
X  —  3 

X 


5  X  +  1  ,  o  o 

26. - ttt  +  8  =  2  X. 


X  +  1  ■  X 
X 


=  X  —  4. 

+  1 


25.  8  + 


30. 


=  X  — 


X  +  3 
X  +  1 

7 


27. 


28. 


X  —  11 

^  +  4  _t  3  ^  4- 10 
6^-2“2'^  6 

^“p2  .  ^-p3 _ ll^-p28 


X 


X  —  9  X  —  9 

3x  X  —  3_19  x4-4 

“6  S~~~S 


29. - p  72-  —  1  -p  X. 

n  * 


-p  10  X. 


3i.^  +  12(3«+l)^g4.2)  +  40  +  ^. 
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32.  2  

„„  /  5X-15  ,  2(a;  +  2)  _  5(a:  -  1) 

33.  4  4  3  ~  6 

34.  — —  —  d  71. 
n  a 


37.  -  +  — +  aw  =  6n  +  a6  +  j- 

d  7h  0 


PROBLEMS 


1.  One  sixth  of  a  certain  number,  plus  |  of  the  same 
number,  equals  21.  Find  the  number. 

2.  The  difference  between  |  of  a  certain  number  and  y 
of  the  same  number  is  6.  Find  the  number. 

3.  The  sum  of  two  numbers  is  216.  One  tenth  of  the 
greater  number  equals  f  of  the  less.  Find  the  numbers. 

4.  The  width  of  a  rectangle  is  f  of  its  length.  The 
perimeter  is  200  feet.  Find  the  area  of  the  rectangle. 

5.  What  number  must  be  added  to  the  numerator  of 
the  fraction  ^  so  that  the  resulting  fraction  will  be  y  of 
the  number  added  ? 

6.  Three  fourths  of  a  certain  integer  is  y  the  sum  of  the 
next  two  consecutive  integers.  Find  the  first  integer. 

7.  A  certain  even  integer  divided  by  3  is  10  less  than 
y  of  the  sum  of  the  next  two  consecutive  even  integers. 
Find  the  first  integer. 
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8.  What  number  added  to  both  terms  of  the  fraction 
yt  gives  a  fraction  whose  value  is  f  ? 

9.  Separate  96  into  two  parts  such  that  ^  of  their 
difference  is  5. 

10.  Separate  176  into  two  parts  such  that  their  quotient 

•  o 

IS  t. 

11.  There  are  two  numbers  whose  sum  is  52.  If  their 
difference  is  divided  by  their  sum,  the  quotient  is 
Find  the  numbers. 

12.  The  weight  of  Mars  is  approximately  9  times  that  of 
the  moon,  and  the  weight  of  the  earth  is  about  that  of 
the  moon  and  Mars  combined.  Find  the  weight  of  the 
moon  and  of  Mars  in  terms  of  the  earth’s  weight. 

13.  A’s  age  is  of  B’s  age.  In  4  years  A’s  age  will  be 
2^  of  B’s  age.  Find  their  ages  now. 

14.  At  the  time  of  her  marriage  a  certain  woman’s 
age  was  f  that  of  her  husband.  Twelve  years  later  her 
age  was  f  of  his.  Find  their  ages  at  the  time  of  their 
marriage. 

15.  A  is  12  years  older  than  B.  Eight  years  ago  B  was 
^  as  old  as  A.  Find  their  ages  now. 

16.  The  denominator  of  a  certain  fraction  exceeds  its 
numerator  by  12.  If  6  is  added  to  both  terms  of  the 
fraction  the  value  of  the  resulting  fraction  is  I-.  Find  the 
fraction. 

17.  Jupiter  has  5  more  moons  than  Uranus,  and  Saturn 
2  more  than  twice  as  many  as  Uranus ;  Mars  has  7  fewer 
than  Jupiter,  and  Neptune  ^  as  many  as  Mars.  These 
planets  together  have  26  moons.  How  many  has  each  ? 
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18.  A  triangle  has  the  same  area  as  a  trapezoid.  The 
altitude  of  the  triangle  is  36  feet  and  its  base  is  20  feet. 
The  altitude  of  the  trapezoid  is  ^  that  of  the  triangle,  and 
one  of  its  bases  equals  the  base  of  the  triangle.  Find  the 
other  base  of  the  trapezoid. 

19.  A  marksman  hears  the  bullet  strike  the  target 
3  seconds  after  the  report  of  his  rifle.  If  the  average 
velocity  of  the  bullet  is  1925  feet  per  second  and  the  veloc¬ 
ity  of  sound  is  1100  feet  per  second,  And  his  distance  from 
the  target  and  the  length  of  time  the  bullet  was  in  the  air. 

20.  A  gunner  using  a  modem  rifle  would  hear  the  pro¬ 
jectile  strike  a  target  2640  yards  distant  9f  seconds  after 
the  report  of  the  gun,  provided  the  projectile  maintained 
throughout  its  flight  the  same  velocity  it  had  on  leaving 
the  gun.  Find  this  velocity  if  sound  travels  1100  feet  per 
second. 

21.  The  denominator  of  a  certain  fraction  is  8  more  than 
the  numerator.  If  the  numerator  is  increased  by  1  and 
the  denominator  decreased  by  3  the  value  of  the  resulting 
fraction  is  f .  Find  the  fraction. 

22.  The  estimated  total  possible  water  power  of  the  world 
is  439  million  horse  power.  Of  this  North  America  has  8 
million  horse  power  more  than  South  America,  17  million 
more  than  Europe,  9  million  less  than  Asia,  and  45  million 
more  than  Oceanica.  Africa  has  59  million  horse  power  less 
than  all  the  others  combined.  Find  the  number  of  horse 
power  for  each  geographical  division. 

93.  Equations  containing  fractions  with  polynomial  denom¬ 
inators.  Although  no  new  principle  is  involved  in  the 
exercises  of  this  section,  they  serve  to  review  some  of  the 
most  important  processes  of  algebra. 
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ORAL  EXERCISES 


Clear  the  following  equations  of  fractions,  stating  in 
each  case  the  operation  employed.  Do  not  solve  the 
equations. 


1. 


X 


=  2. 


X  —  S 

Solution.  Multiplying  each  member  of  the  equation  by  a;  —  3 
gives  X  =  2  X  —  6. 

5 


2. 


X 


3. 


4. 


6. 


6. 


7. 


8. 


X  —  5 

2  X 
4  —  X 

3  X 

2  X  -f"  1 

4  x^  _ 
1  —  x^~ 

z-3 
z-j-S 

z-l-8 
z-2 

z-S 
z4-5 


=  4. 


9. 


=  6. 


3. 

=  7. 

=  8. 

2 

3* 


10. 


=  5.  11. 


z-i-8 

2i/  +  l_4 
l-2y  7 

y  —  8 _ 3^ 

y  +  8~  y' 


16. 


X  —  1 


2  X 


X 

5 


4  5  —  X 

12.  —  ~  . 

X  5  +  X 


13.  ^  = 


2  X  —  1 


14. 


15. 


5  X  X  +  2 
X  —  2  X  —  1 


X  +  1 
X  —  3 


X  +  2 
X  +  6 


X 


6  X  +  3 


17  i  = 

t  2«-4 

18.5  =  f. 

X  7 


19. 


3v-l  ^2v-l 
2t^-f"l  l-|-3z^ 

X 


*  X  X  ~  a  +  6 

21.-  +  -  =  2. 

a  x 

22.6  +  1=  5 

y  b  y  —  b 


Example 

Solve  the  following  equation : 

2x-2_^  5 


3- 


3  X  “h  1 


—  9-^ 

—  ^11* 


Solution.  Both  members  must  be  multiplied  by  11(3  x  +  1), 
the  L.  C.  M.  of  the  denominators. 
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This  step  may  be  indicated  as  follows : 

11(3  X  +  1)[3  -  1^]  =  (2i\)ll(3  X  +  1). 

Canceling  where  possible  gives 

33(3  X  +  1)  -  11(2  x-  2)  =  27(3  x  +  1) ; 
whence  99  x  +  33  —  22  x  +  22  =  81  x  +  27. 

Transposing  and  collecting,  —  4  x  =  —  28, 

X  =  7. 


EXERCISES 

Solve  and  check  as  directed  by  the  teacher : 


1. 

2. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 


X  +  3 

X  +  1 

X  +  2 
X  +  4 

13 

X  +  5 
X  —  1 


=  2. 

=  3. 


3. 

4. 


X  —  3 
2x-l 

3  X  +  4 
2  X  —  1 


2 

9* 

2. 


5. 

6. 


18  —  2  X  X 

^  +  ^  =  2. 

X  —  2  X 


H"  TTZ  —  2. 


2  X 


6  X 


X  3  X  —  2 

X  —  2  ^  X 
X  +  6  ~  2 

X  2  X 


Q  2x-|-^  Q 

14.  2  X  —  Pi — ^  =  3  X. 
3  —  2  X 

X  3  ^5 

2  X  —  5  ^ 

3^  +  4_  3^  +  2 
7-6^“12i/-l‘ 

14  2/  -  5  12  -  2  ^ 


5-2x  8x-5 

1^2 
3x  +  l~4  +  3x 

13 

2-5x~3-5x 

2x-5 


15. 

16. 

17. 

18. 

19. 


4  2/  +  5  2(3  -\-2y) 

15^-4  ,  4  15y 


8 


+ 


52/-4”  8 


3  _  4-3j/  7 

5-Sy  Sy-5^5 


4  —  10  X 


+  12  X  =  0.  20. 


7z 


6  2: 


21  —  2  2—1 


+  6. 
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21. 

22. 


92/ 


16  2/ 


y-1  22/- 1 

S  6  X  — 2  _  3 
2x^  +  5x  +  3"”5 

3  .  y 


+  1.  24. 


z 


3  2:  +  2  72:  — 2 

3 


=  0. 


23.^  +  |  =  2| 


27. 

28. 

29. 

30. 

31. 

32. 


o*.  4  _ 

25.  2  — 

25 

26.  — 2  = 


2«  +  3'^3-2«  4i2-9 

2  1  8 


X  +  1 
14 

3x-l 
12  ^ 


2^  +  1  2^-1  1-4^2 

2  3  1 


=  0. 


x  +  8  5 

2  —  X 

1  2 

1 

x  +  7“5 

3  —  X 

2t+l 

< +  3 

t-l 


_ t  —  2  1  “1”  ^ 

-  5  ^  +  6  2-t  ~  ^-3' 


94.  Equations  involving  decimals.  The  method  of  solv¬ 
ing  an  equation  containing  decimals  is  illustrated  in  the 
following 


Example 

Solve  the  equation  .9  x  +  .7  =  4.2  —  .15  x. 

Solution.  Multiplying  each  member  of  the  equation  by  100, 

90  X  +  70  =  420  —  15  x. 


Transposing  and  combining, 

105  X  =  350. 
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Check.  .9  X  UQ-  +  .7  =  4.2  -  .15  X  -i/. 

3  +  .7  =  4.2  -  .5. 

3.7  =  3.7. 

In  equations  containing  fractions,  if  decimals  occur  in 
any  denominator,  it  is  often  desirable  to  multiply  both  nu¬ 
merator  and  denominator  of  such  a  fraction  by  that  power 
of  10  which  will  reduce  the  decimals  in  both  the  numerator 
and  the  denominator  to  integers.  Then  clear  of  fractions 
and  proceed  as  in  the  foregoing  example. 


EXERCISES 

Solve  the  following  equations  and  check  as  directed  by 
the  teacher : 


1.  .8  X  =  6. 

2.  .6  X  +  .5  =  .8. 

3.  .15  X  -f-  4  =  .25. 

4.  .75  -  .35  X  =  .26. 

5.  .92  -f-  .6  X  =  5.12. 

11.  .3  X  —  .8  X  =  16 

12.  1.7  X  -h  3.14  =  - 


6.  3.75  =  2.15  -  .25  x. 

7.  .12  X  -  4.5  =  1.68. 

8.  .15  X  -f-  .16  =  .58. 

9.  .08  X  =  .1  X  -h  2.6. 
10.  .4  X  +  1.62  =  .55  X. 

X  —  49.5. 

-  9.66  —  1.5  X. 


13.  15  X  -h  7  -  6.25  X  =  8.845  +  2  x. 

14.  6  X  —  2.49  X  -|-  1.2  x  =  1.5  .71  x. 

15.  .36(2  X  -1-  .5)  -  .6(1.5  x  -  2)  =  1.2. 

16.  6(6  X  -  1.1)  -  8.4(1.4  X  -  3)  =  12  X  -f  .24. 

17.  .12(.5  X  -1-  .05)  -  .15(.375  x  -  2)  =  .246. 

.15  X  —  6.2  6.75  —  .2  X  3.5 

18. 


4 


5 


2 
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19. 


6.2  X  —  1.24 
A 


7.56  -  .28  a: 
.35 


=  7.9. 


Hint.  Multiplying  numerator  and  denominator  of  each  fraction 
on  the  left  by  100, 

620  x  -  124  756  -  28  a:  _  . 

40  35  “ 


To  avoid  the  possibility  of  repeating,  in  the  check,  a  numeri¬ 
cal  error  made  in  the  solution,  the  check  should  be  performed 
by  finding  the  value  of  each  fraction  separately,  without  clear¬ 
ing  of  fractions. 


20. 


.9  x  —  .1 
lT~ 


2.5  -  .35  X 

1.8 


21.  ^4^  +  4^  =  1.52  +  12  x. 

.0  IZ.O 

.15(3  -  .4  X)  .25(.2  X  -  6)  _  ^  ^ 

22.  -  Z.h. 


23. 


.3(10  -  x)  1.5  -  5  X 


13.5 


48.5 


-J-  .28  X  —  3.8. 


24. 


33 


+ 


3.75 


3(x  +  5)  '  1.5(x-8.5) 


=  0. 


25.  The  formula  -}-  i  =  -  applies  to  a  convex  lens 

/l  /2  X 

where  /i  is  the  distance  of  an  object  from  the  lens,  /2  is  the 
distance  of  the  image  formed  by  the  lens,  and  x  is  a  dis¬ 
tance  known  as  the  focal  length  determined  by  the  shape 
of  the  lens.  If  /i  =  3.4  inches  and  =  4.2  inches,  find  x  to 
two  decimal  places. 


Hint.  Solve  the  equation  for  x  before  substituting  the  given  values. 
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26.  If  a  pounds  of  water  at  a  temperature  t  is  mixed  with 
h  pounds  of  water  at  a  temperature  T,  the  temperature  x  of 
the  resulting  mixture  (if  no  heat  escapes)  is  given  by  the 
equation  at -\- hT  =  x{a h) .  Find  x  if  a  =  4 J  pounds, 
t  =  40°,  6  =  3^  pounds,  and  T  =  90°. 

27.  The  velocity  of  sound  is  v  in  the  equation  v  =  nl 
when  n  is  the  number  of  vibrations  the  sound  makes  per 
second  and  I  is  the  length  of  one  sound  wave.  The  A  to 
which  an  orchestra  tunes  makes  440  vibrations  per  second. 
If  sound  has  a  velocity  of  1100  feet  per  second,  find  the 
wave  length  of  the  note  A. 

28.  If  a  body  were  projected  away  from  the  earth's  sur¬ 
face  with  a  velocity  in  feet  per  second  greater  than  v = ^2gR 
it  would  never  return  to  the  earth.  If  g  =  32  and  R  equals 
the  radius  of  the  earth  (4000  miles)  expressed  in  feet,  find 
this  velocity. 


Note.  The  introduction  into  Europe  of  the  Arabic  notation  for 
numbers  was  one  of  the  important  events  of  the  Middle  Ages.  This 
notation  originated  among  the  Hindus  probably  as  early  as  300  B.C. 
It  was  adopted  by  the  Arabs,  and  was  introduced  by  the  Moors  into 
Spain  during  the  eighth  century.  Anyone  who  has  tried  to  multiply 
two  numbers  in  the  Roman  notation,  like  MDCCVII  by  MCXVIII, 
will  realize  the  difficulties  that  surrounded  arithmetical  operations 
before  the  Arabic  system  was  taught.  Before  the  introduction  of  this 
system  one  of  the  principal  uses  of  arithmetic  was  the  determination 
of  the  day  of  the  month  on  which  Easter  came.  Roger  Bacon  in  the 
thirteenth  century  urged  the  theologians  "to  abound  in  the  power  of 
numbering,”  so  that  they  might  carry  out  these  computations.  Busi¬ 
ness  computations  were  made  on  the  abacus,  one  form  of  which  is  a 
contrivance  of  wires  and  sliding  balls  on  which  arithmetical  oper¬ 
ations  can  be  performed  with  great  rapidity. 

Though  computation  in  the  decimal  system  was  used  in  Europe 
from  the  thirteenth  century,  the  final  step  in  perfecting  the  notation 
c 
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was  not  taken  until  about  1600,  when  Sir  John  Napier  and  others 
made  use  of  the  decimal  point  in  the  modern  sense.  It  was  not  until 
the  beginning  of  the  eighteenth  century  that  it  came  into  general  use. 

95.  Formula  for  percentage.  The  methods  of  algebra 
may  be  used  to  advantage  in  dealing  with  many  problems 
in  percentage  which  are  also  found  in  arithmetic,  and  in 
solving  many  others  which  would  be  difficult  or  impossible 
to  solve  by  arithmetical  means  alone. 

ORAL  EXERCISES 

1.  What  is  5%  of  60?  3.  What  is  4%  of  x  +  40? 

2.  What  is  5  %  of  a:  ?  4.  What  is  7%  of  4x  —  a? 

5.  What  is  the  interest  on  $100  invested  for  1  year  at 

6%? 

6.  What  is  the  interest  on  $100  invested  for  6  years  at 
6%? 

7.  What  is  the  interest  on  $100  invested  for  t  years  at 
4%? 

8.  What  is  the  interest  on  P  dollars  invested  for  t  years 
at  4%? 

9.  What  is  the  interest  on  P  dollars  invested  for  t  years 
at  r%? 

10.  What  is  the  total  amount  due  at  the  end  of  n  years 
if  P  dollars  are  invested  at  r%? 

If  two  sums  of  money  are  x  dollars  and  (800  —  x)  dol¬ 
lars  respectively,  express  as  equations  the  statements  made 
in  Exercises  11-14. 

11.  Four  per  cent  of  the  first  sum  equals  $20. 

12.  Five  per  cent  of  the  first  sum  plus  4  %  of  the  second 
sum  equals  $120. 
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13.  Six  per  cent  of  the  first  sum  equals  5%  of  the  second. 

14.  Five  per  cent  of  the  first  sum  is  $24  more  than  4  % 
of  the  second. 

When  P  dollars  are  invested  at  simple  interest  for  t 
years,  at  a  yearly  rate  of  r  %,  the  total  amount,  A,  accumu¬ 
lated  is  given  by  the  following  formula : 

P  -}-  P  •  r  •  ^  =  P(1  +  rt)  =  A. 

It  should  be  noted  carefully  that  the  value  of  r  is  a 
fraction  of  which  the  denominator  is  100.  Thus,  if  the 
rate  is  6  %,  the  value  of  r  is  i-g-Q ,  or  .06. 


Example 


What  sum  of  money  placed  at  simple  interest  for  3  years 
at  6  %  will  amount  to  $236  ? 


Solution,  Principal  +  interest  =  $236. 

Let  P  =  the  principal  in  dollars. 

Then  .06  P  X  3  =  the  interest  for  three  years 

in  dollars. 


Therefore 

or 

whence 


P  4-  .18  P  =  236, 
1.18  P  =  236; 
P  =  200. 


Check,  200  +  200  X  .06  X  3  =  236. 


EXERCISES 

1.  What  sum  of  money  placed  at  interest  for  1  year  at 
6%  will  amount  to  $318? 

2.  What  sum  of  money  placed  at  simple  interest  for 
3  years  at  5  %  will  amount  to  $368  ? 
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3.  In  how  many  years  will  $475,  at  4  %  simple  interest, 
gain  $76? 

4.  In  how  many  years  will  $650,  at  4j  %  simple  inter¬ 
est,  gain  $29.25? 

5.  At  what  per  cent  simple  interest  will  $420  gain  $126 
in  5  years?  • 


Solution.  $420  X  the  rate  of  interest  X  5  =  $126. 


Let 

Then 

and 

Therefore 

and 


r 

$420  r 
$420  •  r  •  5 
$2100  r 


the  rate  of  interest, 
the  interest  for  one  year, 
the  interest  for  5  years. 
$126, 


r  = 


100' 


Hence  the  interest  rate  is  6  %. 


6.  At  what  per  cent  simple  interest  will  $960  gain  $192 
in  4  years  ? 

7.  At  what  per  cent  simple  interest  will  $250  amount  to 
$332.50  in  6  years? 

8.  In  how  many  years  will  $200  double  itself  at  5% 
simple  interest  ?  $300  ?  x  dollars  ? 

9.  In  how  many  years  will  $400  treble  itself  at  6% 
simple  interest  ? 

10.  A  part  of  $1000  is  invested  at  5  %  and  the  remainder 
at  6%.  The  yearly  income  from  the  two  investments  is 
$53.  Find  each  investment. 

Hint.  One  part  x  .06  +  the  other  part  x  .05  =  $53. 

Let  X  —  the  number  of  dollars  invested  at  6  %. 

Then  1000  —  x  =  the  number  of  dollars  invested  at  5  %. 

Therefore,  by  the  conditions  of  the  problem, 

.06  X  +  .05(1000  —  x)  =  53. 
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11.  A  part  of  $1500  is  invested  at  5%  and  the  remain¬ 
der  at  4  %.  The  total  annual  income  from  the  two  invest¬ 
ments  is  $66.  Find  the  amount  of  each  investment. 

12.  A  sum  of  money  at  6%  interest  and  a  second  sum 
at  5  %  yield  a  total  annual  income  of  $61.  The  first  sum 
exceeds  the  second  by  $100.  Find  each. 

13.  A  4%  investment  yields  annually  just  as  much  as 
one  at  5%.  If  the  sum  of  the  investments  is  $2700,  find 
each. 

14.  A  5%  investment  yields  annually  $7  more  than  a 
6%  investment.  If  the  sum  of  the  two  investments  is 
$800,  find  each. 

15.  A  man  invests  part  of  $4300  at  6  %  and  the  remainder 
at  5  %.  The  investment  at  6  %  yields  annually  $32.50  more 
than  the  one  at  5  %.  Find  the  sum  invested  at  5  %. 

16.  A  man  invests  part  of  $5450  at  5  %  and  the  remain¬ 
der  at  6%.  The  yearly  income  from  the  5%  investment 
is  $3  more  than  that  from  the  6%  investment.  Find  the 
sum  invested  at  6  %. 

17.  A  part  of  $5000  is  invested  at  4%  and  the  remain¬ 
der  at  5%.  The  total  yearly  income  is  $220.  Find  the 
amount  invested  at  5  %. 

18.  An  atom  of  hydrogen  is  .063  as  heavy  as  an  atom  of 
oxygen.  Each  molecule  of  water  is  made  up  of  two  atoms 
of  hydrogen  and  one  of  oxygen.  What  percentage  of  the 
weight  of  a  molecule  of  water  is  hydrogen?  How  many 
pounds  of  oxygen  are  in  100  pounds  of  water  ? 

96.  Literal  equations.  At  this  point  the  student  should 
review  the  work  on  pages  124-126. 
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EXERCISES 

Solve  for  x,  y,  z,  or  t  and  check  as  directed  by  the 
teacher : 

1.  3  ax  —  4  =  28  —  5  ax. 

2.  39  +  5  cx  =  2  c(6  x  —  5  c). 

3.  5  a^x  —  3  6^  =  2  6^  —  3  a^x  —  5 

4.  3(x  +  5)  —  6  a  =  9. 

6.  5(x  —  2)  —  10  c  =  20. 

6.  3(x  -  2)  +  4(2  -  3  x)  =  20  -  18  a. 

7.  5(2  X  —  a)  —  4(x  —  a)  =  —  —  a. 

a 

Q  I  1 

6c  ac  “  6c  c' 

9.  3  6(8  —  4  a)  =  4  a(12  y  —  Sb). 

io.4+l=i.+i. 

ab  ac  ac  a 

_  a^  +  3  a6  2:^  + 
z-\-  a  z-{-  a 

..  ah -\-Saz  .  2:— lOa  +  2  , 

12.  “2 - —  1  =  — 2 - rr-  + 

a^— a  +  1  a^  —  a  +  1 

a  .  S  a  5  ,^6x  6a 


17 


a  X 


=  5 


X  +  c  X  +  3 
3  ~  c  * 


20 


X  —  m  X  —  a 


a 


m 
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21. 


22. 


z  — 

abc  +  c 


ah 


a 

c 

'  abz  ~  z 


23. - - - 

cz  az  a  c 


24. 


25. 


a  —  t 


2(c  +  ^)  2c  —  2t  f  — 


a 


a  —  c 


3  ac 


Saz  S  cz 


27. 


28. 


29. 


t  —  a 
a 

a 

2  a  —  t 

^  +  9  a 
a 


26.  X 


a 


ax 


x-{-a 

3 


x-\-a 


t  —  a  2 
2  a  — t 


30. 


+ 


a 

t 


m 


a 


=  2. 

m  —  4  a 

■  ■II  I— ■  i.i  4 

a  —  m 


31.  -^  = 


a:" 


—  (I  “1 — ‘ 

a 

m  +  1 

X  +  1 


32. 


2r-  1 

2  X  —  1 


97.  Meaning  of  primes  and  subscripts.  Different  but  re¬ 
lated  values  are  often  represented  by  the  same  letter  with 
smaller  characters  written  at  the  right  and  above  or  below 
the  letter  used,  as  y',  y",  Xo,  4  X3,  ty,.  These  are  read 
y  'prime,  y  seco'nd,  x  sub  zero,  4  x  sub  three,  the  square  of 
t  sub  m,  and  t  sub  w  respectively.  Primes  and  subscripts, 
unlike  exponents,  possess  no  numerical  significance,  and 
the  student  should  carefully  note  that  Xo  and  X3  are  as  dif¬ 
ferent  numerically  as  a  and  b. 

The  notation  just  explained  is  very  convenient  in 
physics,  where  Li  and  L2  may  denote  different  but  related 
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lengths ;  Wi  and  W2  may  represent  two  different  weights ; 
and  to,  ti,  and  ^2  may  mean  three  unequal  but  related  in¬ 
tervals  of  time. 

Primes  are  cumbersome  and  easily  confused  with  expo¬ 
nents  ;  hence  subscripts  are  preferable. 

The  following  equations  are  taken  from  algebra,  geome¬ 
try,  and  physics,  where  it  is  often  necessary  to  express 
some  one  quantity  (weight,  time,  distance,  etc.)  in  terms  of 
others. 


EXERCISES 

1.  Solve  for  i? ;  K  =  2  ttRH, 

(Formula  for  curved  surface  of  cylinder.) 

2.  Solve  for  a ;  A  = 

(Formula  for  area  of  triangle.) 

3.  Solve  for  R;  (7  =  2  irR. 

(Formula  for  circumference  of  circle.  tt  =  approxi¬ 
mately  ^.) 

4.  Solve  for  r  and  for  t;  d  =  rt. 

(Formula  for  uniform  motion.) 

5.  Solve  for  a  and  for  A ;  -^  =  7^- 

'  A  360 

(Formula  relating  to  the  measurement  of  angles.) 

6.  Solve  for  C ; 

E 

7.  Solve  for  r;  I  =  n—, — • 

re  +  r 

(Ohm’s  law  for  a  simple  electrical  circuit.) 

E 

8.  Solve  for  r  and  for  n:  I  =  - 

R  =  nr 
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9.  Solve  for  r  and  for  :  /  =  -7^— - • 

R-{- nr 

10.  Find  I  in  Exercise  9,  if  =  4,  e  =  1,  =  5,  and  r  =  1.2. 

11.  Solve  for  F ;  C  =  |-(F  —  32). 

(Formula  for  converting  thermometer  readings  from  one 
scale  (Fahrenheit)  to  another  (centigrade).) 

12.  Solve  for 

W2  Li 


13.  Solve  for  r  and  for  ^ ;  A  =  P(1  +  rt). 

14.  Solve  for  P2 ;  ^ 

V  2  -t  1 

(Formula  relating  to  volume  and  pressure  of  a  gas.) 

15.  Solve  for  n  and  for  1;  s  =  — 


16.  Find  n  in  Exercise  15,  if  a  =  1,  ^  =  100,  and  s  =  5050. 

rl  —  a 


17.  Solve  for  a,  I,  and  r ;  s  = 


r  —  1 


18.  Solve  for  a ; 


D 

180 


a 

—  I 

n 


19.  Solve  for  ti;  Vi  =  yo(l  +  .00365  ^i). 

20.  Solve  for  62 ;  A  = 

21.  Solve  for  a,  b,  and  /  ;  -  +  t  =  7* 

’  '  ’  a  b  f 

22.  Find  /  in  the  formula  of  Exercise  21  if  a  =  10  and 
b  =  18.5. 

23.  The  formula  for  the  area  of  a  circle  is  A  = 

TT  =  3.1416.  If  r  =  10  inches,  find  A. 

irT^Jh 

24.  The  formula  for  the  volume  of  a  cone  is  U  =  — ^ — 
Find  y  for  a  cone  in  which  r  =  6  inches  and  =  15  inches. 
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wy2 

25.  Solve  for  W;  E  = 

2g 

26.  In  Exercise  25,  if  g  is  32.2,  V  =  40,  and  E  =  10,000, 
find  W. 

98.  The  lever.  The  figure  given  below  is  a  diagram  of 
a  machine  called  a  lever.  AC  is  a  stiff  bar  resting  on  a 
single  support  at  B.  This  support  is  called  the  fulcrum 
and  AB  and  BC  are  ^ 

spoken  of  as  arms  of  - - - - 

the  lever. 

Those  who  have  played  with  a  teeter  board  have  had 
some  experience  with  a  lever,  and  they  have  found  that, 
in  order  to  balance,  the  heavier  of  two  persons  must  sit 
nearer  the  fulcrum  than  the  lighter  one  does. 

In  general,  if  the  lengths  of  the  arms  of  a  lever  are 
li  and  I2  and  the  corresponding  weights  are  Wi  and  W2,  a 
balance  results  when 

hWl  =  l2W2. 

Thus,  if  AB  =  3  feet  and  BC  =  4  feet,  a  boy  at  A  who  weighs 
100  pounds  will  balance  a  boy  at  C  who  weighs  75  pounds ;  for 
3.100  =  4*75. 


PROBLEMS 

1.  A,  who  is  5  feet  from  the  fulcrum,  balances  B,  who  is 
7  feet  from  it.  A  weighs  102  pounds.  Find  the  weight  of  B. 

2.  A,  who  weighs  100  pounds,  balances  B,  who  weighs 
120  pounds.  B  is  6  feet  3  inches  from  the  fulcrum.  How 
far  from  it  is  A  ? 

3.  A,  who  weighs  120  pounds,  balances  B,  who  weighs 
100  pounds.  The  distance  between  them  is  11  feet.  How 
far  is  each  from  the  fulcrum  ? 
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4.  A  and  B  together  weigh  315  pounds.  They  balance 
when  A  is  3  feet  9  inches  from  the  fulcrum  and  B  is  5  feet 
from  it.  Find  the  weight  of  each. 

5.  A  weighs  f  as  much  as  B.  The  distance  between 
them  is  12  feet.  How  far  from  B  is  the  fulcrum  if  they 
balance  ? 

In  each  of  the  preceding  problems  the  fulcrum  may  be 
thought  of  as  the  center  of  gravity  of  the  two  objects 
balanced. 

6.  The  center  of  the  moon  is  approximately  238,000 
miles  from  the  center  of  the  earth.  The  earth  is  81.5  times 
as  heavy  as  the  moon.  Find  the  distance  from  the  earth’s 
center  to  the  center  of  gravity  of  the  earth  and  moon. 

99.  Ratio.  The  ratio  of  one  number  to  a  second  number 
is  the  quotient  obtained  by  dividing  the  first  number  by 
the  second. 

Thus  the  ratio  of  1  to  2  is  J ;  that  of  7  to  3  is  ;  that  of  a 

to  0  IS  T* 

0 

Hence  every  ratio  is  a  fraction  and  all  fractions  may  be 

regarded  as  ratios.  The  ratio  ^  is  often  written  a  :  h.  The 

symbol  (:)  may  be  thought  of  as  the  sign  for  division  (^) 
abbreviated  by  omitting  the  bar. 


EXERCISES 

Simplify  the  following  ratios  by  writing  them  as  frac¬ 
tions  and  reducing  the  fractions  to  their  lowest  terms : 


1.  2  : 4.  5.  13  : 15. 

2.  3  : 12.  6.  14  a  :  21  a^. 

3.  4  : 12.  7.  13|  :  54. 

i  •  A*  *  12. 


9.  12  feet :  12  inches. 

10.  1  mile  :  264  feet. 

11.  3 J  pounds  :  12  ounces. 

12.  2.45  : 1.75. 


238  NEW  COMPLETE  SCHOOL  ALGEBRA 


13.  Separate  35  into  two  parts  which  are  in  the  ratio  2  : 3. 

Hint.  Let  one  part  be  represented  by  2  x;  then  the  other  will  be  3  x. 

14.  Separate  24  into  two  parts  which  are  in  the  ratio  5  :  7. 

15.  Separate  121  into  two  parts  which  are  in  the  ratio 
of  10  to  1. 

16.  Separate  312  into  three  parts  which  are  in  the  ratio 
of  2  to  4  to  7. 

17.  What  number  added  to  both  terms  of  the  ratio  of  12 
to  5  gives  a  result  equal  to  the  ratio  of  2  to  1  ? 

18.  What  number  subtracted  from  both  terms  of  the 
ratio  of  13  to  27  gives  a  result  equal  to  the  ratio  of 
4  to  11? 


19.  If  ^  is  a  positive  number,  which  is  the  greater  ratio, 


2 

p  or 
5 


2  H~  ^  ? 
5  +  ^* 


^-or  ? 

1/  +  3°'^22/  +  3- 


Hint.  Reduce  the  two  fractions  in  each  part  to  respectively  equiva¬ 
lent  fractions  having  a  common  denominator,  and  then  compare  the 
numerators. 


20.  From  your  answers  to  Exercise  19  state  the  change 
which  occurs  in  the  value  of  a  proper  fraction  when  a  posi¬ 
tive  number  is  added  to  both  its  terms. 


21.  If  x  is  a  positive  number,  which  is  the  greater  ratio, 

10  10  X  n  1“{“X  l-|-2Xo 

-TT  or  ^ —  or  - ? 

7  1  -\-x  X  2x 

22.  From  your  answers  to  Exercise  21  state  the  change 
which  occurs  in  the  value  of  an  improper  fraction  when  a 
positive  number  is  added  to  both  its  terms. 
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100.  Proportion.  A  proportion  is  a  statement  of  equality 
between  two  ratios. 

Thus  f  =  ^  =  yf »  and  ^  are  proportions,  for  the 

ratios  are  equal  in  each  case. 

The  four  numbers  1,  2,  3,  and  6  are  said  to  be  in  pro- 
portion,  for  the  ratio  of  the  first  pair  equals  the  ratio  of 
the  second  pair.  In  general,  the  numbers  a,  b,  c,  and  d  are 
in  proportion  if  a:h  =  cxd.  (1) 

In  (1),  a  and  d  (the  first  and  fourth  terms)  are  called 
extremes^  and  h  and  c  are  called  means. 

Since  a  proportion  is  an  equality  between  two  ratios 
(fractions),  it  is  therefore  an  equation.  Hence  any  operation 
which  may  he  performed  on  an  equation  may  he  performed  on 
a  proportion.  (See  Axioms,  pp.  56-58.) 

Thus,  in  the  proportion  ^  ^  both  members  may  be 

multiplied  by  giving  ad  =  be.  Here  the  first  member 
is  the  product  of  the  extremes  of  the  proportion,  and  the 
second  member  is  the  product  of  the  means. 

Therefore,  in  any  proportion  the  product  of  the  extremes 
equals  the  product  of  the  means. 

EXERCISES 

Form  proportions  from  the  following  by  supplying  the 
missing  terms : 


2  12 

.  36 

9 

.  5  ? 

^*3”  ?* 

40 

?* 

• 

7  "35' 

1  4 

.  15 

3 

o  2  ? 

2  1 

6.  -^  = 

—  • 

4 

9"81‘ 

„  12  ? 

C  13 

1 

Q  12  4 

10  “  5’ 

62" 

?* 

• 

3  “  ?■ 
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Solve  the  following  for  x : 


10.  12  :  7  =  :  21. 

14.  m  :  1  =  X  :  72. 

6  5x  +  9 

X  =  12  • 

3  X  +  1  7 

^•2x  +  l~5' 

X  ~  25' 

19.  r  :  X  =  r  :  s. 

/y»  /y* 

12.  3:|  =  |:12. 

11 

Ico 

• 

CO 

^4 

2  X  p 

20.  g  •V  =  2- 

13.  5:1  =  1 

17,  X  :  a  =  b  :  c. 

21.  X  :  1  =  1  : 

X 


101.  Variation.  If  the  price  of  a  certain  kind  of  cloth 
is  50  cents  a  yard,  the  number  of  cents,  A,  that  n 
yards  would  cost  is  given  by  the  formula  A  =  50  ri.  In 
this  case  the  ratio  A  :  =  50.  li  Ui  and  7h  denote  the 

number  of  yards  of  cloth  bought  for  Ai  and  cents 

respectively,  then  —  =  —  =  50.  In  other  words,  the 

Til  712 


amount  of  money  paid  for  the  cloth  is  proportional  to 
the  number  of  yards  of  the  cloth  purchased. 

Another  way  of  expressing  this  idea  is  to  state  that  the 
total  cost  of  the  cloth  varies  directly  as  the  number  of  yards 
of  cloth  purchased. 

When  one  variable  varies  directly  as  another,  the  ratio 
of  any  corresponding  pair  of  values  of  the  variables  is 
constant. 

The  volume  of  gas  in  a  tank  varies  as  the  temperature. 
That  is,  if  Vi  and  V2  are  the  volumes  corresponding  to 


the  temperatures  ti  and  ^2,  then 


Yi 

t\ 


V2 

- —  Furthermore,  if 
t2 


V  is  the  volume  at  any  temperature  t,  and  V 1  is  the  volume 
at  a  particular  temperature  ^i,  then  y  =  or  V  ^(YYjL 
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Since  Vi  and  ti  are  definite  numbers,  ^  is  a  constant.  This 

n 

illustrates  the  fact  that  tf  V  varies  as  then  V  =  kt. 

That  is,  the  statement  that  any  number,  as  x,  varies  as 
another  number,  as  y,  is  equivalent  to  the  equation  x  =  ky, 
where  A:  is  a  constant.  If  the  value  of  this  constant,  and  a 
particular  value  of  either  x  or  y,  are  known,  then  the  value 
of  the  other  variable  can  be  found. 

In  the  first  illustration  above,  A  =  50  n.  That  is,  k  =  50. 
If  A,  the  amount  of  money  expended,  is  known,  then  the  num¬ 
ber  of  yards  of  cloth  can  be  found. 

Examples 

1.  A  train  travels  at  an  average  rate  of  40  miles  per 
hour.  Express  this  as  a  formula,  and  tell  what  variables 
vary  directly  as  each  other. 

Solution.  Let  d  denote  the  number  of  miles  traveled  by  the 
train  in  t  hours. 

Then  d  =  A0t,  or  -  =  40. 

Here  the  number  of  miles  traveled  varies  directly  as  the  time. 

2.  The  ratio  of  the  area  of  a  circle  to  the  square  of  its 
radius  is  constant  and  equal  to  the  number  tt  (=  3.14  +  ). 
Express  this  as  a  formula  and  tell  what  variables  vary 
directly  as  each  other. 

Solution.  Let  A  denote  the  area  of  any  circle  and  r  its 
radius. 

Then  A  =  or  ^  =  tt. 

The  area  of  a  circle  varies  directly  as  the  square  of  its  radius. 
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EXERCISES 


In  the  following  exercises 
proportions : 

1.  3  :  7  =  6  : 15. 

Hint.  Express  the  ratios  in 
fractional  form. 

2.  3  :  5  =  24  :  40. 


determine  which  are  true 

3.  25  :  3  =  75  : 10. 

4.  2  :  3  =  14  :  20. 

5.  3  :  4  =  36  :  48. 

6.  15  :  9  =  5  :  3. 


7.  Two  workmen  are  paid  piecework  rates ;  that  is, 
they  receive  a  certain  sum  of  money  for  each  article  they 
make.  If  the  rate  is  2  cents  per  piece,  state  a  formula 
showing  what  their  earnings  will  be  for  n  articles.  If  one 
man  produces  150  pieces  and  the  other  produces  130  pieces 
an  hour,  what  will  their  hourly  earnings  be  ? 

8.  A  certain  map  is  drawn  so  that  it  represents  actual 
distances  in  the  proportion  of  1  inch  to  1  mile.  How  long 
would  a  lake  5  miles  long  appear  on  the  map?  A  river 
500  feet  wide  would  have  what  width  on  the  map  ? 

9.  The  cost  of  linoleum  is  proportional  to  the  area 
bought.  If  a  piece  4  feet  by  12  feet  cost  $12,  what  was  the  rate 
per  square  foot?  How  much  would  100  square  feet  cost? 

10.  A  man  invests  $5000  and  receives  $200  annual  in¬ 
terest.  How  much  interest  will  he  receive  from  $4500? 
How  much  must  he  invest  to  receive  $350  per  year  at  the 
same  interest  rate  ?  What  was  the  rate  of  interest  ? 

1 1.  The  distance  (*8),  in  miles,  traveled  by  a  train  moving 
uniformly  is  expressed  by  the  formula  *S'  =  H T,  in  which  Y  is 
the  rate  of  the  train  in  miles  per  hour,  and  T  is  the  time  in 
hours  during  which  the  train  is  moving.  If  the  train  travels 
100  miles  in  2|  hours,  how  far  can  it  go  in  4  hours?  How 
long  will  it  take  it  to  cover  125  miles?  What  is  its  speed? 
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12.  The  cost  of  a  building  is  often  expressed  in  terms  of 
its  cost  per  cubic  foot  of  capacity.  If  the  rate  is  50  cents 
per  cubic  foot,  how  much  will  a  building  100  feet  long, 
50  feet  wide,  and  40  feet  high  cost?  A  building  75  feet  by 
75  feet  by  100  feet  cost  $562,500  to  construct.  What  was 
the  rate  per  cubic  foot  ? 

Write  each  of  the  following  rules  as  a  direct  variation, 
using  letters  to  represent  the  quantities  involved  : 

13.  Interest  varies  directly  as  time. 

14.  The  area  of  a  rectangle  varies  directly  as  the  product 
of  the  length  times  the  width. 

15.  The  interest  on  a  sum  of  money  varies  directly  as 
the  interest  rate. 

16.  The  speed  with  which  a  body  is  falling  at  any  instant 
varies  directly  as  the  length  of  time  during  which  it  has 
been  falling. 

17.  The  usual  cost  of  a  railway  ticket  varies  directly  as 
the  distance  to  be  traveled. 

18.  The  weight  of  any  given  size  of  wire  is  proportional 
to  the  length  of  the  wire.  A  certain  size  of  wire  has  100  feet 
to  the  pound.  How  much  wire  is  there  in  a  roll  weighing 
75  pounds? 

19.  The  volume  of  a  sphere  is  proportional  to  the  cube 
of  the  radius.  What  is  the  ratio  between  the  volumes  of 
two  spheres  one  of  which  has  a  diameter  f  as  great  as  the 
other  ? 

20.  The  area  of  a  circle  is  proportional  to  the  square  of 
the  radius.  What  is  the  area  of  a  circle  of  2-foot  radius  if 
a  circle  of  1-foot  radius  has  an  area  of  3.14  square  feet? 
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21.  A  man  pays  4  cents  a  mile  for  a  railway  ticket,  and 
the  total  cost  is  $8.  How  far  is  he  traveling?  Express 
the  relation  by  means  of  a  formula. 

22.  The  area  of  the  surface  of  a  cube  is  proportional  to 
the  square  of  any  edge.  What  is  the  edge  of  a  cube  6 
square  feet  in  area  if  a  cube  with  an  edge  of  3  feet  has  an 
area  of  54  square  feet  ? 


REVIEW  PROBLEMS 

1.  Separate  318  into  two  parts  such  that  their  quotient 
is  7. 

2.  Separate  170  into  two  parts  such  that  f  of  the  greater 
shall  equal  f  of  the  less. 

3.  Separate  f  into  two  parts  such  that  J  of  one  part 
shall  equal  ^  of  the  other. 

4.  Find  two  numbers  whose  sum  is  162  and  such  that 
the  greater  divided  by  the  less  gives  a  partial  quotient  of 
3  and  a  remainder  of  14. 


Hint. 

Let 

Then 

That  is, 


Dividend  t*  , .  ,  ^  .  Remainder 

— — : - =  Partial  Quotient  H — - 

Divisor  Divisor 

X  =  the  less  number. 

162  —  a;  =  the  greater  number. 

162 -X  o  .  14 


Solve  and  check  as  usual. 


5.  Separate  149  into  two  parts  such  that  one  divided  by 
the  other  gives  a  partial  quotient  of  4  and  a  remainder  of  4. 

6.  The  sum  of  two  numbers  is  1516.  The  greater 
divided  by  the  less  gives  a  partial  quotient  of  5  and  a 
remainder  of  130.  Find  the  numbers. 
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7.  Separate  ^  into  two  parts  such  that  their  product  is 
greater  by  than  the  square  of  the  smaller  part. 

8.  The  sum  of  two  numbers  is  36.  Four  times  the 
greater  number  exceeds  50  by  twice  as  much  as  36  exceeds 
the  less.  Find  the  numbers. 

9.  A  boy’s  age  now  is  f  of  what  it  will  be  8  years  hence. 
How  old  is  he  now? 

10.  One  sixth  of  a  certain  man’s  age  8  years  ago  equals 

of  his  age  8  years  hence.  What  is  his  age  now  ? 

11.  A  collection  of  nickels  and  quarters  contains  60  coins. 
Their  total  value  is  $11.60.  How  many  are  there  of  each? 

12.  Twenty-three  coins,  dimes  and  quarters,  have  the 
value  $4.70.  How  many  are  there  of  each? 

13.  The  square  of  half  a  certain  even  number  is  92  less 
than  J  the  product  of  the  next  two  consecutive  even 
numbers.  Find  the  numbers. 

14.  A  rectangle  is  four  times  as  long  as  it  is  wide.  If  it 
were  8  feet  shorter  and  3  feet  wider,  its  area  would  be 
104  square  feet  more.  Find  its  length  and  breadth. 

15.  A  rectangle  is  f  as  broad  as  it  isTong.  If  its  length 
were  doubled  and  its  breadth  diminished  by  32,  its  area 
would  be  1584  square  feet.  What  are  its  dimensions? 

16.  It  costs  as  much  to  sod  a  square  piece  of  ground  at 
20  cents  per  square  yard  as  to  fence  it  at  15  cents  per 
running  foot.  Find  the  side  of  the  square. 

17.  A  rectangular  court  is  twice  as  long  as  it  is  wide. 
It  costs  half  as  much  to  fence  it  at  66f  cents  per  running 
foot  as  to  seed  it  at  5  cents  per  square  yard.  Find  its 
dimensions. 
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18.  A  rectangular  picture  twice  as  long  as  it  is  wide  is  sur¬ 
rounded  by  a  frame  3  inches  wide.  The  area  of  the  frame 
is  288  square  inches.  Find  the  dimensions  of  the  picture. 

19.  A  man  bought  apples  at  16  cents  per  dozen.  He  sold 
J  of  them  at  the  rate  of  3  for  7  cents,  but  the  rest  were 
not  so  good,  and  he  had  to  sell  them  at  the  rate  of  2  for 
3  cents.  He  made  a  profit  of  $1.26  on  the  entire  trans¬ 
action.  How  many  dozen  apples  did  he  buy  ? 

20.  A  baseball  team  has  won  30  games  and  lost  24.  It 
has  16  games  yet  to  play.  How  many  of  these  may  it  lose 
and  yet  win  60  per  cent  of  the  total  ? 

21.  A  student  has  an  average  grade  of  86  for  four  sub¬ 
jects.  What  grade  must  she  make  in  a  fifth  subject  so  that 
her  average  will  be  88? 

22.  A  can  do  a  piece  of  work  in  3  days,  B  in  4  days,  and 
C  in  5  days.  How  long  will  it  take  them,  working  together, 
to  do  the  same  work  ? 


Solution.  By  the  conditions  of  the  problem  A  does  J  of  the 
work  in  one  day,  B  does  i  of  the  work  in  one  day,  and  C  does 
I  of  the  work  in  one  day.  Let  x  represent  the  number  of  days 
required  by  A,  B,  and  C  together  to  do  the  work. 


Then  let  -  =  the  fractional  part  of  the  work  the  three 

X 

together  do  in  one  day. 


Therefore 

Solving, 

Check  as  usual. 


1  ,  1  ,  1  _  1  . 

3  +  4  +  5-?®*^*=- 


23.  A  can  do  a  piece  of  work  in  6  days  and  B  in  5  days. 
How  many  days  will  they  require,  working  together  ? 
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24.  A  can  do  a  piece  of  work  in  6  days,  B  and  C  each  in 
8  days,  D  in  15  days.  How  many  days  will  they  require, 
working  together. 

25.  A  can  do  a  piece  of  work  in  6  days,  B  in  days. 
How  many  days  will  they  require,  working  together  ? 

26.  A  can  do  a  piece  of  work  in  9  days,  A  and  B,  working 
together,  in  4|  days.  How  long  would  it  take  B  alone? 

27.  A  can  do  a  piece  of  work  in  days,  B  in  4j  days, 
A,  B,  and  C  together  in  If  days.  How  long  would  it  take 
C  alone? 

28.  A  can  do  a  piece  of  work  in  8  days.  After  he  has 
worked  3  days,  B  joins  him  and  they  finish  the  work  in 

2  more  days.  How  long  would  it  have  taken  B  to  do  the 
work  alone? 

Hint.  What  fractional  part  of  the  work  does  A  do  in  1  day?  in 

3  days?  in  5  days?  What  fractional  part  does  B  do  in  1  day? 
in  2  days? 

29.  A  can  do  a  piece  of  work  in  4  days,  B  in  6  days. 
After  A  has  worked  alone  for  1  day,  B  joins  him  and  they 
finish  the  job  together.  How  long  does  it  take  them  to 
complete  the  work? 

30.  A  mass  of  lead  and  tin  weighing  64  pounds  contains 
12  pounds  of  tin.  How  many  pounds  of  tin  must  be  added 
so  that  50  pounds  of  the  mixture  will  contain  15  pounds 
of  tin? 

31.  Two  motorists  start  at  the  same  time  to  ride  from 
A  to  B,  240  miles  distant.  One  travels  10  miles  an  hour 
more  than  the  other.  The  faster  motorist  reaches  B  and  at 
once  starts  back,  meeting  the  slower  one  at  C,  192  miles 
from  A.  Find  the  rate  of  each. 
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Solution.  The  problem  states  that  the  two  travel  at  dif¬ 
ferent  rates,  that  they  travel  different  distances,  but  that  the 
time  is  the  same  for  each.  Hence  the  equation  must  be  formed 


by  expressing  the  time  f,  or  for  each  . 

T  A - 

and  equating  the  two  expressions  for  t. 

The  two  men  together  cover  twice  the  distance  from  A  to  B, 

or  480  miles.  As  the  slower  one  travels  192  miles,  the  faster 

travels  480  —  192,  or  288  miles.  If  x  equals  the  rate  of  the 

slower  motorist  in  miles  per  hour,  we  have : 


d  IN  Miles 

r  IN  Miles 
PER  Hour 

-  =  t  IN  Hours 
r 

Slower  motorist 

192 

X 

i 

192 

X 

Faster  motorist 

480  -  192  =  288 

x  +  10 

288 
a;  +  10 

Hence 


192  _  288 
X  X  -|-  10 


Solving,  we  obtain  x  =  20,  the  rate  of  the  slower  motorist  in 
miles  per  hour,  and  a:  +  10  =  30,  the  rate  of  the  faster  motorist. 

Check.  W-  =  9.6  and  -3%-  =  9.6. 


32.  Two  motorists,  A  and  B,  start  at  the  same  time  to 
ride  from  X  to  Y,  180  miles  distant.  A  travels  8  miles 
per  hour  less  than  B.  The  latter  reaches  Y  and  at  once 
turns  back,  meeting  A  20  miles  from  Y.  Find  the  rate  of 
each. 

33.  A  train  runs  280  miles.  On  the  return  trip  it  in¬ 
creases  its  rate  by  5  miles  an  hour  and  makes  the  run  in  an 
hour  less  time.  Find  the  rates  going  and  returning. 
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34.  An  automobile  makes  a  run  of  120  miles.  The 
chauffeur  then  increases  the  speed  by  10  miles  an  hour 
and  returns  over  the  same  route  in  2  hours  less  time.  Find 
the  rates,  going  and  returning. 

35.  A  bicyclist  traveling  18  miles  per  hour  was  over¬ 
taken  11|  hours  after  he  started  by  an  automobile  which 
left  the  same  starting  point  3  hours  and  20  minutes  later. 
What  was  the  rate  of  the  automobile  ? 

36.  An  automobile  makes  a  run  of  300  miles.  On  the 
return  trip  the  chauffeur  decreases  the  speed  by  5  miles  an 
hour  and  requires  5  hours  longer  to  cover  the  distance. 
Find  the  speed  each  way. 

37.  A  man  travels  at  a  uniform  rate  from  A  to  B,  150 
miles  distant.  He  travels  the  first  90  miles  without  stop¬ 
ping.  The  rest  of  the  journey,  including  a  delay  of  3  hours, 
takes  the  same  time  as  the  first  part.  Find  his  speed. 

Hints.  By  reading  the  problem  we  discover  that  the  distances 
covered  in  the  first  and  second  portions  of  the  journey  are  different, 
that  the  time  of  travel  is  not  the  same  for  each,  but  that  the  rate 
throughout  is  the  same.  Hence  one  should  find  the  two  expressions 

for  the  rate  r,  or  and  set  them  equal  to  each  other. 

L 

38.  A  leaves  a  certain  point  and  walks  at  the  rate  of  3| 
miles  per  hour.  Two  and  a  half  hours  later  B  leaves  the 
same  point  and  drives  in  the  opposite  direction  at  the  rate 
of  12  miles  per  hour.  How  much  time  must  elapse  after 
A  starts  before  they  will  be  100  miles  apart? 

39.  A  and  B  start  at  the  same  time  from  two  points  360 
miles  apart  and  travel  toward  each  other.  A’s  rate  is 
3  miles  per  hour  less  than  B's.  The  latter,  having  been 
delayed  2  hours  on  the  way,  has  traveled  the  same  distance 
as  A  when  they  meet.  Find  the  speed  of  each. 
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40.  A  man  rows  4  miles  per  hour  in  still  water.  He  finds 
that  it  requires  5  hours  to  row  upstream  a  certain  distance 
and  3  hours  to  return.  Find  the  speed  of  the  current. 

Hint,  Let  x  =  the  speed  of  the  current.  Then  i  —  x  =  the  speed 
of  the  boat  upstream,  and  ^  +  x  =  the  speed  downstream. 

41.  A  man  who  can  row  miles  per  hour  in  still  water 
rows  up  a  stream  the  rate  of  whose  current  is  2  miles  per 
hour.  After  rowing  back  he  finds  that  the  entire  trip  took 
8  hours.  How  far  upstream  did  he  go  ? 

42.  A  man  who  can  row  3f  miles  per  hour  in  still  water 
rows  downstream  and  returns.  The  rate  of  the  current  is 
1 J  miles  per  hour,  and  the  time  required  for  the  round  trip 
is  9  hours.  How  many  hours  did  he  take  to  return  ? 

43.  The  first  transatlantic  non-stop  flight  was  made  on 
June  14-15,  1919,  by  Alcock  and  Brown  from  St.  John’s, 
Newfoundland,  to  Clifden,  Ireland,  a  distance  of  1960  miles. 
Had  their  speed  been  21  miles  per  hour  less,  the  time  would 
have  been  3.4  hours  more.  State  the  equation  which  ex¬ 
presses  this  condition. 

44.  A  mixture  contains  3  gallons  of  gasoline  and  5  gal¬ 
lons  of  kerosene.  How  many  gallons  of  kerosene  must  be 
added  to  make  a  mixture  that  is  f  kerosene? 

Solution.  In  the  final  mixture, 

kerosene  _  3 
kerosene  -f  gasoline  4  ’ 

Let  X  =  gallons  of  kerosene  to  be  added. 

Then  5  +  a;  =  gallons  of  kerosene  in  final  mixture, 

and  S  +  X  =  total  gallons  of  final  mixture. 
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But  5  +  X  _  3 

8  +  a:  4 

20  +  4  a;  =  24  +  3  a;, 
and  x  =  4. 

Check,  Total  gallons  of  final  mixture  =  5  +  3  +  4  =  12 
gallons. 

Kerosene  in  final  mixture  =5  +  4  =  9  gallons. 

9 _ 3 

T2  —  ?• 

45.  A  cook  wishes  to  make  salad  dressing  consisting  of 
I  olive  oil  and  ^  vinegar.  She  has  a  mixture  of  1  cup  of 
oil  and  1  cup  of  vinegar.  How  much  oil  must  she  add  to 
produce  the  required  mixture  ? 

46.  How  much  milk  must  be  added  to  a  5-quart  mixture 
of  equal  parts  of  milk  and  water  to  give  a  resulting  mix¬ 
ture  which  is  f  milk? 

47.  A  man  has  5  gallons  of  gasoline  and  an  unlimited 
supply  of  a  mixture  which  is  J  gasoline  and  f  kerosene. 
How  much  of  this  mixture  must  he  add  to  his  gasoline  to 
produce  a  mixture  which  is  half  gasoline  and  half  kerosene  ? 

48.  A  painter  wishes  to  make  a  mixture  consisting  of 
linseed  oil  and  paint.  He  accidentally  pours  1  quart 

of  oil  into  a  gallon  of  paint.  How  much  paint  must  he  add 
to  produce  a  mixture  in  the  proportion  which  he  wishes? 


CHAPTER  XVIII 


LINEAR  SYSTEMS 

102.  Definitions.  A  simple  or  linear  equation  in  one  or 
more  unknowns  is  one  which  may  be  put  in  such  form  that 

(а)  no  unknown  appears  in  any  denominator ; 

(б)  only  one  unknown  appears  in  any  term ; 

(c)  only  the  first  power  of  any  unknown  is  involved. 

The  following  equations  are  linear :  B  x  —  2  y  =  S;  2m  +  3r 
—  2^  =  0.  The  following  equations  are  not  linear :  2  x  +  B  xy 

-7«  =  2;  l--  +  -  =  2;  +  2x  + 5y -3=  i2x- l){5y +  S). 

U  V  w 

In  a  previous  chapter  we  have  seen  that  a  simple  equa¬ 
tion  in  one  unknown  has  only  one  root.  In  other  words,  the 
value  of  the  unknown  in  such  an  equation  is  a  constant. 

Thus  the  value  of  the  unknown  in  the  equation  5  a;  +  3  =  8 
is  the  number  1,  and  this  is  the  only  root  of  the  equation. 

A  linear  equation  in  two  unknowns  is  satisfied  by  an 
unlimited  number  of  pairs  of  values  of  the  two  unknowns. 
A  single  equation  in  more  than  one  unknown  is  called  an 
indeterminate  equation.  The  unknowns  are  sometimes 
called  variables. 

Thus,  the  equation  x  +  y  =  1  is  satisfied  by  any  pair  of 
numbers  whose  sum  is  7.  Evidently,  if  one  includes  positive, 
negative,  and  fractional  numbers,  there  is  no  limit  to  the  num¬ 
ber  of  pairs  whose  sum  is  7.  (See  page  276.) 
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Two  or  more  equations  involving  two  or  more  unknowns 
are  called  a  system  of  equations. 

A  system  of  two  equations  both  of  which  are  satisfied 
by  the  same  values  of  the  unknowns  is  called  a  simultaneous 
system  of  equations. 

In  order  that  the  two  equations  x-\-  y  =  ^  and  x  —  y  =  1 
may  form  a  simultaneous  system,  the  two  numbers  that  satisfy 
both  equations  must  be  such  that  their  sum  is  9  while  their 
difference  is  1.  These  conditions  are  satisfied  by  a;  =  5,  2/  =  4. 

A  set  of  values  (one  for  each  unknown)  which  satisfies 
an  equation  in  two  or  more  unknowns  is  sometimes  called 
a  solution  of  the  equation ;  and  a  set  which  satisfies  a  sys¬ 
tem  is  often  called  a  solution  of  the  system.  In  this  book, 
however,  the  word  solution  will  be  used  to  denote  the  process 
of  solving  either  a  single  equation  or  a  system.  The  values 
of  the  unknown  which  satisfy  an  equation  in  one  unknown 
will  be  called  roots,  and  a  set  of  values  for  the  unknowns 
satisfying  an  equation  in  two  or  more  unknowns,  or  a 
system  of  such  equations,  will  be  called  a  set  of  roots, 

ORAL  EXERCISES 

In  Exercises  1-3  find  the  value  of  x  corresponding  to 
each  of  the  values  for  y  indicated  at  the  right,  and  in 
Exercises  4-6  the  values  of  y  corresponding  to  the  given 
values  of  x : 

1,  X  y  =  0.  y  =  0,  1,  S,  4.  2  x  —  ?/  =  4.  a:  =  —  3,  6,  5. 

2,  a;  +  2  ^  =  3.  2/  =  —  1, 3, 6.  6.  a;  +  6  ^  =  5.  x  =  4,  2,  —  1. 

3, x-~y  =  l.  2/  =  2,  —  5,  0.  6.  3a:  — 2^  =  6.  a:  =  3,  —  9,  7. 

In  Exercises  7-12  determine  which  of  the  pairs  of  num¬ 

bers  written  at  the  right  of  each  equation  satisfies  that 
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equation.  (The  first  number  of  a  pair  always  denotes  the 
value  of  X  and  the  second  number  the  value  of  y.) 


7.  5  X  -  2  2/  =  3. 

8.  X  +  2/  =  4. 

9.  2  X  -  5  2/  =  2. 

10.  X  +  2  ^  =  0. 

11.  2  X  —  2/  =  3. 

12.  2  X  +  4  2/  =  8. 


(7,  6) ;  (1,  1) ;  (4,  2). 

(2,  5) ;  (6,  8) ;  (1,  3). 

(5,  2) ;  (6,  2) ;  (8,  1). 

(1,  2) ;  (5,  -  1) ;  (4,  -  2). 
(2,  1);  (7,6);  (3,2). 
(3,4);  (2,  1);  (6,-1). 


In  Exercises  13-16  find  two  pairs  of  numbers  which 
satisfy  each  equation,  and  two  other  pairs  which  do  not. 

13.  3  X  +  4  ^  =  6.  15.  3  X  —  2/  =  0. 

14.  2  X  —  5  2/  =  1.  16.  X  +  9  ?/  =  —  3. 

103.  Solution  by  addition  and  subtraction.  It  was  shown 
in  the  previous  section  that  there  is  an  unlimited  number 
of  sets  of  roots  of  a  given  linear  equation  in  x  and  and 
that  there  is  also  an  unlimited  number  of  pairs  of  values 
of  X  and  y  which  do  not  satisfy  the  equation.  We  now  pro¬ 
ceed  to  give  an  algebraic  method  of  determining  whether 
or  not  there  is  any  common  set  of  roots  for  two  given  linear 
equations.  It  turns  out  that  there  is  usually  one  and  only 
one  such  set  of  roots.  This  set  may  always  be  found  by 
the  method  illustrated  in  the  following 


Examples 

1.  Solve  the  system 

r2x  +  2/  =  4, 

12  X  —  3  ^  =  —  4. 

(1) 

(2) 

Solution.  Eliminate  x 

first,  thus : 

(1)  -  (2), 

00 

II 

f 

(3) 

(3)  -  4, 

y  =  2. 

(4) 
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Substituting  2  for  y  in  either  (1)  or  (2),  say  in  (1), 

2  X  +  2  =  4.  (5) 


Solving  (5),  x  =  l,  (6) 

Check.  Substituting  1  for  x  and  2  for  y  m  (1)  and  (2)  gives 


the  identities 

2  +  2  =  4 

and 

2  -  6  =  -  4. 

«cii  i-i  ^  ( 4:  X  S  y  =  0, 

2.  Solve  the  system  ^  n  ro 

1 10  a:  -  7  2/  =  58. 

(1) 

(2) 

Solution,  Eliminate  x  first,  thus : 

(1)  •  5, 

20  X  +  15  2/  =  0. 

(3) 

(2)  •  2, 

20x-14y  =  116. 

(4) 

(3)  -  (4), 

29  2/ =  -116. 

(5) 

(5)  29, 

y  =  -  4. 

(6) 

Substituting  - 

-  4  for  2/  in  (2), 

10  X  +  28  =  58. 

(7) 

Solving  (7), 

X  =  3. 

(8) 

Check.  Substituting  3  for  x  and  —  4  for  y  in  (1)  and  (2)  gives 

12  -  12  =  0 

and  30  +  28  =  58. 

Either  x  or  y  could  have  been  eliminated  first.  The  multi¬ 
pliers  necessary  to  eliminate  y  are  7  and  3 ;  the  multipliers 
necessary  to  eliminate  x  are  5  and  2. 

Since  the  object  of  solving  a  system  of  equations  in  x 
and  y  is  the  discovery  of  a  set  of  values  for  x  and  y  which 
will  satisfy  both  equations  at  the  same  time,  we  are  there¬ 
fore  safe  in  saying  that  x  denotes  the  same  number  in  both 
equations  (1)  and  (2).  The  fact  that  the  x's  disappear 
when  equation  (2)  is  subtracted  from  equation  (1)  in 
Example  1  does  not  depend  on  the  fact  that  the  x’s  look 
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alike,  but  solely  upon  the  fact  that  the  value  represented 
by  X  has  been  eliminated  from  the  first  members  of  (1) 
and  (2),  hence  a  resulting  equation  is  found  in  which  x 
does  not  appear.  The  line  of  reasoning  presented  above  is 
equally  true  for  the  unknown  y. 

When  the  notation  (3)  —  (4)  is  used  in  a  solution,  as  illus¬ 
trated  in  Example  2,  page  255,  it  indicates  the  subtraction  of 
the  first  member  of  equation  (4)  from  the  first  member  of 
equation  (3),  the  subtraction  of  the  second  member  of  equation 
(4)  from  the  second  member  of  equation  (3),  and  the  writing  of 
the  two  results  as  an  equation.  The  process  of  adding  the 
corresponding  members  of  the  two  equations  is  indicated  by 
writing  (3)  +  (4). 

The  notation  (1)  •  5  indicates  that  both  members  of  equa¬ 
tion  (1)  are  multiplied  by  5,  and  (5)  -r-  29  indicates  that  both 
members  of  (5)  are  divided  by  29. 

With  the  meanings  just  explained  it  is  customary  to  speak 
of  the  addition  or  the  subtraction  of  two  equations  and  of  the 
multiplication  or  division  of  an  equation  by  a  number. 

The  preceding  method  of  solving  a  system  of  equations 
is  summarized  in  the 

Rule.  If  necessary,  multiply  the  first  equation  by  a  number,  and 
the  second  equation  by  another  number,  such  that  the  coefficients  of  the 
same  unknown  in  each  of  the  resulting  equations  will  be  numerically 
equal. 

If  these  coefficients  have  like  signs,  subtract  one  equation  from  the 
other ;  if  they  have  unlike  signs,  add.  Then  solve  the  equation  thus 
obtained. 

Substitute  the  value  just  found,  in  the  simplest  of  the  preceding 
equations  which  contain  both  unknowns,  and  solve  for  the  other  unknown. 

Check.  Substitute  for  each  unknown  in  the  original  equations  its 
value  as  found  by  the  rule.  If  the  resulting  equations  are  not  obvious 
identities,  simplify  them  until  they  become  such. 
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An  attempt  to  solve  by  the  rule  the  pair 


r3x-6i/  =  40,  (1) 

\  x-2y  =  S,  (2) 

gives  3  X  —  6  ^  =  40,  (3) 

3  X  —  6  ^  =  24.  (4) 


(3)  —  (4),  0  =  16,  which  is  false. 


This  result  indicates  that  (1)  and  (2)  do  not  form  a  simul¬ 
taneous  system  but  are  incompatible  equations. 

r  X  2  y  —  8 

An  attempt  to  solve  by  the  rule  the  system  \  a  —  o  a 

gives  0  =  0.  Here  each  member  of  the  second  equatioh  is 
just  three  times  the  corresponding  member  of  the  first  equa¬ 
tion.  If  we  choose  to  regard  the  two  equations  as  really  dif¬ 
ferent,  which  is  not  at  all  necessary,  we  say  that  they  have  an 
infinite  (unlimited)  number  of  sets  of  roots.  Two  or  more 
equations  having  this  property  constitute  an  indeterminate 
system. 


EXERCISES 


Solve  the  following  systems  and  check  the  sets  of  roots 
obtained : 

x  +  y  =  6. 

3  a; +  2  2/ =  38, 
■2x-y  =  23. 

x  —  y  =  2. 

to 

• 

1  + 

II  II 

1 

x  +  5y=9, 

"  2  X  +  4  2/  =  6. 

x-\-2y  =  7, 

X  -  j/  =  -  2. 

22/  +  x  =  -3, 

*’-x  +  2/  =  -l. 

x  +  y  =  s, 

X +  3  y  =  12. 

3x  +  5y  =  —  5, 

■  ^■x  +  y  =  -l. 

x-y=l, 

°’2x  +  y=U. 

5x  +  42/  =  10, 

6  X  -  3  2/  =  -  27. 
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3  X  +  2  2/  =  -  12, 

•2x  +  52/  =  -19. 

10a:  +  72/  =  27, 
*4x  —  9?/  =  —  1. 

3x-2/  =  -  1, 

12  x  + 11'^  =  56. 

13  a; +  7^  =  -79, 
12  X  -  25  ^  =  -  10. 

9  m  +  5  p  =  109, 

7  m  -  10  2)  =  57. 

5a:- 7?/  =  78, 

3  a:  +  13  2/  =  -  108. 

3  r  —  2  s  =  12, 

4  r  +  6  s  =  68. 

2  a:  —  5  2:  =  —  27, 

7  a:  +  13  ^  =  -  3. 

6p  +  5g^  =  60, 

12  p  +  13  ^  =  138. 

13  a:  -  5  ^  =  -  14, 

5  a: +  3  2/ =  34. 

*_  t  -|“  10  'll  =  57, 

3  ^  -  5  =  -  39. 

2  m  +  5  =  15, 

*  m  —  4  w  =  1. 

104.  Solution  by  substitution.  The  method  of  solving  a 
system  of  two  linear  equations  by  substitution  is  illustrated 
in  the  following 

Example 


r 

Solve  the  system  \ 

x-j-5y  =  - 
2x—Sy= 

-IV 
=  17. 

(1) 

(2) 

Solution.  From  (1), 

X 

=  -5y-ll. 

(3) 

Substituting  —  5 'y  — 

11  for  X  in 

(2), 

2(-5y- 

-11) -Sy 

=  17. 

(4) 

Simplifying,  —  10  ^ 

-22 -Sy 

=  17. 

(5) 

Collecting, 

-ISy 

=  39, 

(6) 

y 

=  -3. 

(7) 

Substituting  —  3  for 

CO 

X 

=  15-11 

=  4. 

(8) 

Check.  Substituting  4  for  x  and  —  3  for  ^  in  (1)  and  (2)  gives 

4 -15  =  -11 
8  +  9  =  17. 


and 
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The  method  of  the  preceding  solution  for  solving  a 
system  of  two  linear  equations  is  stated  in  the 

Rule.  Solve  either  equation  for  one  unknown  in  terms  of  the  other. 

Substitute  this  value  in  place  of  the  unknown  in  the  equation  from 
which  it  was  not  obtained,  and  solve  the  resulting  equation. 

Substitute  the  definite  value  just  found  in  the  simplest  of  the  preced¬ 
ing  equations  which  contain  both  unknowns,  and  solve,  thus  obtaining 
a  definite  value  for  the  other  unknown. 

Check.  See  page  256. 

The  method  of  substitution  emphasizes  the  fact  that  the 
values  of  x  and  y  which  are  sought  are  the  same  in  both 
equations.  Hence  an  expression  for  an  unknown  obtained 
from  one  equation  is  substituted  for  that  unknown  in  the 
other  equation.  This  method  is  useful  when  one  of  the 
unknowns  can  be  expressed  in  terms  of  the  other  without 
fractions  or  when  simple  fractions  only  are  involved. 


EXERCISES 


Solve  by  the  method  of  substitution  and  check  the  sets 
of  roots  obtained : 


1. 


m  —  2  n  =  1, 
2  m  —  n  =  b. 


x-\-Sy  =  14:, 
3  X  —  y  =  2. 


9  s  +  10  ^  =  113, 

4  s  -  3  ^  =  13. 

yi-z=l, 
Sy-10z  =  -36. 


3  a:  +  5?/  =  61, 
10  x-y  =  62. 

3s  +  2^  =  7, 

8  +  ^  -  1. 


a:  +  11  ^  -  42, 

’  a:  —  7  ^  =  30. 

5  a:  =  2  ^  +  3, 
'3y  —  0x  =  —  3. 

^  2x  —  1  y  =  31, 

2  X  y  =  —  3. 


43  +  10  s  =  189, 

5  -  3  s  =  -  3. 

2x-19^  =  -212, 
3  2/  +  7x  =  92. 

3  *  +  22/  =  !, 

5  X  -  4  2/  =  3. 
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105.  Simultaneous  equations  containing  fractions.  The 
method  of  solving  a  system  of  two  linear  equations  con¬ 
taining  fractions  is  given  in  the  following 

Example 


'2x  ,  3 2/ 

I  o“ 


Solve  the  system  - 


X  3y 
3"^  7 


34 
“  5  “ 
50 
21* 


(1) 

(2) 


Hints.  (1)  -10,  4x  +  15y  =  68.  (3) 

(2)  •  21,  7x  +  9y  =  50.  (4) 

The  system  (3)  and  (4)  can  now  be  solved  either  by  addition  and 
subtraction  or  by  substitution. 


As  in  the  foregoing  solution,  it  is  usually  best  to  clear 
the  equations  of  fractions  and  write  them  in  the  form  of 
(3)  and  (4)  before  attempting  to  eliminate  one  of  the  un¬ 
knowns.  Equations  (3)  and  (4)  are  each  in  what  is  known 
as  the  general  form  of  a  linear  equation  in  two  unknowns. 
This  form  is  represented  for  all  such  equations  by  ax-\-by=c, 
where  a,  h,  and  c  denote  numbers,  or  known  literal  ex¬ 
pressions. 


EXERCISES 

Solve  the  following  systems  and  check  the  sets  of  roots 
obtained : 


1.  i 


2x  +  ^  = 
^  2  ~  2 


39 

2 


2.  ^ 


(Sx 

7 

52/ 


-2y 
3x  _ 

I  o"  —  TT 


47 


19 

2 
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3. 


^x-\-y  X  — y  _  IS 
7  5  “35 

x-\-  y  X  —  y  _2S 
“3  4“  “12 


4.  < 


^2_x  y 
5  ”^4 


9  X 


+  y  = 


20 

4 


5.  ^ 


x+y  x-y  6 
3  5  “5' 

2x  —  2y  S  X  —  Sy 


13 

28' 


6.  < 


'  4:  X S  y  2x  +  5^_35 
6  2  “"6"' 
x+y  , x—y_  1 
2^3“  12* 


7.  ^ 


''m  +  2  n  2  ri  _  11 
5  3"“l5 


4  m  — 


+  m  =  4. 


11.  ^ 


.  5?/_5 

*+  3  -4’ 

7  X  2y 


I  3 


9 


43 

36' 


8.  ^ 


^x  +  y  ,  2x-2?/_4 
1  3  “3' 


x-y  x  +  y 


2 

3 


9. 


'r  +  s  ,  r  — s_2 
2  3  “3 


2r-3s 


+  2  r  =  3, 


10. 


—  2  m_  10 
3  '  ^“~T’ 

2m— Z+3  5m+l_l 
2  ^“2' 


12.  ^ 


2  a  —  6  b  2  a  _22 
3  “^X“45' 

4a  +  26-3  ,  11 

I3 


13.  ^ 


ri  +  i 

X  y 
1_1 

vx  y 


6 

5^ 


4 

4 

5 


Hint.  Solve  without  clearing 
of  fractions,  using  addition  and 
subtraction. 
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14.  ^ 


<'2  2^ 

— 1 —  — 

X  y 


3 

LX 


5_1 

y~2 


15.  ^ 


^^+^  =  1, 

m  n 


4_^ 

n  m 


1? 

3 


16.  ^ 


7r  +  -  =  -6, 
0,5  1 

2’^+i=-r 


17.  -! 


K  +  ^^-2' 


1=  -  5  L  =  -  18. 
h. 


18.  ^ 


19.  ^ 


'x  +  2/— 5  x  —  y_ 

2  "^3 

x—y-\-2  x-\-y-[-l  _1 

~2 
21 
5 


3' 


l  6 
'x  +  2;  —  1 


5 

2x  —  z 


+ 


3 

-\-z-2 
z-\-  X 


20.  S 


x-\-y  3x— 5?/+4 

5i/  10 

!■  .  -  ■  • 

3  3 


17 

"  12* 

=-2, 


{  ^  X  —  y 


-7  > 


*"2x  —  ^  y  —  22. 


22.  ^ 


5  X 


2  X  —  5  ^  +  3 
^  3 

2"^  1  2* 


=  -l, 


'2x— 4^  9x4-10^+72 


23.  ^ 


2  X 


3  5 

5y  49 

X-T  * 


''4x  — 3^+2  ^  ,  49 

- F - =  2y  +  -^: 


24.  ^ 


25.  ^ 


2  X  5  ?/  _ 
l"3"  +  "2““" 

'3  X  ^  _  11 
^  ^  3  ~  ^ 


37 

■  i 

6 


26.  ^ 


5  ' 

7 

35* 

5 

+ 

2 

m  +  71 

in  —  n~ 

9 

+ 

10 

9 

V 


27.  ^ 


+  3  = 

X  y 


1 

2'‘ 


5  +  A 

LX  Sy 


14 


r"  2 


28. 


3  p 


—  2  n 
7  _|_10  ^ 


43 

9 


11 


2p  Sn 
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EXERCISES 


Solve  the  following  systems  involving  decimals,  and 
check  the  sets  of  roots  found : 


1. 


2  m  +  -3  =  .82, 
n  —  4:  m  =  —  2.6. 


13. 


j2x  +  52/  =  43, 
l3x-.2  2/=  10.6. 

r. 13  r-. 24  s  =  -.545, 

1.5r  +  .61s  =  .97.  14.-: 

.3  X  —  .5y  =  .4, 

.2  X  +  .4  ^  =  1. 


'5  +  ®  =  4 

X  y 

7  1 

-  +  -=1.9. 
X  y 


4. 


.2 

X 

5 


.3  1.6 


y 

+  -  =  - 
X  '  2/  3 


6 


r2 


5.  i 


r  .2  X  +  .S^y  =  .75, 


15.  i 


-  +  10  2/  =  —  39.6, 


6. 


7. 


8. 


16. 


t.5  X  +  .6  ^  =  1.8. 

.8  X  +  .2  ^  =  .7, 

.4  X  —  2.0  y  =  10.15. 

r  .06  X  +  .67  2/  =  4.32, 

.9  X  —  2y  =  —  7.5. 

.8  X  +  .33  ^  =  —  2.4, 

.1  X  —  .66  y  =  —  .2. 

r4  X  +  1.5  2/  =  9.6, 
t5x-3.5+4^=19.125. 

3  X  +  13  ^  =  74, 

12  X  -  5.3  ^  =  -  47.8. 

J.2  X  +  5  ^  =  15.6, 
l3x- 2.5^  =  -6.25. 


X 


-  5  2/  =  20.6. 


25x+.252/+^=4(x+2/), 

^  ^  I  1 Q  y 

-^+1.8  =  2- 


2  X  + 


2/ 


5.5, 


y 


—  .4  X  =  —  4.4. 


10. 


18. 


19. 


12.  i 


-  +  -  =  6, 
Ill 


r2x-32/  =  -l, 

1 5.5  x  + 3.2  ^^  =  8.7. 

r  15  a -2.5  6  =  4.75, 
1 .3  a -.4  5  =  .08. 

f.2  .5 


20. 


X  y 


.5 


X 

.3 


=  2, 


+  -  =  4.7. 

X  2/ 
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In  the  following  problems  the  student  should  state  two 
equations  in  two  unknowns.  Instead  of  using  x  and  y,  the 
first  letter  of  the  word  denoting  an  unknown  should  be 
used  to  represent  that  unknown  wherever  possible.  Thus  in 
Problem  7,  p.  265,  d  should  represent  the  number  of  dimes 
and  q  the  number  of  quarters.  The  plan  here  suggested  is 
desirable  for  many  reasons,  and  should  be  followed  in  all 
problems  containing  two  or  more  unknowns  unless  the 
words  denoting  two  of  the  unknowns  begin  with  the  same 
letter. 

In  solving  problems  like  1-39  on  pages  175-179  there  are 
really  two  unknowns  involved ;  but  one  of  the  equations  to 
which  each  of  those  problems  leads  is  so  simple  that  what 
aniounts  to  the  method  of  substitution  was  employed  by 
expressing  one  unknown  in  terms  of  the  other. 

Example 

The  difference  between  two  numbers  is  17,  and  their 
sum  is  33.  Find  the  numbers. 

Solution.  Let  x  =  one  number, 

and  y  =  the  other  number. 

Then  x  —  y  =  17,  (1) 

and  X  +  y  =  SS.  (2) 

Solving  for  x  and  y,  we  get 

X  =  25, 
y  =  S. 

PROBLEMS 

1.  The  difference  between  two  numbers  is  25  and  their 

sum  is  41.  Find  the  numbers.  ' 

2.  The  difference  between  two  numbers  is  3.  Their  sum 
is  11.  Find  the  numbers. 
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3.  What  are  the  two  numbers  whose  sum  is  10  and 
whose  difference  is  6  ? 

4.  Find  the  two  numbers  whose  sum  is  5  and  whose 
difference  is  25. 

5.  The  value  of  a  certain  fraction  is  ^  when  1  is  added 
to  the  numerator.  When  4  is  subtracted  from  the  denomi¬ 
nator  the  value  becomes  f .  Find  the  fraction. 

6.  The  value  of  a  certain  fraction  is  If  2  is  added  to 
the  denominator  and  1  is  subtracted  from  the  numerator 
the  fraction  becomes  equal  to  What  are  the  values 
of  the  numerator  and  denominator  of  the  fraction  ? 

7.  The  value  of  a  collection  of  quarters  and  dimes  con¬ 
taining  100  coins  is  $10.90.  How  many  coins  of  each  kind 
are  there? 

8.  There  are  two  kinds  of  coins  in  a  collection.  When 
the  collection  contains  8  of  one  kind  and  5  of  the  other  it 
is  worth  $1.65.  If  there  are  10  of  the  first  kind  and  13  of 
the  second  kind,  the  lot  amounts  to  $3.75.  What  are  the 
denominations  of  the  two  types  of  coins? 

9.  The  difference  of  the  numerator  and  denominator  of 
a  certain  fraction  is  1.  Subtracting  5  from  the  numerator 
and  adding  4  to  the  denominator  makes  the  fraction  equal 
to  What  is  the  original  value  of  the  fraction  ? 

10.  Two  boys  on  a  seesaw  balance  when  one  is  6  feet 
from  the  fulcrum  and  the  other  is  4  feet  from  the  fulcrum. 
A  third  boy  weighing  70  pounds  joins  the  first  boy,  and  the 
two  balance  the  second  boy  in  his  original  position  when 
they  are  2j  feet  from  the  fulcrum.  What  are  the  weights 
of  the  first  and  second  boys? 
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11.  The  sum  of  two  weights  is  16  pounds.  They  balance 
each  other  when  they  are  |  foot  and  feet  from  the  ful¬ 
crum  respectively.  Find  the  weights. 

12.  A  man  has  $5000  invested,  partly  in  a  savings  bank 
paying  4%  interest  and  partly  in  bonds  paying  6%.  His 
income  from  the  two  sources  is  $280  a  year.  How  much 
has  he  invested  in  each  place  ? 

13.  Part  of  $15,000  is  invested  at  5  %  and  the  remainder  at 
4  %.  The  income  from  the  4  %  investment  is  twice  that  from 
the  5  %.  How  much  is  invested  at  each  rate  of  interest  ? 

14.  A  is  now  f  as  old  as  B.  Five  years  ago  B  was  twice 
as  old  as  A.  What  are  their  ages  now  ? 

15.  In  10  years  C  will  be  ^  as  old  as  D.  In  5  years  D 
will  be  Y  as  old  as  C.  What  is  the  present  age  of  each? 

16.  A  man  has  $2000  to  invest,  part  at  7  %  and  the  re¬ 
mainder  at  4  %.  He  wishes  an  income  of  $125  per  year  from 
this  money.  How  much  must  he  invest  at  each  figure? 

17.  The  sum  of  the  digits  of  a  two-digit  number  is  7. 
The  number  plus  27  is  the  original  number  with  digits 
reversed.  Find  the  original  number. 

Solution.  Let  t  =  the  digit  in  tens’  place, 
and  u  =  the  digit  in  units’  place. 

Then  t  u  =  7.  (1) 

But  t  standing  in  tens’  place  has  its  numerical  value  multi¬ 
plied  hy  10.  Therefore  the  number  is  represented  by  the  bi¬ 
nomial  10  t  u,  and  the  number  formed  by  the  digits  in 
reverse  order  is  represented  by  the  binomial  10  u-{- 1. 

Hence  10  t  u  27  =  10  u  1.  (2) 

Simplifying  (2),  u  ^  t  =  S.  (3) 

Solving  (1)  and  (3),  t  =  2  and  u  =  5. 

Hence  the  number  is  25. 
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18.  The  sum  of  the  digits  of  a  two-digit  number  is  6. 
The  digits  are  reversed  if  36  is  added  to  the  number. 
What  is  the  original  number  ? 

19.  In  a  certain  two-digit  number  the  tens’  figure  is 
twice  the  units’  figure.  If  the  number  with  digits  reversed 
is  subtracted  from  the  original  number  the  remainder  is  18. 
Find  the  original  number. 

20.  A  certain  number  divided  by  ^  the  sum  of  the  digits 
gives  17.  If  36  is  subtracted  from  the  number,  the  re¬ 
mainder  is  the  original  number  with  digits  reversed.  Find 
the  original  number. 

21.  A  certain  two-digit  number  plus  8  is  equal  to  ten 
times  one  less  than  the  sum  of  the  digits.  The  tens’  digit 
is  twice  the  units’  digit.  What  is  the  original  number? 

22.  The  sum  of  a  certain  two-digit  number  and  the  sum 
of  the  digits  of  the  number  is  15.  The  number  minus  the 
sum  of  the  digits  is  9.  Find  the  number. 


The  reciprocal  of  a  number  is  a  fraction  of  which  the 
numerator  is  1  and  the  denominator  is  the  number  itself. 

Thus  i  and  i  are  the  reciprocals  of  2  and  a  respectively. 


23.  What  are  the  reciprocals  of  3,  5,  f ,  1, 1|,  8i^? 

24.  The  sum  of  the  reciprocals  of  two  numbers  is  3^,  and 
the  difference  of  the  reciprocals  is  1%.  Find  the  numbers. 

25.  The  sum  of  the  reciprocals  of  two  numbers  is 
The  greater  reciprocal  over  the  lesser  reciprocal  is  equiva¬ 
lent  to  ly.  Find  the  numbers. 

26.  A  gives  B  $50.  B  then  has  four  times  as  much  as  A. 
Then  B  gives  A  $100  and  has  left  twice  as  much  as  A. 
How  much  money  did  each  have  in  the  first  place? 
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27.  A  man  has  two  barrels  of  gasoline.  He  takes  10  gal¬ 
lons  from  the  first  and  puts  it  in  the  second.  The  second 
then  contains  three  times  as  much  as  the  first.  Next  he 
takes  30  gallons  from  the  second  and  puts  it  in  the  first. 
The  second  barrel  then  contains  as  much  as  the  first 
barrel.  How  much  gasoline  was  there  originally  in  each 
barrel  ? 

28.  A  man  walks  in  a  railway  train  in  the  direction  of 
the  motion  of  the  train  for  2  minutes.  He  has  then  traveled 
with  respect  to  the  ground  ^  of  a  mile.  He  returns 
through  the  train  at  the  same  speed  to  his  starting  point, 
and  has  traveled  in  returning  ^  of  a  mile  with  respect  to 
the  ground.  What  was  his  rate  of  walking  in  miles  per 
hour,  and  how  fast  was  the  train  moving? 

29.  A  man  rows  a  boat  5  miles  downstream  in  1  hour 
and  returns  in  hours.  What  is  his  speed?  How  fast 
is  the  current  in  the  river  flowing? 

30.  A  man  travels  100  miles,  50  miles  by  train  and  50 
miles  by  autobus.  He  makes  the  trip  in  2  hours  and  40 
minutes.  On  the  return  trip  he  travels  30  miles  by  train 
and  70  miles  by  autobus,  and  takes  2  hours  and  56  minutes. 
What  was  the  speed  of  the  train  ?  of  the  autobus  ? 

31.  A  man  must  make  a  trip  of  200  miles.  He  can  go 
part  way  by  auto  and  the  rest  of  the  way  by  train.  If  he 
takes  a  bus  going  20  miles  per  hour  to  the  station  and  takes 
the  train  the  remainder  of  the  distance  he  can  make  the 
trip  in  5f  hours.  If  he  takes  a  taxi  traveling  30  miles 
per  hour  to  the  same  station  and  the  train  for  the  remainder 
of  the  way  he  can  make  his  journey  in  hours.  What 
is  the  distance  to  the  station?  How  far  does  he  go  by 
train  ?  What  is  the  speed  of  the  train  ? 
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32.  In  Problem  31  if  the  train  fare  is  4^  per  mile,  the  bus 
fare  5^  per  mile,  the  taxi  fare  40^  per  mile,  and  the  man’s 
time  is  worth  $5  per  hour,  what  is  the  most  economical 
way  for  him  to  travel  ?  How  much  would  his  time  have  to 
be  worth  to  make  it  economical  for  him  to  take  the  taxi  to 
the  train  ? 

33.  Two  men,  A  and  B,  can  do  a  piece  of  work  together 
in  4  days.  They  work  together  on  the  job  for  Ij  days 
and  then  B  finishes  it  alone  in  days  more.  How  many 
days  would  each  man  require  to  do  the  work  alone  ? 

34.  A  boat  going  18  miles  per  hour  travels  downstream 
from  A  to  B  in  2  hours.  It  then  returns  to  a  point,  C, 
7  miles  below  A,  in  3  hours.  What  is  the  distance  from 
A  to  B  ?  from  B  to  C  ?  What  is  the  speed  of  the  current  ? 

106.  Literal  equations  in  two  unknowns.  Linear  systems 
in  which  the  unknowns  have  literal  coefficients  are  usually 
solved  by  the  method  of  addition  and  subtraction. 


EXERCISES 

In  the  following  exercises  consider  a,  6,  c,  d,  and  I  as  known 
numbers ;  solve  for  the  other  letters  involved  and  check : 


1. 


2. 


3. 


4. 


x  +  ^  =  4  a, 

X  —  2y  =  a, 

x-\-y  =  5a, 

X  —  y  =  a, 

m-\-n  =  c, 
m  —  n  =  d, 

S  X  Ay  =  b, 
5  x  +  3  2/  =  c. 


2  X  +  3  =  3  c, 

5.  3  c 

2*  +  9^  =  18, 


6. 


3  dx 


d 
2y 
d 


=  -4. 


7. 


9  X  .  Sy  123  a 

2  X  ^  y  _1 
a  2a~  2 
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2x  5y 


8. 


^4.1- 

2'^4~ 


=  a, 


a. 


9. 


10. 


11. 


0.25  a:  +  0.6  2/  =  .45  a, 
0.5  y  —  0.4  X  =  0.01  a. 

2v  .  5s  . o 
~5 — — W  —  — 

V  s  ^ 

2  3  ”  ^ 

4  a:  +  3  ^  =  22  a, 
5x-{-7  y  =  47  a, 

xa  y  =  O', 


12.  X  ,  y  ^ 

O  +  -  =  0. 

2  a 


13. 


14. 


15. 


a:  +  6^  =  a, 

2  X  —  ay  =  ^{4b  o). 


17. 


18. 


aa:  +  2  ^  =  —  I-  X  —  3  a^, 
S  ay  —  2x  =  6(a^  +  a). 

3  m  +  2  ?^  =  (a  +  6), 

12  m  +  9  a  =  4  6  +  18 

X  —  S  y  =  2  b, 

3  X  +  2  2/  =  17  5. 


19. 


20. 


21. 


22. 


23. 


— —  —  o, 

X  y 

-  i  —  6 

X  y~  ' 

a  .  b  j 

y  X 

a  b  _ 

y  X~~  ' 

cm  dn  =  d  c, 
dn  —  cm  =  d  —  c. 

ax  —  cy  =  b, 

4  ax  —  3  =  a  +  3  5. 

bz-\-  cw  =  d, 

Iw  4-  z  =  o. 

.5  m  +  .2  71  =  .2, 

1.2  77  —  .3  771  =  —  2.76. 

.2  X  —  .3  ^  =  —  .25  I, 

.5  X  +  1.3  y  =  1.65  1. 


GENERAL  ORAL  EXERCISES 

1.  If  1  book  costs  2  a  dollars,  how  much  will  d  books 
cost? 

2.  If  3  books  cost  b  dollars,  how  much  will  n  books 
cost? 

3.  What  is  the  perimeter  of  a  rectangle  of  length  I  inches 
and  breadth  b  inches?  What  is  its  area? 
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4.  If  n  books  cost  d  dollars,  what  will  one  book  cost? 
h  books? 

5.  The  area  of  a  rectangle  is  ah  square  inches.  If  the 
length  is  a  feet,  what  is  the  width  ?  the  perimeter  ? 

6.  The  length  of  a  rectangle  is  a  feet.  The  width  is 
h  —  a  feet.  What  is  the  area  ?  the  perimeter  ? 

7.  A  triangle  has  an  altitude  a  feet  and  a  base  h  —  I  feet. 
What  is  the  area  ? 

8.  A  triangle  has  an  altitude  h  feet  and  a  base  equal 
to  2  6  inches.  What  is  its  area  ? 

9.  A  triangle  has  an  altitude  of  I  feet.  If  the  altitude 
is  I  the  base  in  feet,  what  is  the  base  ?  the  area  ? 

10.  Two  trains  start  from  the  same  station  and  travel  in 
opposite  directions  a  and  b  miles  per  hour  respectively. 
How  far  will  each  be  from  the  station  in  t  hours?  How 
far  apart  will  they  be  at  that  time  ? 

11.  If  these  trains  travel  in  the  same  direction,  how  far 
apart  will  they  be  from  each  other  in  t  hours?  How  far 
will  each  be  from  the  station  from  which  they  started? 

12.  The  sum  of  two  numbers  is  10,  and  the  lesser  is  s. 
What  is  the  greater  ?  What  is  the  difference  ?  the  product  ? 

13.  If  X  is  A's  age  now,  what  does  (x  —  5)  indicate? 
What  does  the  equation  x  +  2  =  2(x  —  5)  mean? 

14.  A  man  receives  d  dollars  per  working  day  for  4  weeks. 

In  this  period  he  spends  e  dollars.  How  much  money  has 
he  at  the  end  of  4  weeks  of  6  working  days  each  ? 

1 5.  A  man  can  walk  m  miles  in  1  hour.  How  far  can  he 
go  in  h  hours  ?  How  long  will  it  take  him  to  walk  d  miles  ?  . 

16.  It  costs  a  man  d  dollars  a  day  to  live.  How  long 
can  he  live  on  p  dollars?  How  much  money  will  it  take 
to  support  n  men  one  day  ?  t  days  ? 
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17.  If  9  apples  can  be  bought  for  c  cents,  how  many  can 
be  had  for  d  cents?  How  much  will  a  apples  cost? 

18.  A  triangle  has  an  area  a  square  inches  and  base  b 
feet.  What  is  its  altitude  ? 

19.  A  farmer  has  fodder  for  12  cattle  n  days.  How  long 
can  m  cattle  live  on  the  same  amount  of  food  ? 

20.  One  man  does  a  piece  of  work  in  n  days.  How  much 
can  he  do  in  d  days?  How  long  will  it  take  m  men  to  do 
the  job  if  each  man  works  at  the  same  rate  as  the  first  man  ? 

•  GENERAL  PROBLEMS 

1.  The  base  of  a  triangle  is  b  inches  and  the  altitude  is 
6  inches.  If  the  base  is  increased  3  inches,  how  much  must 
the  altitude  be  reduced  to  keep  the  area  the  same  ? 

Hint.  Let  x  =  the  decrease  of  the  altitude  in  inches. 

Then  6  6/2  =  (6  +  3)(6  —  x)/2,  etc. 

2.  The  altitude  of  a  triangle  is  a  inches  and  the  base  is 
b  inches.  If  the  base  is  increased  by  n  inches,  how  much 
must  the  altitude  be  reduced  to  keep  the  original  area  ? 

3.  A  rectangle  has  a  length  of  I  inches  and  a  breadth  of 
b  inches.  If  the  length  is  reduced  d  inches,  how  much  must 
the  breadth  be  increased  to  keep  the  area  the  same  ? 

4.  The  length  and  width  of  a  rectangle  are  6  and 
4  inches  respectively.  The  length  is  decreased  by  the 
same  amount  as  the  width  is  increased,  while  the  area 
remains  the  same.  How  much  is  the  length  decreased  ? 

5.  The  sum  of  two  numbers  is  s  and  their  difference 
is  d.  What  are  the  numbers? 

'  6.  The  sum  of  two  numbers  is  q  and  their  difference  is 
one  half  of  q.  What  are  the  numbers  ? 
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7.  A  certain  number  is  3  larger  than  another  number. 
The  quotient  of  the  smaller  divided  by  the  larger  is  q. 
Find  the  numbers. 

8.  The  value  of  a  fraction  is  a.  If  1  is  added  to  the 
numerator  the  value  becomes  6.  Find  the  numerator  and 
the  denominator. 

9.  If  h  is  added  to  the  numerator  of  a  certain  fraction, 
the  resulting  fraction  is  equal  to  3.  If  a  is  added  to  the 
denominator  the  fraction  is  equal  to  1.  Find  the  numerator 
and  the  denominator. 

10.  If  2  is  added  to  the  numerator  of  a  certain  fraction, 
the  resulting  expression  is  equal  to  x.  When  3  is  subtracted 
from  the  denominator  the  fraction  is  equal  to  2:.  What  are 
the  values  of  the  numerator  and  the  denominator? 

11.  A  collection  of  eggs  contains  a  certain  number  costing 
$1  per  dozen  and  another  number  costing  70 per  dozen. 
Together  the  eggs  cost  h  dollars.  If  the  number  of  eggs  of 
each  grade  had  been  interchanged,  the  cost  of  the  whole 
would  have  been  a  dollars.  How  many  dozen  eggs  were 
there  of  each  grade? 

12.  A  boy  weighing  p  pounds  balances  a  boy  weighing 
w  pounds  on  a  seesaw.  If  the  distance  between  the  boys 
is  Z,  what  is  the  distance  of  each  boy  from  the  fulcrum  ? 

13.  A  and  B  have  together  d  dollars.  A  has  m  dollars 
more  than  B.  How  much  has  each? 

14.  If  A  gave  g  dollars  to  B,  he  would  then  have  half  as 
much  as  B.  If  B  gave  k  dollars  to  A,  he  would  have  1  dollar 
more  than  A.  How  much  money  has  each  ? 

15.  Together  A  and  B  have  $50.  A  gives  g  dollars  to  B 
and  then  B  gives  /  dollars  to  A,  whereupon  they  have 
equal  amounts.  How  much  money  did  each  have? 
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16.  A  man  has  d  dollars  invested,  part  at  4%  and  part 
at  5%  interest.  His  income  is  m  dollars  per  year.  How 
much  money  has  he  invested  at  each  rate  of  interest  ? 

17.  Two  men,  A  and  B,  start  from  points  m  miles  apart 
and  walk  toward  each  other.  A  walks  at  r  miles  per  hour, 
and  B  walks  at  s  miles  per  hour.  How  long  will  they  have 
to  walk  before  they  meet?  How  far  will  they  be  from 
their  respective  starting  points  when  they  meet  each  other  ? 

18.  A  works  half  as  fast  as  B.  The  two  working  together 
can  do  a  piece  of  work  in  d  days.  How  long  would  it  take 
each  man  alone  to  do  it  ? 

19.  A  does  a  job  in  c  days.  A  and  B  together  do  the  job  in 
d  days.  How  many  days  would  it  take  B  to  do  the  job 
alone  ? 

20.  A  works  four  times  as  fast  as  B.  The  two  together 
do  a  piece  of  work  in  p  days.  How  long  will  it  take  each 
man  alone  to  do  the  same  job  ? 

21.  A  and  B  together  do  a  job  in  d  days.  If  A  works 
t  times  as  fast  as  B,  how  long  would  it  take  each  to  do 
the  work  ? 


REVIEW  EXERCISES 


1.  Solve 


4(10-2x)-3(x-15)  =  0. 
5  X  -j-  3  


2.  Solve 


4 


3.  Solve 


4.  Solve 


3x-5  2x-5^35(x-2) 

X  —  3  X  —  4  ~  7x  —  24 


6.  Solve 
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Factor : 


6.  +  2  a6  —  15  6^.  7.  (a  —  hY  —  x^.  8.  +  4  +  4  x. 

Reduce  to  a  common  denominator  and  simplify : 

^  1  1 

9. - r - j — r* 

a  —  0  a  +  6 


10. 


8 

2  X  —  3 


+ 


3  X  —  4 
2  x2  -  X  -  3 ' 


Divide : 

11.  —  a“6  +  2  6^  by  a  +  6. 

12.  6  x^  +  X“  —  29  X  +  21  by  2  X  —  3. 


Solve  for  x  and  then  find  its  numerical  value  for  the 
given  values  of  the  other  letters : 

13.  ax  +  X  =  m,  when  a  =  2  and  m  =  —  3. 

14.  a(x  —  1)  —  6  =  X  —  a,  when  a  =  2  and  6  =  0. 

15.  ax  +  6x  =  m  +  X,  when  a  =  —  4,  6  =  ^,  and  m  =  4. 

16.  m(a  +  6  —  x)  =  n{a  +  6  —  x),  when  a  =  —  1,  6  =  2, 
m  =  —  3,  and  =  5. 

17.  The  sum  of  two  numbers  is  51.  Their  difference  is  13. 
Find  the  two  numbers. 

18.  Two  boys  weigh  together  130  pounds.  They  balance 
on  a  seesaw  when  they  are  3  feet  and  3J  feet  from  the 
fulcrum  respectively.  What  are  their  weights? 

19.  A  collection  of  nickels  and  quarters  is  worth  $2.40 
and  contains  20  coins.  What  is  the  number  of  each  kind 
of  coin  in  the  collection  ? 

20.  A  and  B  had  between  them  $1000.  A  spent  §  of  his 
share  while  B  spent  ^  of  his.  If  A  spent  $25  more  than  B, 
what  did  each  have  in  the  first  place  ? 
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107.  Introduction.  In  Chapter  II  several  devices  were 
given  for  the  graphic  presentation  of  statistics.  One  of 
these,  the  line  graph,  is  similar  in  its  general  features  to 
the  method  employed  for  representing  geometrically  the 
relation  between  sets  of  numbers  which  are  connected  by 
an  algebraic  equation. 

The  question  What  two  numbers  added  give  seven  ?  may 

be  expressed  by  the  equation  x-\-y  =  1.  Here  x  and  y 

are  any  two  numbers  whose  sum  is  7.  It  can  be  seen  by 

inspection  that  if  x  =  4,  ^  =  3 ;  if  x  =  1,  «/  =  6 ;  if  a:  =  0, 

y  =  1 )  etc.  We  may  also  assign  to  x  any  value,  say  —  2 ; 

then  the  equation  becomes  —2  +  ^  =  7,  whence  y  =  9. 

In  this  manner  we  may  obtain  an  unlimited  number  of  sets 

of  related  values  for  x  and  y,  some  of  which  are  given  in 

the  following  table :  ,  „ 

x  +  y  =  7 


A 

B 

C 

D 

E 

F 

G 

H 

/ 

If  X  = 

5 

1 

0 

6 

7 

-  1 

-  2 

8 

9 

then  y  = 

2 

6 

7 

1 

0 

8 

9 

-  1 

-  2 

108.  Definitions  and  assumptions.  In  constructing  the 
graph  of  an  equation  in  two  variables  a  number  of  assump¬ 
tions  must  be  made.  These  assumptions  and  some  neces¬ 
sary  definitions  are  now  stated. 
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It  is  agreed : 

I.  To  have  two  lines  at  right  angles  to  each  other,  —  as 
X'OX,  called  the  x-axis,  and  Y'OY,  called  the  y-axis,  as  in 
the  figure  below. 

II.  To  have  a  line  of  definite  length  as  a  unit  of  dis¬ 
tance.  Then  the  number  2  will  correspond  to  a  distance 
twice  the  unit  in 
length,  the  num¬ 
ber  4^  to  a  dis¬ 
tance  of  4  J  times 
the  unit,  etc. 

III.  That  the 
distance  (meas¬ 
ured  parallel  to 
the  a;-axis)  from 
the  ^-axis  to  any 
point  in  the  sur¬ 
face  of  the  paper 
be  the  x-distance 
(or  abscissa)  of 
that  point,  and  the 
distance  (meas¬ 
ured  parallel  to 
the  ^-axis)  from  the  a:-axis  to  the  point  be  the  y-distance 
(or  ordinate)  of  the  point. 

IV.  That  the  x-distance  of  a  point  to  the  right  of  the 
^-axis  be  represented  by  a  'positive  number,  and  the  x-dis- 
tance  of  a  point  to  the  left  by  a  'negative  number ;  also  that 
the  ^/-distance  of  a  point  above  the  x-axis  be  represented  by 
a  positive  number,  and  the  ^-distance  of  a  point  helo'w  the 
x-axis  by  a  'negative  number.  Briefly,  distances  measured 
from  the  axes  to  the  right  or  upward  are  positive,  to  the  left 
or  downward  are  negative. 
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V.  That  every  point  in  the  surface  of  the  paper  corre¬ 
sponds  to  a  pair  of  numbers,  one  or  both  of  which  may  be 
positive,  negative,  integral,  or  fractional. 

VI.  That  of  a  given  pair  of  numbers  the  first  be  the 
measure  of  the  x-distance  and  the  second  the  measure  of 
the  ^/-distance.  Thus  the  point  (5,  3),  or  Pi,  in  the  figure, 
is  the  point  whose  x-distance  is  5  and  whose  ^/-distance  is  3. 
Again,  the  point  (—  5,  —  8),  or  P3,  is  the  point  whose  x- 
distance  is  —  5  and  whose  ^-distance  is  —  8. 

The  point  of  intersection  of  the  axes  is  called  the 
origin. 

The  values  of  the  x-distance  and  the  ^-distance  of  a 
point  are  often  called  the  coordinates  of  the  point. 

Though  not  an  absolute  necessity,  cross-ruled  paper  is  a 
great  convenience  in  all  graphical  work.  Excellent  results, 
however,  can  be  obtained  with  ordinary  paper  and  a  rule 
marked  in  inches  and  fractions  of  an  inch  for  measuring  dis¬ 
tances.  Hence  the  graphical  work  which  follows  should  not  be 
omitted  even  though  it  is  found  inconvenient  to  obtain  cross- 
ruled  paper  for  class  use. 

Example 

Using  \  inch  for  the  unit  of  measure,  locate  points  corre¬ 
sponding  to  the  coordinates  which  follow :  A,  (5,  2) ;  B, 
(1,  6) ;  C,  (0,  7) ;  D,  (6,  1) ;  E,  (7,  0) ;  P,  (-  1,  8) ;  G, 
(-  2,  9) ;  H,  (8,  -  1) ;  7,  (9,  -  2) ;  J,  (4,  3) ;  K,  (2,  5) ; 
and  L,  (3,  4). 

Solution.  According  to  VI,  above,  the  x-distance  of  the 
point  (5,  2)  is  5  and  its  ^/-distance  is  2.  Hence  to  locate  point 
A  at  (5,  2)  we  measure,  according  to  IV,  five  units  to  the 
right  of  the  origin  on  the  x-axis  and  from  that  point  two  units 
upward. 
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To  locate  point  F  at  (—1,  8)  we  measure  on  the  a;-axis 
one  unit  to  the  left  of  the  origin  and  from  that  point 
upward  'eight  units.  Point 
F  thus  located  corresponds 
to  (—  1,  8). 

Points  for  the  other  pairs 
of  numbers  given  in  the  ex¬ 
ample  should  be  located  by 
the  pupil.  The  correct  posi¬ 
tions  for  these  points  [can^be 
seen  in  the  figure. 


Locating  points  as  in 
the  example  above  is  called 
plotting  points. 
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EXERCISES 

Plot  the  following  points  with  reference  to  the  two  axes. 
It  is  suggested  that  the  unit  of  measure  be  J  inch. 

1.  (5,  1) ;  (3,  4) ;  (3.25,  0) ;  (1,  2) ;  and  (0,  0). 

2.  (~  1.5,  2) ;  (1,  —  3) ;  and  (2.5,  4). 

3.  (-  2,  -  4) ;  (1.5,  -  0.5) ;(-!,-!);  and  (0,  -  3). 

4.  (5,  -  2) ;  (-  1,  -  3.5) ;  (2.25,  -  3) ;  (1.75,  -  6) ;  and 
(0.75,  3.25). 

5.  If  the  x-distance  of  a  point  is  zero,  where  is  the  point 
located?  Where  is  it  located  if  both  of  its  coordinates 
are  zero  ? 

109.  The  graph  of  an  equation.  On  page  276  we  com¬ 
puted  several  sets  of  values  of  x  and  y  for  the  equation 
x-\-y  =  1.  Later  these  points  were  plotted  in  locating 
A,  H,  C,  D,  E,  F,  G,  H,  and  I  of  the  preceding  example.  It 
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is  evident  from  an  inspection  of  their  position  that  a 
straight  line  can  be  made  to  pass  through  all  the  points 
there  located.  The  line  drawn  through  these  points  is  said 
to  be  the  graph  of  the  equation  x  +  2/  =  7. 

EXERCISES 

1.  Find  and  tabulate  six  pairs  of  values  of  x  and  y  which 
satisfy  the  equation  x  +  2  ^  =  6.  Draw  two  axes  and, 
using  ^  inch  as  the  unit  distance,  plot  each  of  the  points. 
Are  the  six  points  in  a  straight  line  ?  Does  x  =  3,  2/  =  3 
satisfy  this  equation?  Plot  the  point  (3,  3).  Is  it  on  the 
graph  of  the  equation  ?  If  the  x-  and  ^-distances  of  a  point 
satisfy  the  equation  x  +  2  ^  =  6,  where  is  the  point  located  ? 
If  the  X-  and  2/-distances  of  a  point  do  not  satisfy  the  equa¬ 
tion  2  X  +  2/  =  8,  what  can  be  said  of  its  location  ? 

Find  and  tabulate  six  pairs  of  values  for  x  and  y  which 
satisfy  each  of  the  following  equations.  Use  numbers  not 
greater  than  10.  Use  at  least  one  negative  value  for  x  and 
one  negative  value  for  y.  Then  plot  the  six  corresponding 
points.  Can  a  straight  line  be  drawn  through  the  six  points 
obtained  in  each  exercise? 

2.  X  —  5  ^  =  6.  4.  3  X  —  2  ^  =  12.  6.  3  X  =  2  2/. 

3.  X  —  22/  =  4.  5.  2x  —  ^  =  0.  7.  2/  =  2x  —  1. 

110.  Equation  of  a  straight  line.  The  preceding  work 
should  convince  the  student  that  the  graph  of  an  equation 
of  the  first  degree  in  x  and  2/  is  a  straight  line.  This  fact 
can  be  proved,  but  the  proof  is  too  difficult  to  be  given  at 
present.  Therefore  it  will  be  assumed  that  the  graph  of 
every  linear  equation  in  two  variables  is  a  straight  line. 
And  since  the  position  of  a  straight  line  is  known  when 
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any  two  of  its  points  are  given,  it  will  be  sufficient  in 
graphing  a  linear  equation  in  two  variables  to  plot  any  two 
points  whose  x-  and  ^/-distances  satisfy  the  equation,  and 
then  to  draw  a  straight  line  through  these  two  points.  The 
two  points  most  convenient  to  plot  are  usually  the  two  in 
which  the  line  cuts  the  axes.  Occasionally  these  points 
come  very  close  together,  and  consequently  they  will  not 
determine  accurately  the  position  of  the  line.  In  such 
cases  one  should  decide  on  two  values  of  x  rather  far 
apart  (such  as  0  and  5,  or  0  and  —  5)  and  compute  the 
corresponding  values  of  y.  Two  such  points  will  fix  the 
position  of  the  line  with  sufficient  accuracy. 

If  a  line  goes  through  the  origin  (as  in  Exercise  5  pre¬ 
ceding),  X  =  0,  ^  =  0  will  do  for  one  point,  but  a  point 
not  on  both  axes  must  be  taken  for  the  second  one. 

The  essentials  of  the 
method  of  graphing  a 
given  linear  equation  in 
X  and  y  are  illustrated  in 
the  following 


Example 

Graph  the  equation 
5  X  —  4  ^  =  20. 

Solution.  In  this  equation, 
if  x  =  Oy  y  =  —  5;  and  if 
y  =  Of  x  =  4:.  Here  the  point 
(0,  —  5)  is  on  the  ^-axis  in  the 
adjacent  figure,  5  units  below  the  origin ;  and  the  point  (4,  0) 
is  on  the  x-axis,  4  units  to  the  right  of  the  origin.  The  straight 
line  through  these  two  points  is  the  graph  of  5  x  —  4  ^  =  20. 
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The  necessary  work  may  be  tabulated  as  follows : 

5  X  —  4  ^  =  20. 


t— 1 

II 

0 

4 

2 

then  y = 

-5 

0 

—  2- 

Check.  If  an  error  has  been  made  in  obtaining  the  value  of 
X  OT  y  from  the  equation,  or  in  plotting  the  values  found,  it 
can  be  quickly  detected  by  plotting  a  third  point,  as  (2,  —  2|), 
the  values  of  whose  x-  and  ^-distances  satisfy  the  equation.  If 
this  third  point  lies  on  the  line  determined  by  the  first  two 
points,  the  line  is  probably  correct;  if  it  does  not,  an  error 
has  been  made. 

EXERCISES 

Graph  the  following  linear  equations : 

1.  X  y  =  7.  4:.  X  —  y  =  0.  7.  x  —  2  y  =  0. 

2.  X  +  y  =  0.  5.  32/  +  2x  =  4.  S.  x  y  =  —  5. 

3.  5  X  —  2  1/  =  9.  6.  4  X  +  ^  =  3.  9.  X  =  5. 

Hint.  The  equation  x  =  5  is  equivalent  to  the  equation  x  +  0  y  =  5. 
The  latter  is  satisfied  by  x  =  5,  and  any  value  of  y.  Thus  the  pairs 
of  values  (5,  1),  (5,  5),  (5,  —  2),  etc.  satisfy  the  equation  x  +  0  y  =  5. 
Plotting  these  points,  it  is  evident  that  the  required  graph  is  a  line 
parallel  to  the  ^-axis  and  5  units  to  the  right  of  it. 

10.  ^  =  —  3.  12.  X  =  0:  14.  y  =  2. 

11.  X  =  9.  13.  X  =  —  4.  15.  y  = 

16.  Is  the  point  (4,  3)  on  the  line  whose  equation  is 
2  X- 3  2/ =12?  Is  (0,6)?  Is  (6,0)? 

17.  If  a  point  is  on  a  line;  do  the  values  of  its  x-distance 
and  its  ^-distance  satisfy  the  equation  of  the  line  ? 

18.  If  the  values  of  the  x-distance  and  the  ^-distance  of 
a  point  satisfy  the  equation  of  a  line,  is  the  point  located 
on  the  graph  of  the  equation  ? 
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19.  Determine  without  reference  to  the  graph  itself 
whether  the  point  (6,  5)  is  on  any  of  the  graphs  of  the  equa¬ 
tions  in  Exercises  1-15  above.  If  so,  on  which  does  it  lie  ? 

It  should  now  be  clear  that 

The  equation  of  a  line  is  satisfied  by  the  values  of  the 
x-distance  and  the  y-distance  of  any  point  on  that  line. 

Any  point  the  values  of  whose  x-distance  and  y-distance 
satisfy  the  equation  is  on  the  graph  of  the  equation. 

111.  Graphical  solution  of  linear  equations  in  two  varia¬ 
bles.  If  we  construct  the  graphs  of  the  two  equations 
2  X  —  6  y  =  9  and  2  x  +  ?/  =  3  as  indicated  in  the  figure 
below,  it  is  seen  that 
for  the  point  of  inter¬ 
section  of  the  graphs 
X  is  2  and  y  is  —  1. 

Since  the  point  (2, 

—  1)  is  on  both 
graphs,  these  values 
should  satisfy  both 
equations.  Substitut¬ 
ing  2  for  X  and  —  1 
for  y  in  each  equa¬ 
tion,  we  get  the  iden¬ 
tities  4  —  (—  5)  =  9 
and  4  +  (—  1)  =  3.  Thus  the  graphical  solution  of  two 
linear  equations  consists  in  plotting  the  two  equations 
and  finding  from  the  graph  the  value  of  x  and  the  value 
of  y  at  the  point  of  intersection.  Since  two  straight  lines 
can  intersect  in  hut  one  point,  there  can  be  but  one  pair  of 
values  of  x  and  y  which  satisfies  a  pair  of  linear  equations 
in  two  variables. 
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The  necessary  work  is  tabulated  as  follows : 

2  X  —  5  2/ =  9  2x  +  ^  =  3 


Ux  = 

0 

4i 

7 

then  y  = 

-li 

0 

1 

If  a;  = 

0 

1 

li 

then  y  = 

3 

1 

0 

EXERCISES 


Solve  graphically  the  following  systems  and  verify  by 
substituting  in  each  set  of  equations  the  values  of  x  and 
y  for  the  point  of  intersection  as  obtained  from  the  graph : 


Ax  —  8y  =  —  b, 
7  X  +  2/  =  10. 

14  2/  +  12  X  =  13, 
2x  +  6^  =  -7. 

9. 

x  +  y  =  2, 

3  X  -  2  2/  =  16. 

ix  +  ly  =  b, 
182/-5x  =  -33. 

10. 

g  2  X  +  3  2/  =  13, 

‘  X  —  2/  =  4. 

X  +  3  2/  =  5, 
2x-by  =  -l. 

11. 

4  X  +  2/  =  17, 

'  X  —  y  =  —  2. 

X  +  8  2/  =  16, 

7  2/  -  5  X  =  14. 

12. 

4:X  —  6  y 

5  X  —  2y 

6  X  —  4  ^ 

X  =  1, 

9  x-i-8y 

X  =  Ay, 

2x  —  8y 


3, 

1. 

0, 

7. 

17. 

5. 


BIOGRAPHICAL  NOTE 


Rene  Descartes.  One  of  the  two  or  three  most  important  ad¬ 
vances  ever  made  in  mathematics  was  the  discovery  that  algebraic 
equations  could  be  represented  geometrically.  This  great  discovery 
was  made  by  Rene  Descartes  (1596-1650),  the  French  philosopher. 
Though  never  rugged  in  health,  he  took  part  in  several  campaigns 
when  a  young  man,  and  it  is  said  that  during  a  weary  winter  spent 
in  camp  in  Austria  he  first  conceived  the  ideas  that  resulted  in  this 
important  work.  Though  his  writings  read  very  differently  from  a 
modern  book  on  the  same  subject,  yet  he  developed  all  the  essentials 
of  graphical  representation.  He  saw  that  a  letter,  that  is,  a  coordinate, 
might  represent  either  a  positive  or  a  negative  number,  and  so  forced 
upon  mathematicians  the  conviction  that  negative  integers  are  indeed 
numbers  and  that  they  are  useful  in  algebraic  operations.  After  his 
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time  they  were  not  usually  ruled  out  as  absurd  or  impossible,  as  was 
commonly  the  case  before.  He  also  introduced  the  modern  exponential 
notation.  To  Descartes  is  due  the  use  of  the  last  letters  of  the  alphabet 
for  the  unknown  and  the  first  letters  for  the  known  numbers.  Though 
the  sign  =  was  used  long  before  his  time,  he  did  not  accept  it.  He 
used  the  asterisk  to  indicate  that  a  certain  power  of  the  variable  was 
lacking.  Thus  he  would  have  written  the  equation  —  8a;  +  16  =  40 
in  the  form  x^*  —  8  x  +  16  oo  40. 

112.  Graphs  of  formulas.  In  many  cases  it  is  possible  to 
use  a  graph  as  a  substitute  for  numerical  computation. 

Example 

If  a  body  falls  from  rest  (neglecting  the  resistance  of 
the  air),  the  distance  in  feet,  s,  which  it  travels  in  t  seconds 
is  given  by  the  formula  s  =  16  f.  Graph  the  formula. 


From  this  graph  estimate  how  far  the  body  falls  in 
seconds ;  in  3 J  seconds.  How  long  does  it  take  for  the 
body  to  fall  8  feet  ?  36  feet  ?  150  feet  ? 
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EXERCISES 

1.  One  dollar  at  simple  interest  for  t  years  at  6%  will 
amount  to  a  sum  represented  by  the  expression  A  =  1  +  .06 
Draw  the  graph  for  this  formula.  From  the  graph  tell  how 
long  it  would  take  a  dollar  to  double  itself  at  this  rate  of 
interest.  If  a  boy  at  the  age  of  10  had  deposited  a  dollar 
in  the  bank  at  6  %  interest,  to  how  much  would  his  account 
amount  by  the  time  he  was  35  years  of  age  ? 

2.  A  dollar  at  6%  interest  compounded  annually  for  a 
period  of  n  years  will  increase  in  accordance  with  the  formula 
A  =  (1  +  .06)”.  Plot  this  formula.  How  long  would  it  take  a 
dollar  to  double  under  these  conditions  ?  If  a  boy  10  years 
old  deposited  one  dollar  in  the  bank  at  6  %  interest  com¬ 
pounded  annually,  how  much  would  it  amount  to  if  he  left 
it  there  from  the  time  he  was  10  years  old  until  he  was  35  ? 

3.  The  circumference  of  a  circle  is  expressed  by  the  for¬ 
mula  C  =  2  irr,  where  tt  =  3.14.  Graph  this  equation. 
From  the  curve  estimate  the  circumference  of  a  circle 
which  is  10  feet  in  diameter ;  3  feet  in  diameter.  A  circle 
has  a  circumference  of  12  feet ;  what  is  its  radius  ? 

4.  The  area  of  a  circle  is  given  by  the  expression  A  =  7rr^. 
Graph  this  equation.  If  a  circle  has  an  area  of  25  square 
feet,  what  is  its  radius?  What  is  the  area  of  a  circular 
table-top  3 J  feet  in  diameter  ? 

5.  A  falling  body  moves  with  a  velocity  represented  by  the 
formula  V  =  S2t,  where  V  is  the  velocity  of  the  body  in  feet 
per  second  and  t  is  the  time  from  rest  expressed  in  seconds. 
Graph  this  equation.  From  the  graph  find  the  time  it  will 
take  before  a  body  moves  with  a  speed  of  50  feet  per  second ; 
82  feet  per  second.  How  fast  is  the  body  moving  after  it  has 
been  falling  for  5  seconds  ?  13  seconds  ?  ^  second  ? 
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6.  The  velocity  of  a  jet  of  water  flowing  from  a  hole  jn 
a  sheet-metal  tank  is  expressed  by  the  formula  V  =  8Vi7, 
where  V  is  the  velocity  of  the  jet  in  feet  per  second  and 
H  is  the  height  in  feet  (often  called  the  '"head”)  of  the 
water  level  in  the  tank  above  the  hole.  Graph  this  formula 
for  various  heads  up  to  100  feet.  By  inspection  of  the 
curve  tell  what  is  the  velocity  when  the  head  is  20  feet ; 
45  feet ;  33  feet.  What  must  the  head  be  to  give  a  velocity 
of  10  feet  per  second  ?  22^  feet  per  second  ? 

Hint.  Substitute  values  0,  1,  4,  9,  16,  25,  36,  etc.  for  H  in  deter¬ 
mining  the  corresponding  values  of  V. 


7.  The  horse  power  of  an  engine  is  expressed  by  the 

approximate  formula  HP  =  where  HP  is  the  horse 

power,  b  the  bore  (or  diameter)  of  one  of  the  cylinders  in 
inches,  and  n  the  number  of  cylinders.  Graph  this  expres¬ 
sion  in  the  case  of  a  six-cylinder  engine.  How  many  horse 
power  would  you  get  from  a  six-cylinder  engine  with  a 
1-inch  cylinder?  a  6-inch  cylinder?  What  diameter  of 
cylinder  would  you  need  to  develop  100  HP  ?  25  HP  ? 


8.  The  horse  power  required  to  drive  an  automobile 
over  a  smooth,  level  road  against  the  resistance  of  the  air  is 
given  by  the  following  formula : 


HP  = 


b.6is5V^  +  i47y 

550 


In  this  equation  HP  is  the  required  horse  power  and  V  is 
the  speed  of  the  car  in  miles  per  hour.  Graph  this  formula 
and  determine  the  following  values :  What  would  be  the 
required  power  to  drive  the  car  25  miles  per  hour?  100 
miles  per  hour  ?  What  will  be  the  maximum  speed  obtain¬ 
able  with  a  60-HP  motor?  a  10-HP  motor? 
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113.  Square  root  of  algebraic  expressions.  Evidently 

f  ^  +  2  fw  +  =  ±  (f  +  ^/)^ 


A  study  of  this  form  will  enable  us  to  extract  the  square 
root  of  any  polynomial.  Obviously,  the  square  root  of  f 
(the  first  term  of  the  trinomial)  is  t,  the  first  term  of  the 
root.  If  f  is  subtracted  from  the  trinomial,  the  remainder 
is  2  'tu  +  u^.  The  next  term  of  the  root  (u)  can  be  found 
by  dividing  the  first  term  of  the  remainder  (2  tu)  by  2  t 
(twice  that  term  of  the  root  already  found). 

The  work  may  be  arranged  thus : 


Trial  divisor, 
Complete  divisor, 


t  11 

2tu  -{•  v? 

f 

2  t 

2tu  , 

2  ^  +  w 

2  tu  V?  =  {2  t  u)u 

Therefore  the  required  roots  are  ±  (t  +  u). 

The  foregoing  process  is  easily  extended  to  the  polyno¬ 
mial  9  —  24  +  28  —  16  X  +  4,  as  follows : 


+2  1 6a;+4 

(3x2)2=  ^ 

First  trial  divisor,  2  •  3x2=  0^2 


First  complete  divisor,  6x2— 4x 
Second  trial  divisor, 

2(3x2— 4x)  =  6x2— 8x 
Second  complete  divisor,  6x2— 8x+2 
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-24x3+28x2 

— 24x3+16x2= (6x2— 4x)  (—4a;) 


12x2— 16x+4 

12x2— 16x+4=(6x2— 8x+2)2 
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Therefore  the  required  roots  are  ±  (3  —  4  x  +  2). 

The  term  3  was  obtained  by  taking  the  square  root  of 
9  ;  the  second  term,  —  4  a;,  by  dividing  —  24  x^  by  the  first 

trial  divisor,  6  x^ ;  and  the  third  term,  2,  by  dividing  12  x^  by 
6  x^f  the  first  term  of  the  second  trial  divisor. 

The  method  just  illustrated  of  extracting  the  square 
root  of  a  polynomial  may  be  stated  in  the 

Rule.  Arrange  the  terms  of  the  polynomial  according  to  descending 
or  ascending  powers  of  some  letter  in  it. 

Extract  the  square  root  of  the  first  term.  Write  the  result  {with 
plus  sign  only)  as  the  first  term  of  the  root  and  subtract  its  square 
from  the  given  polynomial. 

Double  the  root  already  found  for  the  first  trial  divisor,  divide  the 
first  term  of  the  remainder  by  it,  and  write  the  quotient  as  the  second 
term  of  the  root. 

Annex  the  quotient  just  found  to  the  trial  divisor,  making  the  com¬ 
plete  divisor ;  multiply  the  complete  divisor  by  the  second  term  of  the 
root  and  subtract  the  product  from  the  last  remainder. 

If  terms  of  the  polynomial  still  remain,  double  the  root  already 
found  for  a  trial  divisor,  divide  the  first  term  of  the  trial  divisor  into 
the  first  term  of  the  remainder,  write  the  quotient  as  the  next  term  of  the 
root,  form  the  complete  divisor,  and  proceed  as  before  until  the  process 
ends,  or  until  the  required  number  of  terms  of  the  root  have  been  found. 

Inclose  the  root  thus  found  in  a  parenthesis  preceded  by  the  sign  d= . 

Note.  The  process  of  extracting  the  square  root  of  numbers  was 
familiar  to  mathematicians  long  before  they  knew  how  to  find  the 
square  root  of  polynomials.  This  is  consistent  with  the  fact  that  the 
development  of  the  methods  of  performing  operations  on  literal 
number  symbols  generally  followed  and  grew  out  of  the  similar 
operations  on  numerals.  The  application  of  the  rules  for  extracting 
the  square  root  of  numbers  to  that  of  polynomials  is  generally  as¬ 
cribed  to  Recorde  (1510-1558),  who  was  the  author  of  the  earliest 
English  work  on  algebra  that  we  know.  This  book,  which  bears  the 
title  "The  Whetstone  of  Wit,”  gives  an  accurate  idea  of  the  algebraic 
knowledge  of  the  time  and  had  a  very  wide  infiuence. 

c 
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EXERCISES 

Obtain  the  positive  square  root  of : 


1.  +  4  a  +  4. 

2.  16  +  8  a:  +  x^. 

3.  9  +  12  mn  +  4 


4.  4  —  20  xy  +  25 

6.  25  -j-  20  u  -|-  4  d^. 
6.  36  +.  36  +  9 


7.  +  2  xy  +  y^. 

8.  4  +  4  +  4  sh  2  tr  r^. 

9.  9  c2  -  12  c¥  +  4  h\ 

10.  4  +  4  a6  —  16  ac  +  6^  —  8  6c  +  16  c^. 

11.  25  +  20  a^h  +  94  ¥¥  +  36  a¥  +  81  h\ 

12.  36  +  60  +  36  +  25  ri®  +  30  +  9. 

13.  36  X®  —  24  nx^  +  12  nV  +  4  —  4  +  7^'‘. 

14.  4  +  20  a6  +  8  a¥  +  25  6^  +  20  6^  +  4  h\ 

16.  +  x"*  —  2  dx^  +  2  cd  —  2  cx^. 

16.  100  +  20  rc^  —  2^  rs  —  2  c^s  +  s^. 


36  .  16  mV  .  16  n‘^ 


,  rs  rt  .  st  ,  f 


16 


2 
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Find  the  first  three  terms  in  the  approximate  square 
root  of : 

23.  4  +  8  M  +  12  M\  26.  25  10  x 4. 

24.  25  ^2  +  40  X  +  36.  27.  25  +  18  ^  +  16. 

25.  36  ~  14  a  +  22  a^.  28.  9  +  16  x  +  4. 

29.  100  x^  —  100  x^  +  68  x^  —  20  X  +  4. 

30.  4  x^  +  l'^'  —  12  X  +  4  —  12  x^ 

31.  —  6  +  10  J  —  3  m. 

32.  9  —  12  +  5  +  10  —  2  r. 

114.  Square  root  of  arithmetic  numbers.  Since  1  =  1^, 
and  81  =  9^,  a  one-digit  or  a  two-digit  square  has  only  one 
digit  in  its  square  root. 

And  as  100  =  10^,  and  9801  =  (99)^,  a  three-digit  or  a 
four-digit  square  has  two  digits  in  its  square  root. 

Also,  10,000  =  100^,  and  998,001  =  (999)^ ;  hence  a 
five-digit  or  a  six-digit  square  has  three  digits  in  its  square 
root. 

These  examples  illustrate  the  relation  between  the  num¬ 
ber  of  digits  in  a  number  and  the  number  of  digits  in  its 
square  root.  They  also  suggest  a  method  of  obtaining  the 
first  digit  in  the  square  root  of  any  number. 

For  example,  take  the  four  numbers  35  24  18,  3  52  41, 
.25  38,  and  .05  28  6.  Beginning  at  the  decimal  point  in 
each,  point  off  groups  of  two  digits  each,  as  indicated. 
Any  incomplete  group  of  two  digits  on  the  right,  as  in 
.05  28  6,  should  be  completed  by  annexing  one  zero ;  thus, 
.05  28  60.  Now  the  first  digit  in  the  square  root  is  the 
greatest  integer  whose  square  is  less  than  or  equal  to  the 
left-hand  group.  This  is  true  whether  the  latter  contains 
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two  digits  or  one.  Hence  the  first  digit  in  the  square  root 
of  35  24 18  is  5,  in  the  square  root  of  3  52  41  is  1,  in  the 
square  root  of  .25  38  is  5,  and  in  the  square  root  of 
.05  28  60  is  2. 

Moreover,  the  number  of  digits  in  the  square  root  of  a 
perfect  square  is  equal  to  the  number  of  periods,  provided 
a  single  digit  remaining  on  the  left  is  called  a  period. 

116.  Extraction  of  the  square  root  of  numbers.  The 
square  root  of  arithmetic  numbers  may  be  found  by  a 
procedure  based  on  the  method  of  extracting  the  square 
root  of  polynomials. 

Just  how  t  and  u  are  involved  in  the  square  of  (^  +  w), 
or  +  2  +  V?,  is  obvious  on  inspection,  because  the  parts 

t^y  2  tu,  and  v?  cannot  be  united  into  one  term.  In  the 
square  of  an  arithmetic  number,  however,  the  parts  are 
united.  Thus .  (47)2  ^  (4q  7)2  ^  iqqq  500  _|-  49  =  2209. 

Now  it  is  clear  how  40  and  7  are  involved  in  1600  + 
560  +  49,  but  it  is  not  plain  from  2209  alone.  Pointing  off, 
however,  enables  us  to  discover  at  once  the  first  digit,  4, 
which  is  equivalent  to  4  tens,  or  40.  With  the  exception 
of  pointing  off,  the  method  of  extracting  the  square  root 
of  an  arithmetic  number  does  not  differ  greatly  from  the 
method  of  extracting  the  square  root  of  an  algebraic  ex¬ 
pression.  In  fact,  the  formula  which  states  that  the 
square  root  of  f  2  tu  (t  u)  can  be  used  to 

explain  the  two  processes. 

If  t  denotes  the  tens  and  u  the  units,  f  2  tu  is 
closely  related  to  1600  +  560  +  49,  f  being  1600,  or  (40)^  ; 
u"^  being  49,  or  7^ ;  and  2  tu  being  2  •  40  •  7.  Therefore  the 
process  of  extracting  the  square  root  of  2209  may  be  based 
on  these  relations  and  the  work  arranged  as  shown  on  the 
following  page. 
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f  =  (40)2 
2  ^  =  2  •  40  =  80 


4  7, 

22  09 
16  00 
6  09 


or  40  +  7 


2  ^  =  80  +  7 


6  09=(80+7)7=(2^+?^)w=2iz^+w2 


Therefore  i  47  are  the  two  square  roots  of  2209. 

If  the  number  has  three  digits  in  its  square  root,  the 
work  and  explanations  may  be  arranged  thus : 


e  =  (300)2 
First  trial  divisor, 

2  i  =  2 . 300  =  600 
First  complete  divisor, 
2^+^=600  +  10=610 
Second  trial  divisor, 

2  ^  =  2  •  310  =  620 
Second  complete  divisor, 
2  i  +  w  =  620  +  5  =  625 


3  1  5,  or  300  +  10  +  5 
9^25 

9  00  00  =  30  tens  squared 


92  25 


61  00  =  (2  •  30  tens  + 10  units)  X  10 


31  25 


31  25  =  (2  •  31  tens  +  5  units)  X  5 


Therefore  ±  315  are  the  square  roots  of  99,225. 

When  the  method  and  reasons  for  the  process  have 
become  familiar,  the  work  may  be  shortened  by  omitting 
the  explanations  and  unnecessary  zeros  as  follows : 


3  6 

12% 


66 


9 

3  96 
3  96 


116 

r34% 

1 


21 


34 

21 

13  56 
13  56 


226 
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The  foregoing  method  is  the  one  commonly  used  for 
extracting  the  square  root  of  a  number.  For  it  we  have  the 

Rule.  Begin  at  the  decimal  point  and  point  off  as  many  groups 
of  two  digits  each  as  possible :  to  the  left  if  the  number  is  an  integer ; 
to  the  right  if  it  is  a  decimal;  to  both  the  left  and  the  right  if  the 
number  is  part  integral  and  part  decimal. 

Find  the  greatest  integer  whose  square  is  equal  to  or  less  than  the 
left-hand  group,  and  write  this  integer  for  the  first  digit  of  the  root 
and  directly  over  the  group  of  digits  used  in  determining  it. 

Square  the  first  digit  of  the  root,  subtract  its  square  from  the  first 
group,  and  annex  the  second  group  to  the  remainder. 

Double  the  part  of  the  root  already  found  for  a  trial  divisor,  divide 
it  into  the  remainder  (omitting  from  the  latter  the  right-hand  digit), 
and  write  the  integral  part  of  the  quotient  as  the  next  digit  of  the  root 
and  directly  over  the  group  of  digits  used  in  determining  it. 

Annex  the  root  digit  just  found  to  the  trial  divisor  to  make  the 
complete  divisor,  multiply  the  complete  divisor  by  this  root  digit,  sub¬ 
tract  the  result  from  the  dividend,  and  annex  to  the  remainder  the 
next  group  for  a  new  dividend. 

Double  the  part  of  the  root  already  found  for  a  new  trial  divisor 
and  proceed  as  before  until  the  desired  number  of  digits  of  the  root 
have  been  found. 

After  extracting  the  square  root  of  a  number  involving  decimals,  point 
off  one  decimal  place  in  the  root  for  every  decimal  group  in  the  number. 

Check.  If  the  root  is  exact,  square  it.  The  result  should  be  the 
original  number.  If  the  root  is  inexact,  square  it  and  add  to  this 
result  the  remainder.  The  sum  should  be  the  original  number. 

Sometimes  in  using  a  trial  divisor  we  obtain  too  great  a 
quotient  for  the  next  digit  of  the  root.  This  happens  ^ 
in  obtaining  the  second  digit  of  the  square  root  of 
32,301,  where  2  into  22  gives  11.  Obviously  10  and  ^ 

11  are  both  impossible.  If  9  is  tried  we  get  9-29,  „  fo^ 

or  261,  which  is  greater  than  223.  Similarly,  8  is 
too  great.  But  7  •  27  =  189,  which  is  less  than  223.  Therefore 
7  is  the  second  digit  of  the  root. 
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Occasionally  the  trial  divisor  gives  a  quotient  less  than  1. 
This  indicates  that  the  required  root  digit  is  0,  which  should 
be  written  in  the  root  and  the  work  continued  as 
usual.  An  instance  of  this  kind  occurs  in  finding 
the  second  digit  in  the  square  root  of  942.49.  The 
quotient  of  4  h-  6  is  f ,  which  is  not  an  integer. 

Therefore  the  second  digit  of  the  root  is  0.  Then 


3  0 

?42.49 

9 


6  42 


1.4  1  4 

'S'.oboodo 

1 


24 


the  next  period,  49,  should  be  brought  down.  The  new  trial 
divisor  will  be  60,  which  will  give  7  as  the  third  digit  of  the 
root.  The  work  can  easily  be  completed,  giving 
30.7  as  the  square  root. 

An  attempt  to  extract  the  square  root  of  2  by 
annexing  decimal  periods  of  zeros  and  applying 
the  rule  becomes  a  never-ending  process. 

The  number  2  has  no  exact  square  root, 
and  no  matter  how  far  the  work  is  carried, 
there  is  no  final  digit.  As  the  work  stands,  we 
know  that  the  square  root  of  2  lies  between 
1.414  and  1.415. 


100 

96 


281 


2824 


400 

281 


11900 

11296 


116.  Significant  figures.  The  digits  that  are  retained  as 
correct  are  called  the  significant  figures.  The  digit  0  may 
or  may  not  be  significant.  In  -the  first  computation  on  this 
page  it  was  significant  because  it  indicated  the  correct 
result  in  that  decimal  place. 

As  a  further  example  consider  the  number  3600.  We 
may  say  that  3600  expresses  the  number  3629  correct 
to  two  digits,  or  to  two  significant  figures.  In  this  case 
neither  of  the  two  O’s  is  significant.  The  number  3629 
correct  to  three  places  is  3630.  The  number  4692  expressed 
correct  to  three  significant  figures  is  4700,  the  first  0  being 
significant,  the  second  0  not  significant. 
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ORAL  EXERCISES 

Express  the  following  numbers  correct  to  three  signifi¬ 
cant  figures : 

1.  27.61.  3.  4969.  5.  3.1416.  7.  24.96.  9.  1.414. 

2.  3428.  4.  9064.  6.  3902.  8.  5,432,196.  10.  1.732. 

EXERCISES 

Find  the  square  root  of  the  following  numbers,  correct 
to  the  nearest  hundredth  : 


1.  24. 

7.  3.1416. 

13.  1.3. 

19.  4,563,210. 

2.  8. 

8.  549. 

14.  .25. 

20.  87,616. 

3.  1.53. 

9.  10000. 

15.  1924. 

21.  907,853. 

4.  120. 

10.  125. 

16.  5160. 

22.  25,200. 

5.  2. 

11.  1563. 

17.  2395. 

23.  301,957. 

6.  7. 

12.  2000. 

18.  8753. 

24.  2,156,873. 

Fact  from  Geometry.  In  the  adjacent  right  triangle, 
+  6^  =  c^,  the  sides  a  and  h,  which  form  the  right  angle, 
are  called  the  sides ;  and  c,  the  side 
opposite  the  right  angle,  is  called 
the  hypotenuse. 

If  side  a  is  8  and  side  b  is  15,  « 
then  substituting  in 
gives  64  +  225  =  c^.  Whence 
289  =  and  c  =  db  17. 

Since  —  17  is  not  a  practical  answer,  it  is  rejected. 

In  Exercises  25-28  find  the  hypotenuse  and  the  area  of  a 
right  triangle  whose  sides  are : 

25.  3  feet  and  4  feet.  27.  125  inches  and  180  inches. 

26.  16  inches  and  12  inches.  28.  293  inches  and  873  inches. 
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In  Exercises  29-32  find  the  hypotenuse  and  side  of  a 
right  triangle  whose  area  and  other  side  are  respectively : 

29.  2  square  feet  and  1  foot. 

30.  45  square  inches  and  15  inches. 

31.  132  square  feet  and  12  feet. 

32.  21  square  inches  and  3  inches. 


In  Exercises  33-35  find  the  other  side  of  a  right  triangle 
in  which  the  hypotenuse  and  one  side  are  respectively : 

33.  213  feet  and  25  feet.  34.  8.5  miles  and  .29  mile. 

35.  3.75  yards  and  .67  yard. 


Extract  the  square  root  in  Exercises  36-39  inclusive  to 
the  nearest  ten  thousandth,  and  in  Exercises  40-44  in¬ 
clusive  to  the  nearest  thousandth. 


A  fractional  number  should  be  reduced  to  a  decimal  before 
extracting  the  square  root,  unless  the  root  is  seen  to  be  exact. 

36.  3.14159.  39.  .001432.  42. 

37.  2.71828.  40.  5. 

38.  1034.266.  41.  7.  44.  0^. 


3  2* 

43.  2|. 
1  7 


In  the  following  find  all  roots  to  the  nearest  hundredth. 

In  rectangle  ABCD  line  DB  is  a 
called  a  diagonal. 

45.  Find  the  diagonal  of  a  rec¬ 
tangle  whose  sides  are  7  inches 
and  18  inches  respectively. 


46.  The  diagonal  of  a  rectangle  is  25  feet.  Its  perimeter 
is  70  feet.  What  are  its  length  and  its  breadth  ? 

47.  One  side  of  a  rectangle  is  10  inches.  The  diagonal 
is  15  inches.  Find  the  perimeter  and  the  area  of  the  figure. 

48.  The  side  of  a  square  is  25  inches.  Find  the  diagonal. 
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49.  The  length  of  a  rectangular  figure  is  23  feet.  If  the 
diagonal  is  twice  the  shorter  side,  what  is  the  width  ? 

50.  The  diagonal  of  a  rectangle  is  37  feet.  The  length 
is  Ij  times  the  width.  Find  the  length  and  the  breadth 
of  the  figure,  and  its  area. 

51.  The  diagonal  of  a  rectangular  figure  is  25  feet.  If  the 
two  sides  are  equal  in  length,  what  is  the  side?  the  area? 

52.  The  distance  traveled  by  a  freely  falling  body  is  ex¬ 
pressed  by  the  formula  s  =  16  In  this  expression  s  is  the 
distance  traveled  in  feet,  while  t  is  the  time  of  fall  in 
seconds.  How  long  will  it  take  a  body  to  fall  100  feet? 
40  feet? 

53.  The  diagonal  of  a  rectangle  is  twice  the  shorter  side. 
The  area  of  the  figure  is  580.378  square  feet.  Find  the 
length,  the  breadth,  and  the  diagonal  of  the  figure. 

54.  The  width  of  a  rectangle  is  15  feet  less  than  the 
length.  The  diagonal  is  75  feet.  Find  the  dimensions  and 
the  area. 

55.  The  area  of  a  circle  is  expressed  by  the  equation 
A  =  7rr^.  What  is  the  radius  (r)  of  a  circle  whose  area  (A) 
is  75  square  feet?  123  square  feet?  (tt  =  3.14.) 

Fact  from  Geometry.  A  line  drawn  from  one  vertex  of 
an  equilateral  triangle  to  the  middle  point  of  the  opposite 
side  is  perpendicular  to  that  side. 

Thus,  in  the  equilateral  triangle 
ABCj  if  D  is  the  middle  point  of  AC, 

BD  is  the  altitude ;  and 

ACV 

2  j’ 

56.  The  perimeter  of  an  equilateral 
triangle  is  18  inches.  What  is  the  area  ? 


Blf  =  AB^  -  AD^  =  AB"  - 


B 
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57.  In  the  figure  of  the  triangle  given  above,  what  is  the 
ratio  of  the  altitude  to  the  side  of  the  triangle  ? 

58.  Using  the  ratio  obtained  above,  find  the  side  of  an 
equilateral  triangle  whose  area  is  118  square  feet. 

59.  The  formula  for  the  amount  (A)  which  a  sum  of 
money  (P)  amounts  to  at  compound  interest  for  a  term  of 
years  in)  is  A  =  P(1  +  r)"  where  r  is  the  rate  of  interest 
expressed  as  a  decimal  fraction.  What  must  be  the  interest 
rate  to  make  $75  grow  to  $80  in  2  years?  in  4  years? 

60.  A  projectile  fired  horizontally  from  a  gun  will  strike 
the  level  ground  in  a  length  of  time  the  same  as  that  for 
a  body  falling  from  rest  the  distance  from  the  muzzle 
of  the  gun  to  the  ground.  The  expression  for  this  is 
s  =  16  f,  where  s  is  the  distance  in  feet  of  the  barrel  of 
the  gun  above  the  level  plain  and  t  is  the  time  in  seconds. 
How  far  would  a  projectile  travel  if  its  average  velocity 
were  1000  feet  per  second  and  the  muzzle  of  the  gun  were 
5  feet  above  the  ground? 

(The  solution  of  the  above  problem  neglects  air  re¬ 
sistance  and  the  result  obtained  will  therefore  be  only 
approximate.) 

Note.  A  method  of  extracting  the  square  root  of  numbers  not 
unlike  that  in  use  today  was  employed  by  a  Greek,  Theon,  about 
A.  D.  350.  In  the  Middle  Ages  square  roots  were  extracted  with  a 
fair  degree  of  accuracy  by  using  the  formulas  of  approximation : 

(1)  Va2  +  a;  =  a  +  (2)  Va^ 

The  true  value  of  the  square  root  of  the  number  was  provec^to  be 
between  the  results  obtained  by  these  expressions.  Thus,  if  V65  was 
desired,  it  was  noticed  that  65  =  64  +  1,  and  from  (1) 

=  V64  +  1  =  VPTi  =  8  +  ^  =  8,15, 
while  from  (2)  =  V64  +  1  =  V8®  +  1  =  8  + ;; — y—  =  8^. 

Z  •  o  +  1 
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Thus  the  true  value  of  is  between  these  two  numbers.  This 
method  was  known  to  the  Arabs. 

It  should  be  kept  in  mind  that  the  use  of  decimal  fractions  and  of 
the  decimal  point  was  not  common  until  the  eighteenth  century. 
Consequently  the  complete  development  of  the  method  of  extracting 
the  square  root  given  in  the  text  is  comparatively  recent. 

• 

REVIEW  EXERCISES 

Find  the  square  root  of  the  following  numbers  correct 
to  four  significant  figures : 

1.  3.1459.  4.  37,111,519.  7.  87.5476351. 

2.  149,253.  5.  2,502,598.  8.  28,753.24935. 

3.  2,150,000.  6.  34,875,412.  9.  3,587.281. 

Factor  the  following  expressions : 

10.  10  ah  —  S  13.  1  +  24  +  144 

11.  10  —  X  —  21.  14.  169  —  x‘^. 

12.  12  x^  —  112  X  —  147.  15.  12  —11  ax  — h  a?. 

16.  The  horse  power  transmitted  by  a  leather  belt  in  a 

(T-t)V 

shop  is  expressed  by  the  formula  HP  =  33  qqq  *  ^  ^ 

are  the  pulls  of  the  belt  on  each  side  of  the  pulley,  and  V  is 
the  speed  of  the  belt  in  feet  per  minute.  What  horse  power 
is  transmitted  by  a  belt  having  pulls  of  200  and  150  pounds 
respectively  and  a  speed  of  3000  feet  per  minute  ? 

17.  An  automobile  has  a  wheel  32  inches  in  diameter. 
How  many  revolutions  per  minute  is  the  wheel  making 
when  the  car  is  traveling  25  miles  per  hour  ?  30  miles  per 
hour? 

18.  Two  trains  running  between  the  same  two  stations 
take  20  minutes  and  30  minutes  I’espectively.  One  train 
travels  15  miles  per  hour  faster  than  the  other.  What  are 
their  speeds  ? 
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19.  A  party  contains  45  people.  If  there  were  9  more 
women  there  would  be  half  as  many  women  as  men.  How 
many  men  and  women  are  there  in  the  party  ? 

20.  A  man  travels  25  miles,  riding  part  of  the  way  and 
walking  the  rest.  If  he  walked  7  miles  more  than  he  rode, 
how  far  did  he  ride? 

21.  How  much  rope  will  be  needed  to  reach  from  the 
top  of  a  tent  pole  10  feet  high  to  a  point  on  the  ground 
7  feet  from  the  base  of  the  pole  ? 


CHAPTER  XXI 


RADICALS 

117.  Rational  numbers.  The  quotient  of  two  integers  is 
called  a  rational  number. 

Any  integer  is  a  rational  number,  since  it  may  be  con¬ 
sidered  as  the  quotient  of  itself  and  1. 

Thus  4,  —  2,  1^,  —  I,  and  3.1416  are  rational  numbers.  All 
fractions  and  decimal  fractions  are  also  rational  numbers. 

118.  Radical.  A  radical  is  an  indicated  root  of  an  alge¬ 
braic  or  arithmetic  expression. 

Thus  Vl9,  V2,  ^a,  and  —  3  x  +  2  are  radicals. 

If  a  number  under  a  radical  sign  is  such  that  the  root 
cannot  be  obtained  exactly,  the  radical  represents  an 
irrational  number. 

Thus  V2,  ^2,  -^5,  are  irrational 

numbers,  since  the  indicated  roots  of  2, 
of  3,  and  of  5  will  never  come  out  even 
however  far  the  process  of  extracting  the 
root  is  carried. 

Though  no  irrational  numbers  can  be 
expressed  exactly  in  decimals,  we  can 
represent  some  of  them  by  the  lengths  of  lines.  Thus,  in  the 
right  triangle  ABC,  if  AB  =  AC  =  1  inch,  BC  inches.  If 
AB  =  2  inches  and  AC  =  1  inch,  BC  =  V5  inches. 
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There  are  other  types  of  irrational  numbers  which  can¬ 
not  be  expressed  in  terms  of  radicals,  but  their  considera¬ 
tion  is  too  complicated  for  this  text. 

119.  Imaginaries.  If  a  number  under  a  square-root  sign 
is  negative,  the  radical  represents  an  imaginary  number. 

Thus  and  VH"  4  are  imaginary  numbers. 

If  the  student  pursues  the  study  of  algebra  further  he  will 
learn  that  imaginary  numbers  are  required  to  express  com¬ 
pletely  the  cube  and  higher  roots  of  any  positive  or  negative 
number. 

For  example,  he  will  learn  that  the  number  27  has  two  other 
cube  roots  besides  the  number  3.  Imaginary  numbers,  how¬ 
ever,  are  not  considered  in  this  text. 

120.  Index.  The  small  figure,  like  the  3  in  "v^m,  is  called 
the  index  of  the  radical. 

In  3^,  4  is  the  index. 

121.  Radicand.  The  radicand  is  the  number  or  expres¬ 
sion  under  the  radical  sign. 

In  Vs  and  '^xy,  3  and  xy  are  the  radicands. 

122.  Principal  root.  If  a  number  has  two  roots  for  a 
given  index,  the  positive  one  is  called  the  principal  root. 

When  no  plus  or  minus  sign  precedes  the  radical  sign, 
the  principal  root  is  always  implied. 

For  example,  the  number  4  has  two  square  roots,  -f  2  and 
—  2.  Here  -1-  2  is  the  principal  square  root  of  4,  and  the  radical 
V4  means  +  2  and  not  —  2.  Thus  V4  =  2,  but  —  V4  =  —  2. 

In  case  a  number  has  only  one  root  for  a  given  index, 
that  root  is  the  principal  root. 

For  example,  the  principal  root  of  V  —  8  is  —  2 ;  that  of 
27  is  -  3. 
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ORAL  EXERCISES 

In  the  following  tell  which  number  is  the  index  and 
which  is  the  radicand : 

1.  2.  >yi6.  3.  ->^10.  4.  \/2.  5.  ->^13.  6. 

Which  of  the  following  are  rational  numbers  ? 

7.  Vi.  9.  Vl2.  11.  Vs.  13.  Vo.  15.  Vi. 

8.  Vs.  10.  V^.  12.  V2.  14.  Vs.  16.  Vl25. 

What  is  the  principal  square  root  of  the  following  ? 

17.  9.  18.  36.  19.  SI. 

What  is  the  principal  cube  root  of  the  following? 

20.  S.  21.  -  27.  22.  125.  23.  -  125. 

What  is  the  principal  fifth  root  of  the  following? 

24.  1.  25.  —  1.  26.  32.  27.  -  32.  28.  -  243. 

123.  Simplification  of  radicals.  The  form  of  a  radical 

expression  may  be  changed  without  altering  its  numeric 
value.  Such  changes  are  necessary  for  many  reasons.  For 
example,  the  numeric  value  of  a  radical  expression  is 
most  easily  obtained  from  its  simplest  form.  It  will  be 

1  A/q 

made  clear  later  that  -7=  =  -rr  •  Granting  that  the  two 

V3  3 

fractions  are  really  equal,  one  can  see  that  the  value  to 
several  decimal  places  can  be  computed  more  easily  from 
the  second  fraction  than  from  the  first,  since  fewer  long 
numeric  operations  are  then  necessary. 
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Examples 

Study  the  following  changes  of  form : 

1.  V8  =  V4  •  2  =  Vi  •  V2  =  2  V2. 

2.  In  general,  Vo^  =  Vo^  V6  =  a  V6. 

3.  Also,  V24  =  Vs  •  3  =  Vs  Vs  =  2  Vs. 

4.  In  general,  Vo^  =  Va^  V&  =  a  V6. 

The  preceding  examples  1  and  2  illustrate  the  following 
rule  for  simplifying  a  radical  involving  the  square  root  of 
an  integer  or  an  integral  expression. 

Rule.  Separate  the  radicand  into  two  factors,  one  of  which  is  the 
greatest  perfect  square  which  the  radicand  contains.  Then  take  the 
square  root  of  this  factor  and  write  it  as  the  coefficient  of  a  radical 
of  which  the  other  factor  is  the  radicand. 

If  the  radical  already  has  a  coefficient  other  than  the  number  1, 
multiply  the  result  obtained  above  by  this  coefficient. 

A  similar  rule  holds  for  radicals  involving  the  cube  and 
higher  roots. 

Thus  = 

and  = 'v'32  •  3  =  2 

Note.  Although  the  Arabs  were  by  no  means  able  to  state  all 
the  rules  explained  in  this  chapter,  it  is  interesting  to  note  that  they 
did  recognize  the  truth  of  a  few  of  them.  For  instance,  a  writer 
about  A.D.  830  gives,  in  his  own  notation  of  course,  the  facts  con¬ 
tained  in  the  formulas  =  a  Vh  and  vS  =  Vo  V6. 
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Simplify : 

1.  VI2. 

2.  v^. 

3.  VTO. 


4.  Vis. 

5.  VI^. 


7.  5V2O. 

8.  V32. 

9.  Vis. 


10.  3  Vis. 

11.  2V^. 

12.  5V12. 


6.  VI^. 
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13.  Vl47. 

17.  2Vl^. 

21.  V4  X. 

25.  Vie  a. 

14.  VI6. 

18.  sVio. 

22.  V3  x^. 

26.  V4  a:^ 

16.  Vm. 

19.  5  V96. 

23.  V12  m. 

27.  3  VoV. 

16.  VM. 

20. 

24.  \/5  fK 

28.  5V5m^ 

29.  12  V^.  34.  ->^5  m^.  40.  12  VS  x^. 


30.  V^.  35.  >^37^.  41.  V (x  +  yfa. 


Hint.  ^x^  =  ^x--x.  3^^  '\/T^, 

31.  TViT^. 

32.  "^2  X'^.  38.  4V^27^. 

33.  39.  3  >^54  x^. 
46.  (a  —  b)  V(a  +  b)h. 


42.  V2  x{b  +  c)^. 

43.  ■\/4(s  +  tfx. 

44.  Vr(x  —  yy\ 

45.  3V(a:  +  4  a. 

50.  Vx^  +  4  X  +  4. 


47.  V(a  +  6)(a^  —  6^). 

48.  V(x  —  y){x^  —  'if). 

49.  ■\/(r  +  2)(r^  —  4). 


51.  V2  x^  —  8  X  +  8. 

52.  V3  x^  —  30  X  +  75. 

53.  V5  r2  +  5  -  10  r. 


124.  Addition  and  subtraction  of  radicals.  Radicals  having 
the  same  index  and  identical  radicands  are  really  similar 
terms.  They  can  be  added  or  subtracted  and  the  result 
expressed  as  one  term  according  to  the  rule  on  page  48. 

Thus  2V3-4V3  +  5V3  =  3V3. 

If  the  radicands  are  not  identical  and  cannot  be  simpli¬ 
fied  further,  the  radicals  are  really  dissimilar  terms,  and 
addition  or  subtraction  can  then  only  be  indicated  (see 
page  50). 

Thus  V5,  V3,  and  ^  are  three  dissimilar  radicals,  and  the 
addition  of  the  three  can  only  be  indicated  thus :  V5  +  V3  +  v  6. 
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Simplify : 

1.  2V2  + V2. 

2.  5V3-2V3. 

3.  4V2  +  3\/2. 

4.  I2V3-V5. 

6.  3\/6  —  2'>/6. 

6.  4V3  +  5V3-6V3. 

7.  4V7-2\/7  +  3V7. 

8.  7V3  +  4\/l2. 


9.  V^  +  2V5. 

10.  3V8  +  3V2-  5\/^. 

11.  6V5  +  10V^-3VI^. 

12.  3  \/x  ~}~  2'\/x. 

13.  2Vx  +  5V4^. 

14.  3VI6  a  +  sVi  a. 

15.  V6  +  V^. 

16.  a  —  V48  a^. 


EXERCISES 


Simplify  and  collect : 

1.  V8  + V2  +  2V^. 

2.  VT2  +  V^. 

3.  Vs  +  Vis. 

4.  2V32-5VT8. 

6.  3V4O  + V^. 

6.  4V^  +  2Vl47. 

7.  Vs  +  V^  -  V^. 

8.  15V^-V^+6VT2. 

9.  3^/^-5V3. 

10.  V5  +  3V125.  , 

11.  3  Vx^  +  5  xy/x. 


12.  Vo^  +  ay/a  +  - Vo^. 

a 

13.  Vo^  +  y/a?b^  +  y/h. 

14.  3 Vx  +  4 VO^  +  5 V4x. 

15.  +  3  Vx  +  2  VI6  X. 
Aa*- 

16.  X  “j~  3  y/ 3  X?, 

17.  Vo^  +  yfWa  +  yfia. 

18.  2Vx  — 3V4x+-Vl44a:^ 

X 

19.  y/aWc—ay/ aWc^ + a  Vac. 

20.  4V 3a^+ Vl2a— 2 V27aL 


In  the  following  exercises  find  the  value  of  the  expres¬ 
sion,  first  by  extracting  the  square  root  of  each  term  and 
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adding  the  results,  then  by  simplifying  and  collecting  be¬ 
fore  extracting  the  square  root.  Compare  the  amount  of 
labor  involved  in  the  two  methods. 

21.  3V5O  +  2V2-I2V98.  22.  4VOT-5\/TO  +  2\/3. 

23.  V125  +  2 -  3 VM  +  5V45. 

125.  Simplification  of  fractional  radicands.  Radicals  whose 
radicands  are  fractions  or  fractional  expressions  occur  fre¬ 
quently  in  practice,  especially  in  certain  parts  of  geometry. 


Examples 


Study  the  following  simplification  of  fractional  radi¬ 
cands  : 

1.  \/|  =  V|  =  V-i-.6  =  V|V6  =  -J-Ve. 

2.  6V|=6VI5  =  6V^TI^  =  6-iVIo  =  fVIo. 


3. 


N2a; 


2  X 


4 


,  [a 


ah 


62 


ah  = 


2x  =  75— V^. 

2  X 


These  examples  illustrate  the  following  rule  for  simpli¬ 
fying  an  indicated  square  root  v/hich  has  a  fractional 
radicand. 

Rule.  Multiply  the  numerator  and  the  denominator  of  the  radi¬ 
cand  by  the  least  whole  number  or  the  simplest  expression  which  will 
make  the  resulting  denominator  a  perfect  square. 

Then  separate  the  radicand  into  two  factors,  one  of  which  is  a 
fraction  and  at  the  same  time  the  greatest  perfect  square  which  the 
radicand  contains. 

Take  the  square  root  of  this  factor  and  write  it  as  the  coefficient  of 
the  radical  of  which  the  other  factor  is  the  radicand.  If  the  original 
radical  has  a  coefficient,  multiply  the  result  as  obtained  above  by  this 
coefficient. 
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Simplify : 


ORAL  EXERCISES 


9. 


w 

a 


8. 


EXERCISES 


Simplify  the  following : 

7.  Vf.  10.  3V|.  13.  5V|. 

8.  vif.  11.  sVf.  14.  sV^. 

9.  2Vi|.  12.  2Vj^.  15.  iVf. 

22.  Vi  -  SVS  +  5V9. 

23.  2  V27  +  SV^  -  3V^. 

24.  4^^  +  I3V8  -  5Vl^. 

•  25.  isVTe  +  sVm  -  3V^. 

26.  Vl6  +  Vm  +  V^. 

20.  3VI  -  2V 60.  3V3  +  4V^  +  isVre 

21.  4Vi  +  2VS.  ■  V48 

28.  3V8  +  SVJ  -  6V2  +  7V^^ 

29.  5V12  +  2V27  -  4V3  +  3Vi. 

30.  VJ^  +  3\/28  -  5Va. 

31.  3ViI  +  2'\^  -  9V^. 

32.  2 Vs  —  3VJ  +  6V125  —  GV-^^. 

33.  3V2  +  5 Vi  —  2|Vl8  +  8VI. 


•\/-_5 

^  1  < 

V|- 


1. 

2. 


3.  Vf. 


16.  ^ 
17.  m 


4  Vl 
‘±,  ^8. 

5.  VI. 

6.  Vf. 


6 


10 


216 


m 


18.  5 


N 


Wa 


8 


19 
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34.  -\-2xy  -\-y  —  2V(x  +  l^y. 

35.  3V4  +  4  +  X  +  4V (x  +  l)^x. 

36.  12Vax^  —  2  ax  +  a  —  3V(x  — 

The  need  for  simplifying  radicals  presents  itself  in  vari¬ 
ous  problems,  as,  for  example,  in  geometric  work  on  right 
triangles. 

PROBLEMS 

(Obtain  answers  in  simplest  radical  form.) 

1.  One  side  of  a  right  triangle  is  6  and  the  other  side 
is  9.  Find  the  hypotenuse. 

Solution,  h  =  V36  +  81  =  Vli?  =  3 V13. 

2.  The  hypotenuse  of  a  right  triangle  is  15  and  one  side 
is  10.  What  is  the  other  side?  What  is  the  area? 

3.  The  side  of  a  square  is  3.  What  is  the  diagonal  ? 

4.  The  diagonal  of  a  rectangle  is  D,  and  the  width  is 
Find  the  length  and  the  area. 

5.  Find  the  area  of  a  rectangle,  of  diagonal  D,  if  the 
length  is  twice  the  breadth. 

6.  Find  the  sides  of  a  square  if  the  diagonal  is  10. 

7.  What  is  the  side  of  a  square  whose  diagonal  is  3  L? 

Problems  involving  the  following  classes  of  triangles  are 
of  frequent  occurrence  in  practical  work  and  often  require 
the  use  of  radicals : 

(a)  An  isosceles  right  triangle ;  that  is,  a 
right  triangle  with  two  equal  sides. 

As  indicated  in  the  figure,  if  each  side  is  S 
the  two  acute  angles  are  45°  each. 


5 


RADICALS 


311 


(6)  A  right  triangle  with  one  angle  30°  or  60°. 

As  indicated  in  the  figure,  if  one  acute  angle  is  30°  the 
other  is  60°,  and  vice  versa.  More  impor¬ 
tant  still,  the  hypotenuse  is  always  twice  the 
shorter  side. 

(c)  An  equilateral  triangle. 

As  indicated  in  the  figure,  when  the  alti¬ 
tude  is  drawn,  it  divides  the  base  into  two 
equal  parts,  and  in  each  of  the  right  triangles 
formed  the  same  relations  exist  as  in  (b) 
above. 

8.  If  each  of  the  equal  sides  of  an  isosceles  right  triangle 
is  4,  what  is  the  hypotenuse  ? 

Hint.  h‘^  =  16  + 16. 

h  =  Vl6  +  16,  etc. 

9.  The  hypotenuse  of  an  isosceles  right  triangle  is  15. 
What  is  one  side  ? 

10.  The  formula  for  the  area  of  a  circle  in  terms  of  its 
radius  is  A  =  irr'^.  What  is  the  radius  in  terms  of  the  area  ? 

11.  What  is  the  radius  of  a  circle  whose  area  is  24 
square  inches  ? 

12.  The  formula  C  =  f  (F  —  32)  expresses  the  temper¬ 
ature  by  the  centigrade  scale  in  terms  of  the  readings  on 
the  Fahrenheit  scale.  Solve  this  equation  for  F.  What  is 
the  centigrade  temperature  corresponding  to  a  Fahrenheit 
reading  of  100°?  20°  ? 

13.  The  area  of  the  surface  of  a  sphere  in  terms  of  the 
radius  is  A  =  47rr^.  Find  the  radius  in  terms  of  the  area. 

14.  What  is  the  radius  of  a  sphere  whose  surface  is  18 
square  feet? 
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15.  The  volume  of  a  cylinder  in  terms  of  its  radius  and 
height  is  y  =  irr^.  What  is  the  height  in  terms  of  V  and  r  ? 
Find  r  in  terms  of  h  and  Y. 

16.  What  must  be  the  radius  of  a  cylinder  whose  volume 
is  50  cubic  inches  and  whose  height  is  20  inches? 

17.  A  runway  has  an  inclination  of  30°  to  the  horizontal. 
How  far  above  the  ground  is  a  man  who  has  walked  along 
the  runway  a  distance  of  40  feet  with  respect  to  the 
horizontal  ? 

Hint.  See  diagram  in  (6)  on  page  311. 

18.  A  ladder  makes  an  angle  of  60°  with  the  ground. 
A  man  climbs  15  feet  up  along  the  ladder.  How  far  is  he 
above  the  ground  ? 

19.  A  man  desires  to  make  a  bank  of  earth  against  a  per¬ 
pendicular  wall  10  feet  high.  If  the  angle  of  repose  of  the 
earth  is  45°,  how  many  cubic  feet  of  earth  will  he  need  to 
make  a  bank  20  feet  long?  How  many  square  feet  of  sod 
will  be  required  to  cover  the  face  of  the  bank? 

Hint.  The  volume  of  earth  required  is  equal  to  the  length  of  the 
bank  times  the  area  of  cross  section,  which  is  in  this  case  an  isosceles 
right  triangle  of  10-foot  side. 

20.  W^hat  is  the  hypotenuse  of  an  isosceles  right  triangle 
whose  area  is  50  square  feet  ?  25  square  feet  ? 

21.  The  side  of  an  equilateral  triangle  is  3  feet.  Find  the 
altitude  and  area. 

22.  The  area  of  an  equilateral  triangle  is  100V3  square 
inches.  What  is  the  length  of  a  side? 

23.  Aliardware  dealer  desires  to  pack  triangular  files  in 
a  box.  The  files  are  of  an  inch  on  a  side.  What  should 
be  the  depth  of  a  box  which  will  just  contain  one  layer 
of  files? 
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24.  The  hypotenuse  of  a  right  triangle  with  a  30°  angle 
is  10  feet.  What  is  the  area  ? 

Note.  Though  methods  of  classifying  irrational  expressions  are 
found  in  the  work  of  Euclid,  the  Hindus  and  the  Arabs  were  the  first 
to  develop  this  part  of  algebra  in  a  form  similar  to  that  used  today. 

126.  Multiplication  of  radicals.  Monomial  radicals  having 
the  same  index  are  multiplied  as  shown  in  the  following : 

Examples 

1.  Multiply  4\/2  by  3V6. 

Solution.  4V2 . 3V6  =  I2VI2  =  12 . 2V3  =  24 V3. 

2.  Multiply  3"^2  by  2v^5lnV. 

Solution.  mr"^  •  2'^5  mV  =  6^10  mV  =  6  mr'^ 10  r. 

The  method  just  illustrated  of  multiplying  monomial 
radicals  of  the  same  index  is  stated  in  the 

Rule.  Write  the  product  of  the  coefficients  of  the  radicals  for  the 
coefficient  of  the  radical  in  the  result. 

Multiply  together  the  radicands  and  write  the  product  under  the 
common  radical  sign. 

Reduce  the  result  to  its  simplest  form. 

The  preceding  rule  does  not  hold  for  radicals  having  different 
indices. 


ORAL  EXERCISES 

Perform  the  indicated  multiplication : 

1.  V2  •  V3.  4.  Vs  •  V6.  7.  3V2  •  2V5  •  2V3. 

2.  V2  •  V2.  6.  3V2  •  2V3.  8.  SVS  •  4V5. 

3.  V2  •  V5.  6.  5V3  •  2V7.  9.  4V13  •  2V2. 


314  NEW  COMPLETE  SCHOOL  ALGEBRA 


EXERCISES 


Perform  the  indicated  operation  and  simplify  results? 


1.  Vs  •  Ve. 

2.  Vs  •  Vs. 

3. 2V15  •  sVis. 

4.  sVs  •  2V30. 
5. 4Vi6  •  10V2. 

6.  eV^  •  5V7. 

7.  Vs  •  4V7. 

8.  sVis  •  Vs. 

9.  mVlO  •  wVS. 


10.  Vx  •  ¥y/y. 


14.  SVx  •  SVx. 


ir.  ^|f . 

18. 

19.  2^J 


5  X 


3  m 


X 

I 

4 


y 


'  X 


yl 

2 


20.  \/2(-\/2  + 1). 

Hint.  V2  ( V2  +  1)  =  VJ  +  V2,  etc. 


21.  \/3(\/3  —  \/2). 

22.  n^(2\/2  -  \/5). 

23.  \/5(V3  -  2\^). 

24.  2\/3(V3- V2). 

25.  3V5(V2  —  Vs  +  VS). 

26.  (V5- Vs- \/3)(V3). 

27.  (V2-Vl0  +  V^)(-2V5). 


Find  the  radical  expression  having  the  coefficient  1  which 
is  equivalent  to  each  of  the  following : 

28.  4V3.  29.  SVS.  32.  4Vi. 

Solution.  4''^3  =  VieVs  30.  SV2.  33.  SV|^. 

=  V48.  31.  lOVIS.  34.  SVf . 
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35.  a^s/x. 

36.  3 

37.  4  aV^. 


39-  (*  +  V) 


The  multiplication  of  binomial  or  of  polynomial  radical 
expressions  of  the  same  order  involves  no  new  principle. 


Example 


Multiply  3  V5  —  4  Vs  by  2\/5  +  Vs. 

Solution.  3  V5  —  4  V3 

2V5+  ^  • 

30  -SVIs 

+  3Vf5  -  12 

30  -  5  Vl5  -  12  =  18  -  5VI5. 


EXERCISES 


Perform  the  indicated  multiplication  and  simplify  the 


results : 


1.  (V2  +  5)(3V2-4).  3.  (6V'6-2)(V5  +  3). 


2.  (7\/3  +  2)(V3  -  5).  4.  (4  +  3V5)2. 

5.  (5V5  +  2\/3)(2\/5-3V3). 

6.  (2v^  +  5\^)(2V3  +  2V2). 

7.  (3V6-2\/5)(12V5  + 13V6).' 

8.  (4  +  -  2V3)(V5  +  V2  +  6). 

9.  (3  -  2\/3  +  V2)(3  V2  +  §  Vf). 

10.  (\/l0  + Vl5-Vl8)(\/2  + VW  +  3V90). 

11.  (V*  +  BVy){Vx  -  SVy). 

12.  (4\/w  +  3Vm)(3\/?m  +  4V«). 
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13.  {2^x  +  3 V^)(Vx  —  2V^). 

14.  (2V^-5V^)(3Vi^+2V^). 

15.  Vx^  —  if'  •  V3 {x-\-y), 

16.  ■\/(a^  +  2  a6  +  Wy  •  V(a^  —  h‘^){a  +  6). 

17.  (\/2  +  Vs  -  V5)(3  +  V2). 

18.  (3V6  +  2V7  +  3Vl4)(4- VY). 

19.  (SVx  +  1  —  4Vx  —  l)(Vx2  —  1). 

20.  (2 Vx  —  a  +  3 Vx  —  4\/a)(Vx  —  a). 

21.  (Vm  +  t  —  2  Vm  +  3  Vm  —  0(Vm). 

22.  (3 V2  +  X  —  5Vx  —  2  +  13Vx)(4Vx  +  2). 


23.  The  hypotenuse  of  a  right  triangle  is  R,  and  one 
side  is  — —  Find  the  other  side. 


24.  One  side  of  a  right  triangle  is  v2(i?V2  —  1),  and 
the  hypotenuse  is  R.  What  is  the  other  side  ? 

25.  The  sides  of  a  right  triangle  are  J  x  V2  V2  —  2  and 

|^xv2\/2  +  2.  What  is  the  hypotenuse  of  the  triangle? 
the  area? 

26.  Show  by  substituting  and  simplifying  that  2  +  2V3 
is  a  root  of  the  quadratic  equation  x^  —  4  x  =  8. 

27.  Does  J(5  —  VS)  satisfy  the  equation  x^  +  5  =  5  x? 


127.  Rationalization  and  division  by  radicals.  It  is  fre¬ 
quently  necessary  to  find  the  approximate  value  of  an 
expression  which  involves  division  by  a  radical  expression. 
Thus  3  V6,  V2  -J-  VZ,  are  types  which  often  occur. 

To  find  the  approximate  value  of  3  V6^we  may  extract 

the  square  root  of  6  to  several  decimal  places  and  then 
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divide  3  by  the  approximate  root  obtained.  Both  these 
processes  are  long  and  one  of  them  is  unnecessary.  For, 
writing  3  -r-  VG  as  a  fraction  and  multiplying  both  terms 

by  VG  gives  — ^ —  To  find  the  approximate  value  of  this 


last  fraction  requires  but  one  long  operation. 

One  radical  expression  is  the  rationalizing  factor  for  an¬ 
other  if  the  product  of  the  two  is  a  rational  number. 


A  rationalizing  factor  of  V2  is  V2,  since  V2  =  2. 
Similarly,  V3  is  a  rationalizing  factor  of  V27,  since 

V3.  V^=  V8r=9. 


ORAL  EXERCISES 


Determine  a  rationalizing  factor  for  each  of  the  following 
expressions  and  find  the  product  of  the  given  expression 
and  this  factor : 

1.  V2.  3.  Vs.  6.  3  VT.  7.  5V24.  9.  Vl4. 

2.  2V5.  4.  VTO.  6.  Vis.  8.  Vs.  10.  2^fx. 


Direct  division  of  similar  radicals,  coefficient  by  coeffi¬ 
cient  and  radicand  by  radicand,  is  often  possible. 

Thus  Ve  V2  =  V3. 

And  12Vlb-7-2V5  =  6V2. 

(vTd  -  VTs)  -i-  V5  =  a/2  -  V3. 


But 


■  V3“V3.  V3  3 


If  direct  division  cannot  be  exactly  performed,  we  use  the 

Rule.  Write  the  dividend  over  the  divisor  in  the  form  of  a  fraction. 
Then  multiply  the  numerator  and  denominator  of  the  fraction  by  the 
rationalizing  factor  of  the  denominator  and  simplify  the  resulting 
fraction. 
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EXERCISES 


Rationalize  the  denominator  of  the  following  expressions 


L 


2. 


3. 


4. 


6. 


6. 


7. 


8. 


VIo 

V5‘ 

V6 

V2’ 

V9 

Vs' 

Vs 

Vs' 

sVt 

sVs' 

V6 

vis' 

15  V^ 
5Vl3 

Vsi 

5V7' 


16. 


Vs- VIo 
Vs 

sVs  +  sVs 
sVs 
5VI5 
4VI3' 

3 

VS 

5 

2Vx 
3  y 

21  Va' 

'Va 
VS* 

2Vx 


9. 


10. 


11. 


12.  — 1= 


13. 


14. 


15. 


■3\^ 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


aVs 
■■  .  .  • 

cVi 

ISVx 

sVs^' 

4V54 

3V50' 

S  aV* 

sVs?' 


V 


4  Vmrc 
3  my/a 
ISVx 
13  aV?/ 

isVso 

IOV75' 

sVss 

5Vl^' 


Find  to  three  decimal  places  the  value  of : 

25.  4  +  5V3. 

26.  s  —  eVs. 

27.  siVs  +  sV^. 

28.  isVoI  +  sVIs. 


29. 


30. 


V6 
5  Vs 
sVs' 


31. 


32. 


Vs  —  Vs 
vis 
ssVs 

Vts-sVs' 


Express  with  rational  denominators: 


33. 


Vx 

V^‘ 


34. 


V3~S^ 

15  Vo^ 


36. 


3  VSx 
4V^ 


36. 


a^Jn 

by/m^ 
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128.  Fractional  exponents.  Radical  expressions  may  be 
written  in  two  ways,  with  radical  signs  or  with  fractional 
exponents.  The  relation  between  the  two  will  now  be  ex¬ 
plained.  To  do  this  it  is  necessary  to  extend  the  meaning 
of  the  term  exponent,  which,  as  defined  on  page  17,  applied 
to  positive  integral  exponents  only.  We  shall  assume  that 
the  laws  which  govern  the  use  of  integral  exponents  hold 
for  fractional  exponents  also. 

The  fact  that  illustrates  the  more  general  law 


where  a  and  h  represent  either  integers  or  fractions. 

Accordingly,  x^  •  x^  =  x^^ ^  =  x^  or  x.  Since x^  multiplied 
by  itself  gives  x,  x^  must  he  another  way  of  writing  Vx. 
Hence  Vx  may  be  written  x^. 

Then  #  =  V4  =  2,  and  (25  =  V2^  =  5  a. 


x^ 


i  i+i+i  1 

/y«3  /y»3  3  3  -  ^1  -  /y 


Furthermore,  x' 

Since  x^  is  one  of  the  three  equal  numbers  whose  product 
is  X,  we  may  say  that  x^  is  another  way  of  writing  Vx. 
Therefore  Vx  may  be  written  x^. 


In  general  terms. 
Now 
and 
Hence 


In  general  terms,  x  =Vx°. 

a 

Thus  x”  means  the  nth.  root  of  x  to  the  ath  power. 

The  numerator  of  a  fractional  exponent  denotes  the  power 
to  which  the  radicand  is  to  be  raised,  while  the  denominator 
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denotes  the  root  to  be  extracted.  Whether  one  extracts  the 
root  first  and  then  raises  the  result  to  the  power,  or  vice 
versa,  depends  wholly  on  convenience. 

BIOGRAPHICAL  NOTE 

Francois  Vieta.  The  reason  that  algebra  is  a  universal  language 
lies  in  the  fact  that  the  symbols  used  to  indicate  the  various  operations 
and  relations  are  widely  understood  and  adopted.  This  has  not  always 
been  the  case,  and  for  a  long  time  during  the  early  history  of  the  sub¬ 
ject  there  was  no  accepted  notation  in  algebra,  but  each  man  used  any 
symbol  that  suited  him.  One  of  the  men  who  did  most  to  establish  a 
fixed  notation  was  Francois  Vieta  (1540-1603),  a  French  lawyer  who 
studied  and  wrote  on  mathematics  as  a  pastime.  He  was  in  public  life 
during  his  whole  career  and  was  well  known  for  his  ability  to  decipher 
the  hidden  meaning  of  dispatches  captured  from  the  enemy. 

It  was  he  who  established  the  use  of  the  signs  +  and  —  for  addi¬ 
tion  and  subtraction,  which,  to  be  sure,  had  been  used  before  his  time, 
but  were  not  generally  accepted.  He  also  denoted  the  known  num¬ 
bers  in  an  equation  by  the  consonants,  B,  C,  D,  etc.,  and  the  unknowns 
by  the  vowels.  A,  E,  I,  etc.  He  recognized  the  existence  of  negative 
roots  of  equations,  but  rejected  them  as  absurd. 

To  denote  the  second  and  third  powers  of  the  unknown,  he  used 
the  letters  Q  (quadratus)  and  C  (cubus)  respectively.  Instead  of  using 
the  sign  =  he  wrote  aeq.  (aequalis  or  aequatur).  Thus  Vieta  would 
have  written  the  equation  —  8  +  16  x  =  40  in  the  form 

1C  —  8Q  +  16N  aeq.  40. 

Before  the  time  of  Vieta  this  equation  would  have  been  written 
in  a  much  more  primitive  notation.  For  instance,  with  writers  only 
a  little  earlier  it  would  appear  as 

Cubus  m  8  Census  p  16  rebus  aequatur  40. 

Operations  on  equations  in  this  form  would  certainly  be  difficult. 

Vieta  is  further  distinguished  as  being  the  first  man  to  obtain  an 
exact  numerical  expression  for  the  number  tt,  which  occurs  in  geom¬ 
etry.  His  form  of  expression  calls  for  an  infinite  number  of  opera¬ 
tions  which,  of  course,  could  never  be  performed,  but  the  further 
one  proceeded,  the  closer  would  be  the  approximation  obtained.  In 


Francois  ^ieta 


C 
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a  certain  sense  the  familiar  sign  V  implies  an  infinite  number  of 
operations,  for  one  can  never  go  through  the  process  of  extracting 
the  square  root  of  2,  for  instance,  and  come  out  even.  Vieta’s  method 
of  denoting  tt  was,  however,  more  involved  than  this  and  made  use 
of  complicated  irrational  fractions. 


ORAL  EXERCISES 
Read  in  radical  form : 

1.  xK  3.  3  fei.  5.  5  i/i  7.  3® 


3 

4 


9.  6  m\ 


2.  4.  2  6.  12^  •  r  •  8.  (12  10.  5  6^. 

Change  to  fractional  exponents : 


11.  V3. 

13.  aVsT. 

15.  3Vx’. 

12.  5^. 

14. 

16.  ISVm^. 

Give  the  numerical  value  of : 

17.  (4)*. 

20.  (4)i 

23.  (36)K 

18.  (9)i 

21.  (27)L 

24.  (-  64)^, 

19.  (8)*. 

22.  (125)L 

28.  (tV)*. 

EXERCISES 

Change  to  radical  form  and  simplify  results : 

1.  mK 

8.  4(16  x)i. 

15.  (— y. 

2.  2 

2  3 

9.  •  x^. 

\m/ 

5 

^  ^  2  15 

3.  12  x^y~^. 

10.  3  •  4  rfi. 

©' 

4.  5^  •  am^. 

11.  12  x^  •  2/L 

/ 12 

5.  5(r0^. 

12.  6  •  6 ^ . 

6.  (—  8)^  •  x^. 

13.  (16  y)^. 

/2  x\^ 

7.  c{de)^. 

14.  5  rri^y^. 

'«-(3)- 
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REVIEW  EXERCISES 

Evaluate,  carrying  all  inexact  answers  to  two  decimal 
places : 

1.  2  +  3  V—  b^mx  —  4  V—  bmx, 

when  6  =  1;  x  =  2;  m  =  —  2. 

2.  2  +  V5  hr, 

when  x  =  4;  6=^;  r  =  81. 

3.  5  a  V?  —  ay, 

when  '  a  =  7,2;  x  =  S;  y  =  4.8. 


,  ^  Im^  — 
4.  2  x\\ - 

^  a 


x^ 


when 


m  =  3;  x  =  2;  a  =  20. 


m 


5.  3mH-2'^-^  +  6, 


when 


fi  JL 

V6’ 


when 


7. 


2Vx  + 


m  =  1 ;  6  =  5. 


a  =  5 ;  6  =  7. 


Vx  +  ^ 

when  a:  =  2 ;  ?/  =  3. 

8.  2/\/3  r^  +  2  ry 

when  r  =  5 ;  i/  =  2. 

9.  Express  in  a  form  more  convenient  for  computation : 
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Solve  for  x  and  y  and  check : 


13x-l-4 

10. - —  =  15. 


11. 


2 

X  —  a 
X  —  b 


b 

a 


15.^ 


X  y 


1 

X 


5 

y 


12.1+1-^ 

ab  X 


1 

X 


13.  +  5  a:  —  24  =  0. 

3  X  “h  5  ^  =  13, 

14.  ^  2  X  —  15  2/  _  Q 


16.  4  (x2  -  2  X  +  1)  -  9  =  0. 

r  .2  X  +  .5  2/  =  —  1.1, 

17.  <.Sx-.ly 


2 


=  1.65. 


18.  4  x^  +  8  X  +  4  =  0. 

19.  Multiply  2(5  6^x^?/)^  by  (Sx'^y)^. 


Without  solving  the  equations  determine  whether  the 
pairs  of  values  given  below  are  roots  of  the  corresponding 
equations : 

20.  Do  X  =  2  Vs  and  y  =  S  VS  satisfy 

x-\-  y  =  5  Vs 

and  3  x^  —  4  X?/  +  =  65  ? 

21.  Do  X  =  2  V2  and  y  =  5V2  satisfy 

2  X  +  3  j/  ^  ^ 


and  x^  +  5  x^/  —  3  1/^  =  —  40  ? 


22.  Do  a  =  Vs  and  b  =  ^  VS  satisfy 


and 


2  a  —  b  = 

Vs 

a2  -  62  _  2  ^ 

4  3  • 


23.  A  tree  on  the  bank  of  a  stream  is  25  feet  from  an 
observer  on  the  opposite  bank.  The  distance  from  the 
observer  to  the  top  of  the  tree  is  32  feet.  If  the  observer  is 
on  a  level  with  the  base  of  the  tree,  how  high  is  the  tree? 
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24.  The  altitude  of  an  equilateral  triangle  is  1  foot.  What 
is  the  length  of  one  side?  What  is  the  area? 

25.  A  man  has  $200  invested,  part  at  4  %  per  year  and 
the  remainder  at  6  %  per  year.  The  total  income  from  the 
money  is  $9  per  year.  How  much  money  is  invested  at 
each  rate  of  interest? 

26.  The  sum  of  three  consecutive  numbers  is  18.  Find 
the  numbers. 

27.  The  sum  of  the  digits  of  a  two-digit  number  is  7. 
If  27  is  added  to  the  number  the  result  is  expressed  by  the 
digits  in  reverse  order.  What  was  the  original  number  ? 

28.  A  man's  age  is  now  five  sevenths  of  what  it  will  be  10 
years  from  now.  What  is  his  present  age  ? 

29.  A  field  containing  10,000  square  feet  has  a  length 
twice  its  width.  What  are  the  dimensions  of  the  field  ? 

30.  The  altitude  of  a  triangle  is  two  thirds  the  base.  If 
the  area  is  24  square  feet,  what  are  the  base  and  altitude  ? 


CHAPTER  XXII 


QUADRATIC  EQUATIONS 

129.  Introduction.  The  simplest  quadratic  equation  is 
one  in  which  the  term  of  the  first  degree  is  lacking;  as, 
for  example,  —  4  =  0  or  +  41  =  0,  where  the  terms 
in  X  are  lacking.  In  order  to  solve  these  equations  one 
term  should  be  transposed  (if  necessary)  so  as  to  bring 
one  term  on  each  side  of  the  equation.  The  square  root  of 
each  member  should  be  taken,  not  neglecting  the  ±  sign 
before  the  square  root  of  the  constant  term.  Equations 
like  the  foregoing  are  sometimes  called  pure  quadratics, 

ORAL  EXERCISES 

Solve  the  following  pure  quadratic  equations : 


1. 

x^ 

-9  = 

0. 

7.  2/2  = 

1. 

CO 

• 

1 

16  a2  = 

=  0. 

2. 

x^ 

-25  = 

=  0. 

8.  2/2  - 

-  64  =  0. 

14.  *2  _ 

9c2  = 

0. 

3. 

-  16  = 

=  0. 

9.  x2  — 

4  =  12. 

18.  2/2  - 

25 

=  0. 

4. 

-  1  = 

0. 

10.  -  2/2 

'  +  16  =  0. 

16.  25  = 

■  m^. 

5. 

-4  = 

0. 

11.  x2  - 

II 

o 

• 

17.  4  o2 . 

—  9  x^ 

=  0. 

6. 

— 

x^  +  4 

=  0. 

12.  2/2  - 

25  =  0. 

18.  -  169  +  x2 

=  0. 

Before  taking  up  the  work  that  follows,  the  student 
should  review  the  method  of  forming  trinomial  squares 
given  on  page  152. 
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ORAL  EXERCISES 


What  terms  should  be  added  in  order  to  make  the  fol 
lowing  expressions  perfect  trinomial  squares  ? 


1.  2  X  ? 

2.  2/2  +  6  ^  +  ? 

3.  ^2  —  4  X  +  ? 

4.  2/^  -  2  2/  +  ? 
6.  ^2  +  16  x  +  ? 


6.  ^2  —  8  X  +  ? 

7.  ^2  +  3  X  +  ? 

8.  r2  +  r  +  ? 

9.  x2  —  ^  X  +  ? 
10.  x2  +  5  X  +  ? 


11.  2/^-9  2/ +  ? 

12.  x2  +  I  X  +  ? 

13.  x2  +  I  X  +  ? 

14.  x2  +  f  X  +  ? 

15.  ^2  _  I  ^  -f  ? 


130.  Solution  by  completing  the  square.  The  method  of 
solving  quadratic  equations  by  completing  the  square  de¬ 
pends  on  the  rearrangement  of  the  terms  of  the  equation 
so  that  the  left-hand  member  is  a  trinomial  and  a  perfect 
square  and  the  right-hand  member  is  a  constant. 

In  order  that  the  left-hand  member  may  become  such  a 
perfect  square,  it  is  usually  necessary  to  add  a  properly 
chosen  number  to  each  member  of  the  equation. 


Examples 

1.  Solve  x2  -|-  2  X  —  15  =  0.  (1) 

Solution.  Transposing,  x'^  +  2  x  =  15.  (2) 

Adding  1  to  each  member  of  (2), 

x2  +  2  X  +  1  =  16.  (3)‘ 

Then  (x  +  l)2  =  42.  (4) 

Extracting  the  square  root  of  each  member  of  (4), 

X  +  1  =  d=  4.  (5) 

Whence  x  =  —  1  +  4  =  3 


and  x  =  —  1  —  4  =  —  5. 

Check.  Substituting  3  for  x  in  (1),  9  +  6  —  15  =  0,  or  0  =  0. 
Substituting  —  5  for  x  in  (1),  25  —  10  —  15  =  0,  or  0  =  0. 


QUADRATIC  EQUATIONS  327 

2.  Solve  2  +  3  X  —  2  =  0.  (1) 

Solution.  Transposing,  2  +  S  x  =  2.  (2) 

Dividing  (2)  by  the  coefficient  of 

a;2  +  f  X  =  1.  (3) 

Adding  (f)^  to  each  member  of  the  equation, 

X^  +  f  X  +  (1)^  =  +  y|.  (4) 

Then  (x  +  f  =  (f)l  (5) 

Extracting  the  square  root,  x  +  f  =  ±  | .  (6) 

^  —  _  3_  I  5 

X  —  —  4  ±:  4 

d  X  =  J  or  —  2. 

Check.  Substituting  j  for  x  in  (1), 

2(i)  +  3©  -2  =  0 


^  +  I  —  2  =  0,  or  0  =  0. 

Substituting  —  2  for  x  in  (1), 

2(-  2)2 +  3(-  2) -2  =  0. 

8  —  6  —  2  =  0,  or  0  =  0. 

The  method  of  solving  a  quadratic  equation  in  x  illus¬ 
trated  in  the  preceding  examples  may  be  stated  in  the 

Rule.  Transpose  terms  so  that  the  terms  containing  x  are  in  the 
first  member  and  those  which  do  not  contain  x  are  in  the  second. 

Divide  both  members  of  the  equation  by  the  coefficient  of  x^  unless 
that  coefficient  is  + 1 . 

Then  add  to  both  members  the  square  of  half  the  coefficient  of  x 
(in  the  equation  just  obtained),  thus  making  the  first  member  a  per¬ 
fect  trinomial  square. 

Rewrite  the  equation,  expressing  the  first  member  as  the  square  of 
a  binomial  and  the  second  member  in  its  simplest  form. 

Extract  the  square  root  of  both  members  of  the  equation  and  write 
the  sign  ±  before  the  square  root  of  the  second  member,  thus  obtaining 
two  linear  equations. 
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Solve  the  equation  in  which  the  second  member  is  taken  with  the 
sign  +  and  then  solve  the  equation  in  which  the  second  member  is 
taken  with  the  sign  — .  The  results  are  the  roots  of  the  quadratic. 

Check.  Substitute  each  result  separately  in  place  of  x  in  the  original 
equation.  If  the  resulting  equations  are  not  obvious  identities,  simplify 
until  they  become  so. 

Before  attempting  to  solve  quadratic  equations  by  the 
method  of  completing  the  square,  it  is  often  desirable  to 
observe  whether  they  can  be  solved  by  factoring  according 
to  the  method  set  forth  on  page  172,  since  it  is  frequently 
simpler  to  solve  a  quadratic  equation  by  factoring  than  to 
solve  it  by  the  method  of  completing  the  square. 


EXERCISES 

Solve  by  completing  the  square,  and  check  as  directed 
by  the  teacher : 


1.  +  6  X  —  7  =  0. 

2.  +  4  X  =  12. 

3.  2/^  —  10  ?/  =  24. 

4.  +  8  a  —  105  =  0. 
b.  —  2  m  =  80. 

6.  x^  —  6  X  =  16. 

7.  2  x^  —  7  X  +  5  =  0. 

8.  x(x  “h  4)  —  3(x  -|-  4)  =  0. 


14.  5  x^  +  13  X  —  6  =  0. 

15.  6  x^  —  5  X  +  1  =  0. 

16.  5  x^  —  X  —  4  =  0. 

17.  x2  =  15. 

18.  6  x^  —  5  X  —  6  =  0. 

19.  4  x2  +  13  X  +  9  =  0. 

20.  Sy‘^  +  22y  =  15. 

21.  21  x^  —  2  X  —  8  =  0. 

22.  20  x^  —  43  X  +  14  =  0. 

23.  12  —  67  m  =  50. 


9.  2  x^  —  3  X  +  1  =  0. 
10.  2  x^  +  ^  —  10  =  0. 


11.  3  x^  +  15  X  +  10  =  3  X  —  2.  24.  30  1/^  —  ^  —  1  =  0. 

12.  3  7  2/  =  -  4.  25.  135  x2  -  42  X  =  16. 

13.  y^-lS  =  0.  26.  42  x2  -  51  X  +  15  =  0. 
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27.  Why  is  not  equation  (5),  Example  1,  page  326,  writ¬ 
ten  with  the  sign  ±  before  each  member  ? 


28.  3  —  7  x  +  1  =  0. 

(1) 

Solution.  Transposing,  S  x^  —  7  x  =  —  1, 

Dividing  each  member  of  (2)  by  3, 

(2) 

2  7  1 

-  i  X  =  - 

(3) 

Adding  (—  to  each  member  of  (3), 

^2  _  1  ^  i  -  ±9  _  11  _  SI 

X  —  3*^r36  —  36  —  36  —  3  + 

(4) 

Then  (x-|)^  =  f|. 

(5) 

X  —  “6  =  ±  4’^37. 

(6) 

x=i± 

(7) 

7  6.0828 

(8) 

“6=*=  6 

13.0828  .9172 

“  6  6 

(9) 

=  2.180  or  0.153. 

(10) 

Check.  Since  the  values  in  (10)  are  not  exact  values  of  x, 
they  will,  if  substituted  for  x  in  (1),  make  its  first  member 
nearly  but  not  exactly  equal  to  zero. 


An  exact  check  on  the  radical  forms  of  the  roots  can  be 
obtained  by  substituting  from  equation  (7)  in  equation  (1). 
This  check  may  be  shortened  by  substituting  both  roots  at 
the  same  time,  as  follows : 

Substituting  |  db  for  a;  in  3  —  7  x  +  1  =  0, 

we  get  3(1  i:  -  7(|  ±  J^37)  +1  =  0, 

3(|-|  ±  +  fe)  —  7(J  ±  6 "'^37)  +  1  =  0, 

41  ±  i|V37  +  f i  -  -Y-  +  +  1  =  0. 
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The  radical  terms  vanish  because  the  two  upper  signs  before 
them  must  be  taken  together,  and  then  the  two  lower  signs. 


rherefore, 


4  9  I  3 1  _  9  8  ,  12 

12“ri2  12'12 


=  0, 


or 


91  18 

12  ~  12 


=  0. 


In  quadratic  equations  like  the  preceding  the  radical  forms 
of  the  roots  are  often  sufficient ;  at  other  times  values  to  two  or 
three  decimal  places  are  necessary.  Unless  otherwise  directed, 
obtain  only  the  radical  forms  of  irrational  roots. 


In  the  following  exercises  obtain  correct  to  three  deci¬ 
mal  places  the  values  of  any  radical  answers  which  may 
occur : 


29.  —  5  X  +  2  =  0. 

30.  f  —  =  3  X. 

31.  3  X  +  5  =  14. 

32.  4  X  +  15  =  25  x^. 
SS,6f-5t  =  21. 

34.  5  X“  —  20  X  =  —  19. 

35.  2  x^  —  15  =  x^  —  2  X  —  7. 

36.  x^  =  21  X  —  5. 

37.  14  X“  +  5  X  =  2. 

38.  3  2:^  +  f  2:  —  2  =  0. 

39.  x^  -|-  3.4  X  “b  1.7  =  0. 

40.  x^  —  2.1  X  —  .6  =  0. 

41.  .2  x^  +  .7  X  —  .42  =  0. 

42.  .5  x^  —  2.3  X  +  .4  =  0. 


.0  4V3  . 

43.  X^  —  -t:—  X  =  5. 


a  ,  .  15  ^ 

44.  jr  +  4 - =  0. 

3  a 

45  ?  -  ^  - 1  =  0. 

5  3  X 


46. 


47.  X  = 

A 

48. 

49. 

50. 


2  St 
t-2  2 

3 


=  0. 


2/  +  5 
1  +  ^ 
2  +  X 

1 


X  +  2 


—  ^  V' 


1  3 


X 


6  5-x 


_15  1 

2x  +  4  4'x  —  2 


51.^+^ 


^-4  2/  +  5 


+  1  =  0. 


QUADRATIC  EQUATIONS 

BIOGRAPHICAL  NOTE 


331 


Karl  Friedrich  Gauss.  Standing  in  the  very  front  rank  of  mathe¬ 
maticians,  with  Archimedes  and  Newton,  is  Karl  Friedrich  Gauss 
(1777-1855).  He  was  the  son  of  a  bricklayer  and  was  afforded  an 
education,  much  against  the  will  of  his  parents,  by  a  nobleman  who 
had  noticed  his  remarkable  talents. 

At  the  age  of  nineteen  he  had  made  discoveries  which  had  baffled 
all  mathematicians  up  to  that  time,  and  continued  to  make  impor¬ 
tant  contributions  to  the  theories  of  mathematics  and  astronomy  for 
the  next  fifty  years. 

The  student  has  undoubtedly  noticed  that  quadratic  equations 
have  two  roots.  It  is  not  difficult  to  prove  that  cubic  equations  have 
three  roots  and  that  equations  of  the  fourth  degree  have  four  roots. 
That  any  equation  in  one  unknown  has  a  number  of  roots  equal  to 
its  degree  was  first  proved  by  Gauss.  He  gave  three  distinct  proofs 
of  this  fact,  although  no  one  before  his  time  had  been  able  to  prove 
it  at  all. 

In  collaboration  with  another  professor  at  the  University  of  Got¬ 
tingen,  he  invented  the  telegraph  independently  of  the  American, 
S.  F.  B.  Morse,  and  probably  earlier. 


REVIEW  EXERCISES 

Solve,  and  check  as  directed  by  the  teacher : 

1.  10  —  11  x  -f  1  =  0.  3.  X  +  2  =  25  x^. 

2.  11  —  5  X  =  7.  .  4.  9  x^  =  15  X  -f  2. 

5.  (4  X  —  3)(x  -j-  2)  =  (3  X  -j-  25)  (2  x  -|-  3). 

6.  (3  X  +  4) (x  —  1)  =  (5  X  +  2) (3  X  —  2). 


7.  5  x^  +  11  X  —  12  =  0. 


„  4x  c  I  25 
9.  —  =  X  +  2. 

X 


10. 


91  X 

TT 


3  = 


22 


17  X 


11.  |  =  ^  +  12. 

5  0 


12. 


X‘ 


X  +  2  4 
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13. 


X  9  +  2x  2x  ,10  a:  3x^  5a: 

3  =  ^—  '''•  + -TT  =  25-  ^^■F+1  =  T 

16.  (14  a:  —  5) (3  a:  +  2)  =  (21  x  +  5)  (3  x  —  2). 


X  ~j“  1  I  ^  “i~  2  p. 


21.  2  x^  —  5  X  +  2  =  0. 


5x  —  3_1  2x  —  1 
5x  +  2“2“3x  +  4' 


19. 


20. 


X  _ 3  3 

5  —  X  ””  4  ^  X 

21 

^^2y  +  S' 


22. 


23. 


24. 


13  x^  _2x  ^ 

5x  +  l  “  13  * 

2x-j~l|  1  x~|~l  ^ 

5x  +  3"*'l2~x^'^^ 

x4-2  1_x  +  2 

5x  —  1  15~x  +  l 


PROBLEMS 

(Reject  all  answers  which  do  not  satisfy  the  conditions  of  the 
problems.) 

1.  The  square  of  a  certain  number  added  to  three  times 
the  same  number  is  equal  to  40.  What  is  the  number  ? 

2.  One  half  the  square  of  a  number  is  equal  to  six  more 
than  twice  the  number.  Find  the  number. 

3.  What  are  the  two  consecutive  numbers  whose  prod¬ 
uct  is  812  ? 

4.  What  are  the  two  consecutive  odd  numbers  whose 
product  is  483  ? 

6.  What  are  the  two  consecutive  even  numbers  whose 
product  is  2208  ? 

6.  What  are  the  three  consecutive  numbers  such  that  the 
product  of  the  last  two  is  equal  to  the  sum  of  all  three? 

7.  The  area  of  a  rectangular  field  is  1  square  mile. 
The  length  is  400  feet  greater  than  the  width.  Find  the 
dimensions. 
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8.  Two  square  fields  have  a  total  area  of  10,000  square 
feet.  The  side  of  one  field  is  50  feet  longer  than  the 
side  of  the  other.  What  are  the  dimensions  of  the  two 
fields  ? 

9.  The  diagonal  of  a  rectangle  is  50  feet.  If  one  side  is 
20  feet  longer  than  the  other,  what  are  the  dimensions? 

10.  One  side  of  a  right  triangle  is  two  thirds  of  the  other. 
The  hypotenuse  is  28  feet.  Find  the  length  of  the  two 
sides. 

11.  The  same  number  expresses  both  the  perimeter  of  a 
square  in  feet  and  its  area  in  square  feet.  Find  the  side  of 
the  figure. 

12.  An  automobile  made  a  trip  of  125  miles  out  and 
125  miles  back  in  11  hours.  The  average  speed  on  the 
return  trip  was  3  miles  an  hour  less  than  on  the  outward 
trip.  What  was  the  rate  in  each  direction  ? 

13.  Two  trains  run  384  miles.  The  faster  train  has  a 
speed  4  miles  per  hour  greater  than  the  speed  of  the  other 
and  requires  1  hour  less  time.  What  is  the  speed  of  each 
train  ? 

14.  The  edges  of  two  cubical  boxes  differ  by  2  inches. 
The  volumes  differ  by  56  cubic  inches.  Find  the  dimen¬ 
sions  of  the  boxes. 

15.  Two  pumps  can  fill  a  tank  in  45  minutes.  One  pump 
takes  10  minutes  longer  to  fill  it  alone  than  the  other  one 
does.  What  is  the  time  that  each  pump  alone  requires  to 
fill  the  tank? 

16.  If  the  price  of  eggs  is  raised  25  cents  per  dozen,  $3 
will  buy  24  fewer  eggs  than  would  have  been  obtained  at 
the  original  price.  What  was  the  original  price? 
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17.  A  rectangular  garden  is  made  up  of  a  flower-bed 
10  feet  longer  than  it  is  wide,  surrounded  by  a  walk  3  feet 
wide.  The  area  of  the  bed  is  204  square  feet  less  than  the 
area  of  the  total  garden.  Find  the  dimensions  of  the  bed 
and  of  the  whole  garden. 

The  velocity  of  a  body  falling  from  rest  varies  as  the 
expression  V  =  S2t,  where  V  is  the  velocity  in  feet  per 
second  and  t  is  the  time  in  seconds  that  the  body  has  been 
falling.  The  distance  traveled  by  the  same  body  is  ex¬ 
pressed  by  the  equation  *S'  =  16  where  S  is  the  distance 
traveled  in  feet  and  t,  as  before,  is  the  time  in  seconds. 

18.  How  long  will  it  take  for  a  stone  dropped  from  an 
elevation  of  2100  feet  to  reach  the  ground  ? 

19.  What  will  be  the  velocity  of  a  body  which  has  fallen 
a  distance  of  1000  feet,  neglecting  the  resistance  of  the  air? 

20.  A  man  drops  a  stone  down  a  well  and  hears  the  splash 
2.59  seconds  later.  If  the  sound  is  heard  .09  seconds  after 
the  splash  is  seen,  how  deep  is  the  well?  How  fast  does 
the  sound  travel  in  feet  per  second  ? 

History  of  the  quadratic  equation.  Though  the  development  of  the 
method  of  solving  quadratic  equations  is  closely  connected  with  the 
general  growth  of  algebra,  yet  it  is  possible  to  indicate  rather  briefly 
the  most  important  steps  in  the  process. 

The  first  writer  on  formal  algebra  was  Diophantos,  who  lived  at 
Alexandria,  in  Egypt,  about  A.  D.  275.  Most  of  his  work  that  is  pre¬ 
served  is  devoted  to  the  solution  of  problems  that  lead  to  equations. 
So  far  as  we  know  he  was  the  first  to  indicate  the  unknown  number 
by  a  single  letter,  in  this  respect  being  far  in  advance  of  many  mathe¬ 
maticians  who  lived  much  later.  It  is  a  little  remarkable,  in  fact, 
that  so  able  and  original  a  man  as  Diophantos  should  have  exerted 
so  little  influence  on  his  successors.  He  solved  his  quadratic  equa¬ 
tions  by  a  method  not  unlike  that  of  completing  the  square,  but  his 
imperfect  knowledge  of  the  nature  of  numbers  made  it  impossible 


QUADRATIC  EQUATIONS 


335 


for  him  to  understand  the  entire  significance  of  the  process.  Though 
he  made  every  effort  not  to  consider  equations  whose  roots  were  not 
positive  integers,  sometimes  they  would  creep  in,  and  under  such  cir¬ 
cumstances,  when  his  method  led  him  to  a  negative  or  irrational  root, 
he  rejected  the  whole  equation  as  absurd  or  impossible.  Even  when 
both  the  roots  were  positive  he  took  only  the  one  afforded  by  the 
positive  sign  in  the  formula  for  solving  a  quadratic. 

The  difficulties  of  Diophantos  are  typical  of  those  encountered  by 
mathematicians  for  the  next  fifteen  hundred  years.  The  difficulty 
lay  not  in  finding  a  formal  method  of  solving  the  equation  but  in 
understanding  the  result  after  it  was  obtained.  The  meanings  of 
negative  and  of  imaginary  numbers  (that  is,  even  roots  of  negative 
numbers)  have  been  two  of  the  most  difficult  of  all  mathematical 
ideas  for  men  to  grasp. 

Five  or  six  hundred  years  later  the  Hindus  devised  a  general  solu¬ 
tion  of  the  quadratic,  but  their  chief  advance  over  Diophantos  lay 
in  the  fact  that  they  did  not  regard  an  equation  whose  roots  were 
negative  as  necessarily  absurd,  but  merely  rejected  the  negative 
result  with  the  remark,  "It  is  inadequate;  people  do  not  approve 
of  negative  roots.”  The  Hindus,  however,  did  realize  that  a  quad¬ 
ratic  equation  sometimes  has  two  roots,  a  fact  that  Diophantos  never 
comprehended. 

No  material  gain  in  the  understanding  of  the  solutions  of  the 
quadratic  can  be  found  until  the  seventeenth  century.  The  keenest 
mathematicians  of  the  sixteenth  century,  like  Cardan  and  Vieta, 
rejected  negative  roots,  though  by  this  time  irrational  roots  were 
admitted.  In  fact,  in  1544  Stifel,  a  German,  published  an  algebra  in 
which  irrational  numbers  are  included  among  the  numbers  proper. 
But  he  affirms  that  except  in  the  case  where  a  quadratic  equation 
has  two  positive  roots  no  equation  has  more  than  one  root.  It  was 
not  until  the  work  of  Descartes  and  Gauss  became  widely  known 
that  the  nature  of  the  roots  of  all  kinds  of  quadratic  equations  was 
completely  understood. 

131.  Systems  involving  a  linear  and  a  quadratic  equation. 
A  quadratic  equation  in  two  unknowns  contains  one  or 
more  terms  of  the  second  degree,  but  no  term  of  higher  de¬ 
gree  in  those  unknowns.  Every  system  of  equations  in  two 
unknowns  in  which  one  equation  is  linear  and  the  other 
quadratic  can  be  solved  by  the  method  of  substitution, 
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Example 


Solve  the  system 


r  2  2/^  +  =  6, 

[3x-2/  =  5.  . 


(1) 

(2) 


Solution.  Solving  (2)  for  y  in  terms  of  x, 


y  =  Sx-5.  (3) 

Substituting  3  x  —  5  for  ^  in  (1), 

2(8x- 5f-hx^  =  6.  (4) 

From  (4),  19  —  60  x  +  44  =  0.  (5) 

Solving  (5),  X  =  2  or  f  |.  (6) 

Substituting  2  for  x  in  (3), 

y=l. 

Substituting  f  I  for  x  in  (3), 


2  9 

2/  =  -  19- 

The  two  sets  of  roots  are  therefore  x  =  2,  ^  =  1,  and  x  =  f 

r  -  -  H 
y  —  19* 

Check.  Substituting  2  for  x  and  1  or  ^  in  (1)  and  (2), 

2  +  4  =  6, 

6-1  =  5. 

Substituting  y|  for  x  and  —  fl  for  ?/  in  (1)  and  (2), 

JL6_8_2_  I  4  8  4:  _  2_1J3C  _  a 
361  "Tsei  —  ~3  6  1~  —  0, 

16  ,  2^  _  91  _  r 

19119—19  —  0. 

The  similarity  between  this  method  and  that  for  the 
solution  of  linear  systems  by  substitution  should  be  care¬ 
fully  noted. 
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The  method  given  in  the  preceding  solution  for  solving  a 
system  consisting  of  one  quadratic  and  one  linear  equation 
is  stated  in  the 

Rule  .  Solve  the  linear  equation  for  one  unknown  in  terms  of  the  other. 

Substitute  this  value  in  the  quadratic  equation  and  solve  the  re¬ 
sulting  equation. 

Substitute  each  of  the  roots  of  the  quadratic  equation  thus  found 
in  the  linear  equation,  and  solve,  thus  obtaining  two  sets  of  roots  of 
the  simultaneous  system. 

Check.  Substitute  as  usual,  in  both  equations. 


EXERCISES 

Solve  the  following  systems,  pair  results,  and  check  each 
set  of  roots : 

X  +  2/^  =  19, 

^  X  y  —  13. 

—  5  ?/  =  4, 


1. 


2  -j-  2/  —  33, 


4. 


2. 


3. 


5. 


X  +  ^  =  5. 

-f  1/2  =  13, 

3  X  “h  2  ^  =  12. 
x^-y  =  l, 
y  —  X  =  1. 

X-  +  5  x^  =  14, 
X  +  2  ^  =  4. 

x^  +  5  XI/  =  76, 


7. 


4  m  —  —  28, 


8. 


n  —  7  m  =  —  S. 
5  x^  +  2/'  =  30, 


X  —  5 1/  =  —  38.  *  X  +  2  ^  =  11. 


10. 


11. 


X  —  y  =  1. 


2x2+51/2=125,  6A2  +  752=82, 

^•x  +  3i/=15.  5A-4S  =  7. 

x2  +  3xi/-22/2=  188, 

2  X  =  5 1/. 

5x2 +  2x^  +  3  ^2^  ;i^95^ 

2  X  + 1/  =  13. 


PROBLEMS 


(Reject  all  results  which  do  not  satisfy  the  conditions  of  the 
problems.) 

1.  The  sum  of  two  numbers  is  5.  The  sum  of  their 
squares  is  125.  Find  the  numbers. 

2.  The  difference  of  two  numbers  is  25.  The  sum  of  their 
squares  is  925.  What  are  the  numbers? 
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3.  A  rectangular  playing  field  is  180  feet  longer  than  it 
is  wide.  Its  area  is  49,500  square  feet.  Find  the  dimensions. 

4.  The  area  of  one  square  field  is  nine  sixteenths  that 
of  another.  The  perimeter  of  one  is  20  feet  less  than  that 
of  the  other.  What  are  the  dimensions? 

5.  A  park  is  a  right  triangle.  One  of  the  two  shorter 
sides  is  25  feet  longer  than  the  other.  The  area  is  625 
square  feet.  What  are  the  dimensions? 

6.  The  annual  income  from  a  certain  investment  is  $200. 
If  the  principal  were  $500  less  and  the  interest  rate  1% 
more,  the  income  would  be  $25  more.  What  was  the 
amount  of  the  principal  and  what  was  the  rate  of  interest  ? 

7.  The  perimeter  of  a  rectangle  is  26  inches,  and  the 
area  is  42  square  inches.  Find  the  dimensions. 

8.  The  diagonal  of  a  rectangle  is  25  inches  and  its  per¬ 
imeter  is  70  inches.  What  are  its  dimensions? 

9.  The  area  of  a  rectangle  is  150  square  feet.  The  per¬ 
imeter  of  the  figure  is  50  feet.  Determine  the  dimensions. 

10.  The  speed  of  a  boat  is  twice  the  speed  of  the  current 
in  a  river.  The  boat  heads  straight  across  the  stream  and 
at  the  end  of  5  minutes  is  .93  miles  from  its  starting  point. 
What  is  the  speed  of  the  boat  and  of  the  current  ? 

11.  The  perimeter  of  a  rectangle  and  the  area  are  both 
expressed  by  the  number  18.  What  are  the  dimensions? 

12.  A  motorist  leaves  a  point  A  and  travels  north.  At 
the  same  time  a  second  motorist,  who  travels  50  %  faster 
than  the  first,  leaves  a  point  3  miles  east  of  A  and  travels 
east.  Half  an  hour  later  the  distance  between  them  is 
17  miles,  Find  the  rate  of  travel  of  each  motorist. 
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Factor  the  following  expressions : 

1.  6  +  13  +  6  'if-. 

2.  8  +  12  X  +  2  ax  +  3  a. 

3.  2  'm'Ti'y  +  6  mwx  +  9  mx^  +  3  mx'y  +  9  7^x^  +  3  'nx'y 

+  6  ri^x  +  2  'Yi^'y. 


Solve  for  the  unknowns  involved  and  check : 

3x  +  5^  =  —  7, 


4.  x^  —  5  =  0. 

5.  a^  +  3  a  =  5. 

6.  3  —  2  m  —  15'=  0. 

3x  +  2^  —  5  =  14, 


8. 


9. 


2  X  +  3  2/  —  25  =  —  29. 

2  X  5  2/  _ 

~3  '  2  ~  ~ 


7. 


3  X  2  2/ 


25x2  + 2x2/  + 3  2/'=  657.  4 

.5  X  +  .23  2/  =  .61, 


^10* 


10. 


.33  2/  —  .54  X  =  3.39. 


Divide : 

11.  10  x'^  +  31  x^2/  +  26  x22/2  —  xy^  —  6  2/^  by  x  +  2/. 

12.  14  x^y^  —  3  xy^  +  2  2/^  +  15  by  x  —  3  2/. 


Find  the  square  root  of  the  following  expressions : 

13.  25,403.25.  14.  37,281.05.  15.  200.453. 

16.  4  —  12  a  +  9  a2  +  2(2  x  —  3  ax  —  6  a2/  +  4  2/)  +  x^ 

+  4  X2/  +  4  2/'. 

17.  4  x2  +  12  X2/  +  16  X  +  9  2/'  +  24  2/  +  16. 

18.  A  workman  has  a  sawhorse  with  legs  each  30  inches 
long,  arranged  like  an  inverted  V.  The  horse  stands  24 
inches  high.  The  man  finds  that  he  can  adjust  the  height 
of  the  horse  by  varying  the  distance  between  its  legs.  How 
much  must  he  decrease  the  distance  between  the  legs  to 
raise  the  horse  2  inches? 


340  NEW  COMPLETE  SCHOOL  ALGEBRA 


19.  A  man  standing  with  his  feet  together  is  6  feet  tall. 
When  he  stands  with  his  feet  2  feet  apart  his  apparent 
height  is  5.83  feet.  How  long  are  his  legs? 

20.  The  perimeter  of  a  rectangle  is  14  feet  and  its 
diagonal  is  5  feet.  What  is  its  area  ? 

21.  A  collection  of  dimes  and  quarters  is  worth  $6.55. 
There  are  one  more  than  eight  times  as  many  quarters  as 
dimes.  How  many  coins  of  each  kind  are  there  ? 

22.  Two  trains  start  from  points  100  miles  apart  and 
travel  toward  each  other  until  they  meet.  One  train  has  a 
speed  of  40  miles  per  hour  and  the  other  has  a  speed  of 
35  miles  per  hour.  What  are  the  distances  between  the 
meeting  point  and  the  points  from  which  they  originally 
started  ? 


CHAPTER  XXIII 
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FUNDAMENTAL  OPERATIONS 

132.  Algebraic  expressions,  order  of  fundamental  opera¬ 
tions,  and  terms.  Review  section  4,  page  5,  section  14, 
page  20,  and  the  definitions  on  pages  16,  48,  and  51. 


EXERCISES 

Simplify : 

1.  8  -  3  +  10  -  4. 

2.  7  +  15  ^  3  -  8. 

3.  5  •  6  2  “I-  7. 

4.  30  3  -i-  5. 

5.  40^4^2+2-3+4*2. 

6.  (21  -  3  •4)(17  -  5  *2)  -  3  *7. 


Find  the  numeric  value  of : 


7.  3a:+4-^2  —  xifx  =4. 


8.  —  5  r  +  6  if  r  =  3 ;  if  r  =  5 ;  if  r  =  1 ;  if  r  =  12. 

9.  —  3  4  _  20  if  ^  =  0 ;  if  ^  =  1 ;  if  2/  =  4. 

10.  Does  3(5x  —  2) +14  =  ^  2  x  11  if  x  =  3? 


if  X  =  0?  if  X  =  2? 

11.  Does  (”»  -  1)(«^  +  1) 

+  2  m  +  1 


m  —  1 
m  +  1 


if  m 
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133.  Addition  and  subtraction..  Review  rules  and  exam¬ 
ples  of  addition  and  subtraction  on  pages  36,  37,  39,  48, 
50,  51,  68,  and  70. 


EXERCISES 


Add : 

1.  12,  —  8,  ~|”  4,  —  6,  1 . 

2.  7  X,  3  X,  —  4  X,  3  X,  —  5  x. 

3.  3r  —  7w,  4r  —  6r-f-5  2/;,  and  —  3  r  -f  4 

4.  5  x^  —  6  X?/  +  3  2/^  —  7  x^  +  3  xi/  —  4  2/^  3  x^  + 
3  x^  +  2/^  and  —  x^  +  xy. 

6.  What  name  is  given  to  each  2  in  —  2r?  Dis¬ 
tinguish  between  a  coefficient  and  an  exponent. 

6.  What  is  the  coefficient  of  a  6  in  2  x(a  -f-  6)  ?  in 
5(a  +  6)d?  in  3  a  +  3  6?  in  ac  +  6c? 

Write  so  that  a,  6,  or  x  shall  have  a  polynomial  coeffi¬ 


cient  : 


7.  ax  +  6x. 

8.  3  a  —  4  a6. 

9.  a  +  3  a2/  -h  a. 


10.  ax  +  6x  +  cx. 

11.  2  a  —  a  +  3  ai/. 

12.  2  px  —  3  rx  +  X  —  5  X. 


Write  the  following  so  that  the  binomial  will  have  a 
binomial  coefficient : 

13.  (a  —  2)x  +  (a  —  2)y, 

Solution,  (a  —  2)x  +(a  —  2)y  =  (a  —  2)(x  +  y), 

14.  (3  a  —  2  6)3  X  —  (3  a  —  2  6)2  y. 

15.  4  r(5  a  —  4  c)  —  3  s(  —  4  c  +  5  a). 

16.  (3  X  —  4  y)S  ay  —  ( —  4  ^  +  3  x)7  6c^, 
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Subtract  the  first  term  from  the  second  in  the  following : 

17.  7  ax,  9  ax.  20.  7  —  7 

18.  33  ay^,  15  ay^.  21.  5x^  —  y^,  7  x^  —  y^. 

19.  —  6  x^z,  18  x^z.  22.  7  mp  2  rv,  S  rv  —  6  mp. 

23.  S  X  —  4:  y  +  7  z,  5  X  +  y  —  6  z. 

Find  the  expression  which  added  to  the  first  term  will 
give  the  second : 

24.  3  —  5  m  +  3,  6  —  11  m  +  7. 

Check  for  m  =3. 

25.  9  —  7  +  6^  12  +  9  —  8  6^. 

Check  for  X  =  2,  6  =  3. 

26.  7  6^  +  3  6m  —  3  m^  10  6^  —  4  6m  —  5  m^ 

27.  From  the  sum  of  5  ax^  7  hy^  —  2:^,  and  6  ax^ 
—  Shy^  —  2  2:^,  take  7  ax^  +  3  6?/^  —  3  z^. 

28.  From  the  sum  of  3  x^  +  2  X2/  —  5  2  x^  —  5  2/^, 

and  x^  —  10  X?/  +  3  take  the  sum  of  —  5  x^  +  2  xi/  + 

10  x^  +  2  xy,  and  9  x^  +  5  x?/  +  3 

134.  Multiplication.  Review  rules  and  examples  of  mul¬ 
tiplication  on  pages  41,  90,  91,  93,  and  95  and  review  the 
discussion  on  arrangement  of  polynomials  on  pages  96-97. 

EXERCISES 

Multiply : 

1.  (3  X  —  5) (2  X  +  6). 

2.  (3r2  -  3r  +  5)(r2  -  5  r  +  6). 

3.  (m^*  +  2  m^  —  4)(m'^  —  2  m^  —  3). 

4.  +  7)  +  3  72^  —  2  n^). 

5.  (2  62  -  3  6c  +  c2)(62  +  5  6c  -  4  c^). 

Check  with  6  =  2,  c  =3, 
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6.  {n^  —  nr  ~  +  ^0* 


Hint.  Write  the  second  factor  as  +  wr  —  r^,  that  is,  in  descend¬ 
ing  powers  of  n. 

7.  —  np  +  np). 

8.  (t^  —  +  t){at‘^  +  a  +  at). 

Check  for  ^  =  3,  a  =  —  1. 

9.  (4  +  6  +  9  M)(4  +  6  -  9  /^A:). 

Check  iov  h  =  1,  k  =  2. 

10.  —  2  +  5  a)  (6  —  2  —  4  a^^). 

11.  (m^  +  +  2  —  m  —  l)(m  —  1  +  2  m^). 

12.  (x"  +  3  X"*  +  2)(x”  —  -  2). 

13.  (2  +  ?^  -  ^')(l  -  Check  for  m  =  2. 

14.  (a  +  6  +  c)(a2  +  6^  +  —  ac  —  6c). 

15.  (5  X  —  9  x^  +  —  4  x^  —  3  x^  +  10)(—  x^  +  3  X  — 

x2  +  2  x^). 

16.  (x^  —  x^  +  25  —  5  X  —  4  x2)(x  +  x^  +  5). 

17.  (x^“  +  +  x^)(x“  —  x^  +  x). 

18.  Does  15(x  —  a)  —  6(x  +  a)  =  3(5  a  —  3  x)  if  x  =  2  a? 

19.  Does ax(a  +  3)  +  a(10  —  a^)  =  x  +  2ifx  =  a  —  3? 


135.  Division.  Review  pages  43,  109,  and  110  for  rules, 
examples,  and  oral  exercises  in  division  and  rules  and  ex¬ 
amples  on  pages  114-115  for  the  division  of  polynomials. 


EXERCISES 
Perform  the  indicated  division : 

1.  (2  —  5  m  +  3)  -j-  (2  m  —  3). 

Check  for  m  =  3. 

2.  (x^  —  7  X  4-  12)  (x  ~  3). 
Check  with  x  =  —  2. 
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3.  (6  +  10  mr  —  4  r^)  -i-  (m  +  2  r). 

4.  (18  r2  +  69  ri  -  165  t^)  ^  (9  r  -  15  t), 

5.  (8  —  10  —  13  m  +  15)  ^  (2  m  —  3). 

6.  (6  +  6  —  28  —  26  a)  -i-  (2  a  +  4). 

7.  (6  X®  —  5  a:"*  +  25  —  17  x®)  (5  x^  —  2  x^). 

8.  (s®  —  7  —  8)  (s^  +  4  +  2  s). 

Check  with  s  =  2. 

9.  (x^  —  5  a^x  +  2  a^)  (x^  +  2  ax  —  a^). 

10.  (2  x^  —  12  x^  —  2  +  11 X  —  7  x^)  ^  (1  —  3  X  —  2  x^). 

11.  (23  s2  -  13  s3  +  2  -  60  -  s)  -  (5  +  3  s  -  s^). 

12.  (m^n^  +  8  +  125  —  30  mnp)  (mn  +  2  p  +  5). 

13.  (x^  +  2/^  +  2:^  —  3  x^2:)  -i- {x  +  y  z) . 

14.  (32  x^  -  60  -  2  X  -  104  x^  +  92  x^)  -r-  (5  +  6  x  -  4  x^). 

15.  (a^  —  2  a5  +  6^  —  9  x^)  (3  X  +  &  —  a). 

16.  (m%^  —  2  mVp'^  +  —  16  -r-  (m^72^  —  p^  +  4  g^). 

17.  (8  +  1  -  16  -  64)  ^  (4  c2  -  6^  -  1). 

18.  (m^  +  +  8  +  8)  (m^  —  2  m  +  4). 

19.  (3  r4  —  23  —  7  +  42  r  —  10)  ^  (S  +  r  —  5). 

20.  (2  x^p4o  _  9  ^4^8  _j_  45  ^3^6  _  27  x2|/4  +  20  xy‘^  —  4) 

(2  xV  —  7  x^^  +  2). 

21.  (m®  —  7  mV  +  3  mV^  —  21  r^)  (m^  +  3  r^). 

22.  (x4“+4  _  16x4)  (x‘'+4  -|-  2x). 

23.  (a4"  4-  a4  +  a2”+^)  (a^  +  —  a”+^). 

136.  Parentheses.  Review  the  rules  and  examples  of 
pages  83-89. 
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EXERCISES 

Remove  parentheses  and  simplify : 

1.  2  -  1  -(3  -  l)  +  (2  -  3). 

2.  5  +  6  -(-  5  +  3)  +  (-  6  -  2)  -  3  +  10. 

3.  a  +  (a  —  6)  —  (a  —  3  &). 

4.  a  —  (a  —  m)  +  (2  m  —  3  a). 

5.  8  X  +  (3  r  —  8  X  +  2)  —  (2  r  —  3  x  +  2). 

6.  X  —  ^  +  3(x  —'y)—  4(2  X  —  y). 

7.  4x  — a  +  [—  (3  c  —  x)  —  (2  a  —  3  x)]. 

8.  m  —  [  —  (m  —  4)  +  (3  r  —  2  m)  —  6  m]  +  7  r. 

9.  X  —  4  —  (s  —  2  x)  —  [3(s  —  X  +  4)  —  2(6  —  4  s)]. 

10.  4  ^2  _  3  ^  -  2  ^(3  +  2  t). 

11.  x2  —  4  —  (x  —  l)(x  +  4). 

12.  4  x2  —  3  r2  —  (2  r  —  3  x)(2  x  —  r). 

13.  4  X  —  2(x  —  3)  —  3[x  —  3(4  —  2  x)  +  8]. 

14.  (x  —  4)(x  —  3)  — (x  —  3)(x  +  2). 

15.  5  a2  —  [6  a2  +  2  a  —  (3  a^  —  1)  +  10  a]  +  5(2  a  —  1). 

16.  (x  +  4)(x2  —  4  X  +  16)  —  (x  —  4)(x2  +  4  X  +  16). 

137.  Important  special  products.  Review  the  examples 
of  special  products  on  pages  134-143.  In  addition  to  the 
four  special  products  (I-IV)  there  given,  three  special 
products  follow  which  should  be  studied  with  care. 

I.  The  square  of  the  polynomial  a  +  6  —  c  gives  the 
formula 

(a  +  6  —  c)2  =  a2  +  c2  _|_  2  —  2  ac  —  2  6c. 

This  expressed  verbally  is : 

The  square  of  any  polynomial  is  equal  to  the  sum  of  the 
squares  of  each  of  the  terms  plus  twice  the  algebraic  product  of 
each  term  by  every  term  that  follows  it  in  the  polynomial. 
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II.  The  cube  of  the  binomial  a  +  6  gives  the  formula 

(a  +  6)^  =  +  3  a'^b  S  a¥  ¥,  . 

This  expressed  verbally  is : 

The  cube  of  the  sum  of  two  numbers  equals  the  cube  of  the 
first,  plus  three  times  the  square  of  the  first  times  the  second, 
plus  three  times  the  first  times  the  square  of  the  second,  plus 
the  cube  of  the  second, 

III.  Similarly, 

(a  —  by  =  ¥  —  3  a^b  +  3  a¥  —  ¥. 

This  can  be  expressed  verbally  in  a  manner  similar  to  II. 


ORAL  EXERCISES 

State  the  results  of  the  indicated  multiplication : 

1.  {x  +  3)^.  6.  (3  X  —  5)^.  9.  (x^  —  x)^. 

2.  {Sh  +  1)2.  6.  (8  s  -  ’.3)2.  10.  (a2  +  3  a)2. 

3.  (3  m  +  2)2.  7.  (x  +  7  a)2.  ii.  (3  r  —  4  sy, 

4.  (a  —  3)2.  8.  (2  X  —  3  yy.  12.  (mn  —  3  qry. 

13.  (.5  X  +  ^)2.  15.  (5  X  +  .03  yy, 

14.  (.6  X  +  .2  yy.  16.  +  1)2. 


Solution.  +  1)2  = 

17.  (x®  y^y. 

18.  (x2^+i  +  3)2. 

19.  (x^“+^  +  ^^)^ 

20.  (x  —  5)(x  +  5). 

21.  (2x  -  l)(2x  +  1). 

22.  (ax  +  3)  (ax  —  3). 

?3,  (4  r  —  3  s)(4  r  +  3  s). 


2-  +  2  a-  +  1. 

24.  (x  -|-  3)(x  -{-4). 

25.  (x  -f*  1) (^  “h  7). 

26.  (r  -  3)(r  -  5). 

27.  (m  -  3)(m  +  4). 

28.  (x  -f~  2)  (x  —  9). 

29.  (ax  —  3)  (ax  +  5). 

30.  (2  X  ~  1)(2  X  +  3). 
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31.  (4  —  2)(4  w  +  3). 

32.  (a^  —  3  a)(a2  +  4  a). 

33.  (ci  ~}“  6  ~}~ 

34.  (a  +  h  —  xy. 


35.  (a  —  6  +  xy. 

36.  (r  +  s  +  1)^. 

37.  (r  —  s  +  1)2. 

38.  (tt  c  “}“  2)2, 


39.  (a  +  cy. 

40.  (ct  ~1-  3)^. 


41.  (a  —  x)^ 

42.  {x  +  1)^. 


43.  (1  -  ay. 

44.  (/i  +  2  ry. 


EXERCISES 

Find  the  following  products : 

1.  [(a:  y)-\-  l][(a:  y)  —  1]. 

2.  [(aj  -|-  u)  3][(x  -j-  u)  —  3]. 

3.  [(x  —  r)4-  3][(a:  —  r)  —  3]. 

4.  [{m  +  3)  +  x][{m  +  3)  —  x], 

5.  [(2  a  —  6)  +  c][(2  a  —  h)—  c]. 

6.  (x  —  3  r  +  8)(a;  +  3  r  —  8). 

7.  [{h  +  s)  +  (a  +  6)][(/i  +  s)  —  (a  +  b)], 

8.  (.5  X  +  7  i/)(.5  X  —  7  y). 

9.  (1.2  h  +  1.3  s) (1.2/1  -  1.3  s). 


PROBLEMS 

1.  A  square  field  has  a  side  2  s  feet.  What  is  the  de¬ 
crease  in  the  area  if  its  side  is  decreased  6  feet? 

2.  From  each  corner  of  a  square  piece  of  tin  of  side  c 
inches  a  square  of  side  x  inches  is  cut.  By  turning  up  the 
sides  an  open  box  is  formed.  Show  that  c2  —  4  x2  inches 
is  the  area  of  the  box. 

3.  Express  the  area  —  4  x2  inches  of  Problem  2  as 
the  product  of  two  binomials. 

4.  Using  the  results  of  Problem  3  find  by  a  short 
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method  the  area  of  the  inside  of  the  box  if  c  =  15  and 
X  =  2;  if  c  =  80  and  x  =  5;  if 
c  =  70,  X  =  15.  - 

5.  The  dimensions  of  a  rectan¬ 
gular  box  are  n,  n  2,  n  Ex-  _ 

press  (a)  the  sum  of  the  edges,  26  « 

(6)  the  total  outer  surface,  (c)  the  _ 

volume  of  the  box. 

6.  An  entrance  hall  with  a  center  _ 

fountain  is  in  the  shape  of  a  hollow  a 

square,  as  in  Figure  1.  What  is  the  Fig.  1 

area  of  the  floor  surface? 

7.  Find  the  area  of  the  hall  in  Problem  6  if  a  =  9  yards 
and  6  =  2  feet. 

3.  Show  that  the  area  of  Figure  2  illustrates  the  prod¬ 
uct  —  6^. 


2b 

2b 

a 


Fig.  1 


Fig.  2 


< - a - > 


A 

B 

b 

C  b 

D 

i 

Fig.  3 


9.  What  product  is  illustrated  by  the  area  of  A  in 
Figure  3  ? 

10.  Find  the  total  area  of  Figure  3. 

11.  Find  the  area  of  Figure  3  if  a  =  10,  6  =  6 ;  if  a  =45, 

6  =  8. 
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12.  If  two  equal  boxes  of  dimensions  6,  6  —  3,  and 
6  +  7  are  placed  end  to  end,  find  (a)  the  sum  of  the  outer 
edges,  (6)  the  outer  surface,  and  (c)  the  combined  volume. 

13.  The  formula  for  changing  a  Centigrade  thermometer 
reading  to  Fahrenheit  is  F  =  f  C  +  32. 

What  is  the  Fahrenheit  reading  when  the  Centigrade 
reading  is  (a)  55°  ?  (6)  18°  ?  (c)  75°  ?  (d)  100°?  (e)  32°  ? 
(/)  -  15°  ? 

14.  The  area  of  a  circle  is  given  by  the  formula 

in  which  tt  =  3.1416  and  r  equals  the  radius  of  the  circle. 
What  is  the  area  of  a  circular  fiower  bed  of  radius  5  feet? 
of  radius  7  feet  ?  of  radius  r  feet  ? 

15.  What  is  the  area  of  a  circular  ring  left  after  cutting 
a  circle  of  radius  r  from  a  circle  of  radius  R  ? 

16.  What  is  the  area  of  a  cross-section  of  pipe  whose 
diameter  is  12  inches,  if  the  inside  diameter  is  8  inches  ? 

17.  What  is  the  area  of  a  cross-section  of  a  concrete 
standpipe  whose  outside  diameter  is  30  feet,  if  the 
masonry  is  4  feet  in  thickness  ? 

18.  The  volume  of  a  cylinder  is  found  by  using  the 
formula  Trr%,  in  which  r  equals  the  radius  of  the  circular 
base  and  h  is  the  height  of  the  cylinder.  What  is  the 
volume  of  a  cylinder  if  r  equals  10  and  =  15  ? 

19.  What  is  the  volume  of  water  contained  in  the  stand¬ 
pipe  of  Problem  11  \ih  =  200  feet? 

How  many  gallons  would  the  standpipe  hold,  allowing 
7|-  gallons  to  the  cubic  foot? 

20.  The  surface  of  a  cylinder  is  2  7rr(/i  +  r),  in  which  r 
is  the  radius  of  the  base  and  h  is  the  height  of  the  cylinder. 
Find  the  amount  of  tin  in  10  cases  of  cylindrical  cans 
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which  have  a  circular  base  of  radius  2  inches  and  a  height 
of  4  inches.  (A  case  contains  144  cans.) 

21.  Find  the  total  surface  of  a  cylinder  of  radius  a  +  7, 
and  height  a  —  4.  Use  tt  = 

22.  Find  the  volume  of  a  cylinder  of  radius  r  -  7  and 
height  r  +  7. 

23.  The  formula  for  the  surface  of  a  sphere  is  4  Trr^. 
What  is  the  surface  of  a  sphere  of  radius  5  inches? 
7  inches?  10  feet? 

24.  The  dome  of  St.  Peter's,  Rome,  is  in  the  form  of 
a  hollow  hemisphere  140  feet  in  diameter  (inside  measure¬ 
ments).  How  many  square  yards  of  gold  foil  would  be 
needed  to  cover  the  inside  of  the  dome  ? 

25.  What  is  the  volume  of  a  sphere  of  1  foot  radius? 
of  5  foot  radius?  (V  = 

26.  How  many  spherical  balls  of  ^  inch  radius  can  be 
made  from  a  spherical  ball  of  lead  of  radius  12  inches? 

27.  What  is  the  volume  of  a  sphere  whose  radius  is  2  r 

inches?  r  —  7  inches?  ^ 

LINEAR  EQUATIONS  IN  ONE  UNKNOWN 

138.  Definitions.  Review  the  definitions  and  illustra¬ 
tions  of  an  equation  and  of  an  axiom  on  pages  55-59 ;  of 
an  identity,  of  an  equation  of  condition,  and  of  the  root 
of  an  equation  on  page  72. 

Each  of  the  axioms  is  used  in  the  solution  of  the 

Example 

Solve  8a:  —  f  =  4^  +  2x. 

Solution.  3  a:  —  f  =  +  2  a:  (1) 
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Multiplying  (1)  by  3, 

(Ax.  Ill) 

9x— 2  =10-l-6x 

(2) 

Adding  2  to  each  member  of  (2), 

(Ax.  I) 

9  a;  =  12  +  6  a; 

(3) 

Subtracting  6  a:  from  each  member  of  (3), 

(Ax.  II) 

3  a;  =  12 

(4) 

Dividing  (4)  by  3, 

(Ax.  IV) 

*  X  =  4 

(5) 

Check.  Substituting  4  for  x  in  (1),  we  have 


12  -#  =\«-+-8or-V-  =%"- 

Since  substituting  4  for  x  satisfies  (1),  4  is  the  root  of  (1). 

139.  Transposition.  Review  the  definitions  and  illustra¬ 
tions  of  transposition  on  pages  74-75. 

140.  Equivalent  equations.  Two  or  more  equations  in  one 
unknown,  even  if  of  very  different  form,  are  equivalent 
if  all  are  satisfied  by  every  value  of  the  unknown  which 
satisfies  any  one  of  them. 

E(juations  (2),  (3),  (4),  and  (5)  of  section  138  are 
each  equivalent  to  equation  (1)  and  to  each  other,  for 
all  are  satisfied  by  the  same  value  of  the  unknown, 
a:  =  4. 

Of  the  four  axioms  or  assumptions  of  section  36  we  shall 
make  constant  use.  If  the  same  number  referred  to  in 
each  is  expressed  arithmetically,  the  result  is  always  an 
equation  equivalent  to  the  original  one.  Further,  if 
identical  expressions  involving  the  unknown  be  added  to  or 
subtracted  from  each  member  of  an  equation,  the  resulting 
equation  is  equivalent  to  the  first.  If,  however,  both 
members  of  an  equation  be  multiplied  by  identical  ex¬ 
pressions  containing  the  unknown,  the  resulting  equation 
may  not  be  equivalent  to  the  original  one. 
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Multiplying  each  member  of  the  equation  x  -  5  =  2  by 

X  -  2,  we  get  x2  -  7  X  +  10  =  2  X  -  4,  or  x2  -  9  X  +  14  = 

0.  Now  this  last  equation  has  the  roots  2  and  7,  whereas  the 
given  equation  has  the  root  7  only.  Here  the  root  2  was  intro¬ 
duced  by  multiplying  the  given  equation  by  x  -  2.  Results 
obtained  from  the  use  of-  Axiom  III  with  multipliers  which 
contain  an  unknown  should  always  be  carefully  checked. 
When  a  root  is  obtained  which  does  not  satisfy  the  original 
equation,  this  root  should  be  rejected. 

When  the  divisor  contains  the  unknown,  the  use  of 
Axiom  IV  may  result  in  the  loss  of  a  root  which  the 
process  of  checking  will  not  discover. 

For  example,  if  each  member  of  x^  —  25  =  x  +  5  is  divided 
by  X  -h  5,  the  result  is  x  —  5  =  1,  whence  x  =  6.  But  x  =  —  5 
also  satisfies  x^  —  25  =  x  -f  5.  The  root  -  5  was  lost  by 
dividing  by  x  +  5. 

If  both  members  of  an  equation  are  divided  by  a  factor 
containing  an  unknown,  this  factor  should  be  set  equal  to 
zero.  The  root  thus  obtained  is  a  root  of  the  given 
equation. 

With  these  and  with  certain  other  rare  exceptions  which 
will  be  noted  later,  the  application  of  the  axioms  will 
produce  an  equation  equivalent  to  the  given  one. 

For  solving  equations  in  one  unknown  which  do  not 
involve  fractions  we  have  the 

Rule.  Free  the  equation  of  any  parentheses  it  may  contain. 

Transpose  and  solve  for  the  unknown  involved. 

Reject  all  values  for  the  unknown  which  do  not  satisfy  the 
original  equation. 

Checking  the  solution  of  an  equation  is  often  called 
testing  or  verifying  the  result.  For  this  we  have  the 
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Rule.  Substitute  the  value  of  the  unknown  obtained  from 
the  solution  in  place  of  the  letter  which  represents  the  un¬ 
known  in  the  original  equation.  Then  simplify  each  member 
of  the  resulting  identity  until  the  two  members  are  seen  to  be 
identical. 

If  the  correct  substitution  of  the  root  for  the  unknown 
does  not  satisfy  the  equation,  an  error  has  been  made  in 
the  solution. 

EXERCISES 

Solve  and  check : 

1.  5  cc  +  1  =  2  X  +  7.  3.  6  x  —  10  =  2  X  +  14. 

2.  l-|-r-f-5r-f- 17  =  0.  4.  2A^  —  3  =  5A^"j~  12. 

5.  15x  =  8(2  X  -  5). 

6.  3(2  X  —  1)  “  (5  X  —  1)  =  0. 

7.  6(4  ^  -  5)  -  11(2  ^  -  3)  =  0. 

8.  4(x  —  2)  +  3(2  —  x)  —  3  X  =  6(x  +  1). 

9.  (x  +  1)  (x  —  2)  =  x^  +  3. 

10.  x^  —  (x  —  1)  (x  +  2)  =  4  X  +  7. 

11.  2r(r  -  3)  =  (2r  +  5)(r  -  3). 

12.  (x  +  4)2  —  (2  —  x)2  =  84. 

13.  (1  —  x)  (x  -{-  2)  -f~  (^  3)  (x  -f-  4)  =  2. 

14.  (x  +  4)(x  +  3)  =  (x  +  2)(x  +  1)+  42. 

15.  5(x  -  3)  +  3(8  -  x)  +  29  =  7(6  -  x)  +  50. 

16.  {k  -  3)2  +  3(A:  -  4)2  =  4(A:  -  5)2  -  3. 

Solve  for  x  or  y: 

17.  X  —  2  a  =  4  a  —  X. 

.  18.  c  —  X  =  X  —  c. 
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19.  8  s  —  X  =  X  —  4  r. 

20.  ax  —  2  ah  =  4:  ah  —  ax, 

21.  2  klh  —  =  kP  —  klx  +  khx, 

22.  ax  —  +  5  a  =  6  +  3  x. 

23.  6  —  12  c  +  4  X  =  —  c^x  +  4  cx  —  8. 

24.  a^  —  =  ax  —  cx. 

141.  Solution  of  problems.  Review  the  steps  in  the  solu¬ 
tion  of  a  verbal  problem  as  stated  and  illustrated  on  pages 
62-63. 


PROBLEMS 

1.  The  sum  of  two  consecutive  numbers  is  1175.  Find 
the  numbers. 

2.  The  sum  of  four  consecutive  odd  numbers  is  1120. 
What  are  the  numbers  ? 

3.  The  product  of  two  consecutive  even  numbers  in¬ 
creased  by  4119  equals  the  product  of  the  next  two  con¬ 
secutive  odd  numbers. .  Find  the  numbers. 

4.  What  number  must  be  added  to  8,  9,  11,  and  15  in 
order  that  the  product  of  the  first  and  third  may  be  147 
less  than  the  product  of  the  second  and  fourth  ? 

6.  One  number  exceeds  another  number  by  7.  The 
square  of  the  larger  number  exceeds  the  square  of  the 
smaller  number  by  119.  What  are  the  numbers? 

6.  One  pupil  is  four  years  older  than  another.  Eight 
years  from  now  the  first  will  be  f  as  old  as  the  second. 
Find  their  ages  now. 

7.  Two  men  are  50  and  30  years  of  age  respectively. 
How  many  years  ago  was  the  older  twice  the  age  of  the 
younger? 
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8.  One  man  is  twice  as  old  as  another.  The  sum  of 
their  ages  12  years  ago  was  i  the  sum  of  their  ages  12  years 
hence.  How  old  are  they  now  ? 

9,  If  each  side  of  a  square  is  increased  by  9  feet,  the 
area  of  the  square  will  be  increased  by  l71  square  feet. 
What  is  the  area  of  the  square  ? 

10.  A  certain  rectangle  is  10  feet  longer  than  it  is  broad. 
If  it  were  3  feet  shorter  and  6  feet  wider,  its  area  would  be 
61  square  feet  greater.  What  are  its  length  and  width  ? 

11.  A  rectangle  is  17  feet  narrower  and  5  yards  longer 
than  a  certain  square.  The  area  of  the  square  is  675 
square  feet  greater  than  the  area  of  the  rectangle.  Find 
the  dimensions  of  the  rectangle. 

12.  A  certain  square  grass  plot  has  a  strip  6  feet  wide 
taken  from  all  sides  for  a  walk.  The  area  of  this  border  is 
816  square  feet.  What  is  the  side  of  the  square  ? 

13.  A  sum  of  $8.50  is  in  dimes,  nickels,  and  quarters. 
There  are  three  more  dimes  than  nickels,  and  9  more 
quarters  than  dimes  and  nickels  together.  How  many 
coins  of  each  kind  are  there  ? 

14.  A  sum  of  $23.40  consists  of  dollars,  quarters,  and 
dimes.  If  there  are  6  more  dimes  than  dollars,  and  the 
number  of  quarters  is  4  less  than  twice  the  number  of 
dimes,  find  the  number  of  coins  of  each  kind. 

15.  The  sum  of  the  digits  of  a  certain  two-digit  number 
is  15.  If  the  order  of  the  digits  is  reversed,  the  number  is 
decreased  by  9.  Find  the  number. 

16.  The  digits  of  a  certain  three-digit  number  beginning 
at  the  left  are  consecutive  odd  numbers.  If  the  sum  of  the 
digits  is  21,  find  the  number. 
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17.  One  angle  of  a  triangle  is  3  times  another.  The 
third  angle  is  20°  more  than  the  sum  of  the  other  two 
angles.  If  the  sum  of  the  angles  of  a  triangle  is  180° ;  how 
many  degrees  are  there  in  each  angle  ? 

18.  The  sum  of  twice  one  acute  angle  of  a  right  triangle 
and  4  times  the  other  acute  angle  equals  330°.  How  many 
degrees  are  there  in  each  acute  angle  ? 

19.  The  formula  for  the  area  of  a  circle  is  A  =  Trr^. 
(tt  =  ^.)  If  the  radius  of  a  circle  is  decreased  by  .7  inches, 
the  area  is  decreased  770  square  inches.  Find  the  original 
radius. 

20.  By  subtracting  2  inches  from  the  radius  of  a  circle 
whose  radius  is  8  inches,  how  much  is  the  circumference 
decreased?  the  area? 

21.  If  a  circular  hoop  1  foot  longer  than  the  circum¬ 
ference  of  the  earth  is  placed  about  the  earth  so  that  it  is 
everywhere  equidistant  from  the  equator  and  lies  in  its 
plane,  how  far  above  the  equator  will  the  hoop  be  ? 

22.  Compare  the  result  of  Problem  21  with  the  one 
obtained  when  a  similar  process  is  carried  out  with  a  sphere 
24  inches  in  diameter,  instead  of  with  the  earth. 

23.  Two  trains  start  from  points  270  miles  apart. 

What  is  the  speed  of  each  if  one  travels  2  miles  an  hour 
faster  than  the  other  and  they  meet  in  5  hours  ?  - 

24.  An  automobile  averaging  24  miles  per  hour  leaves 
6  hours  before  an  express  train  going  45  miles  an  hour  in 
the  same  direction  as  the  automobile.  How  long  after 
it  starts  will  the  train  overtake  the  automobile  ? 

26.  A  marksman  heard  a  bullet  strike  a  target  1375  feet 
distant  5J  seconds  after  he  fired.  If  the  velocity  of  sound 
is  1100  feet  per  second,  what  was  the  average  velocity  of 
the  bullet? 
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FACTORING 


142.  Definition  of  factoring.  Factoring  is  the  process  of 
finding  the  two  or  more  arithmetic  or  algebraic  expressions 
whose  product  is  equal  to  a  given  expression. 

I 

In  multiplication  we  have  two  factors  given  and  are  required 
to  find  their  product.  In  division  we  have  the  product  and 
one  factor  given  and  are  required  to  find  the  other  factor.  In 
factoring,  however,  the  problem  is  a  little  more  difficult,  for 
we  have  only  the  product  given,  and  our  experience  in  multi¬ 
plication  and  division  is  called  upon  to  enable  us  to  determine 
the  factors. 


143.  Rational  expressions.  A  rational  algebraic  expres¬ 
sion  is  one  which  can  be  written  without  the  use  of  indi¬ 
cated  roots  of  the  letters  involved. 

Thus  3,  2  a,  b  x  —  V^,  and  are  rational  expressions.  In 
this  chapter  factors  which  involve  radicals  will  not  be  sought. 


144.  Integral  expressions.  If  a  rational  expression  can 
be  written  so  as  not  to  involve  an  indicated  division  in 
which  an  unknown  letter  occurs  in  a  denominator,  it  is 
said  to  be  integral. 


Thus  2,  5  2  a;  +  7  are  integral  expressions. 


145.  Prime  factors.  An  integral  expression  is  prime  when 
it  is  the  product  of  no  two  rational  integral  expressions 
except  itself  and  1. 

It  must  be  remembered  that  to  factor  an  integral  expres¬ 
sion  means  to  resolve  it  into  its  prime  factors. 

The  methods  of  this  chapter  enable  one  to  factor  integral 
rational  expressions  in  one  letter  which  are  not  prime,  as  well 
as  some  of  the  simpler  expressions  in  two  letters.  No  attempt 
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is  made  even  to  define  what  is  meant  by  prime  factors  of 
expressions  which  are  not  rational  and  integral. 

There  is  no  simple  operation  the  performance  of  which 
makes  us  sure  that  we  have  found  the  prime  factors  of  a 
given  expression*  Only  insight  and  experience  enable  us 
to  find  prime  factors  with  certainty. 

A  partial  check  that  may  be  applied  to  all  the  exercises 
in  factoring  consists  in  multiplying  together  the  factors 
that  have  been  found.  If  the  result  is  the  original  expres¬ 
sion,  correct  factors  have  been  found,  though  they  may 
not  be  prime  factors. 

146.  Polynomials  with  a  common  monomial  factor.  The 
type  form  is 

ah  ac  ad. 

Factoring,  a6  +  ac  +  od  =  a(6  +  c  +  d). 

ORAL  EXERCISES 

Factor : 

1.  2  a  -f  4.  4.  2  c  —  6  c^.  7.  ax^  —  a^x. 

2.  5  X  +  15.  5.  9  x^  —  3  X.  8.  4  cx  —  8  c^. 

3.  a^  -f  a.  6.  8  x^  —  4  x^.  9.  5  ax  —  2  ax^. 

10.  14  /i  —  21  h%,  12.  3  r  +  6  rs  +  9  r^. 

11.  2  c  +  4  c^  —  2  cd.  13.  4  a  —  10  a^  —  2  a^ 

147.  Polynomials  which  may  be  factored  by  grouping  terms 
and  taking  out  a  common  binomial  factor.  The  type  form  is 

ax  +  ay  +  hx  +  hy. 

Factoring, 

ax  +  ay  -|-  6x  +  =  (o^x  -f  ay)  +  (6x  +  hy) 

=  a(x  +  y)  +  h(x  +  y) 

=  ix  +  y){a  +  6). 
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EXERCISES 

Separate  into  polynomial  factors : 

1.  2(a  +  6)  +  x{a  +  6).  3.  2  a{x  —  y)  h{x  —  y). 

2.  3(6  +  4)  +  a(b  +  4).  4.  a(c  —  d)  ^  6(c  —  d). 

5.  }i{m  +  3  r)  —  2  k{m  +  3  r). 

6.  2  r(5  X  —  4  a)  —  9  s(5  X  —  4  a). 

7.  r(x  —  s)  +  y{s  —  x). 

Hint.  Write  in  the  form  r{x  —  s)  —  y{x  —  s),  etc. 

8.  2  a(c  —36)  +  6(3  h  —  c). 

9.  5  r(3  m  —  2  s)  —  2  ^(2  s  —  3  m). 

10.  ac?  +  2  rfx  +  3  ar  +  6  xr. 

11.  akr  +  ahr  —  ahs  —  aks. 

12.  4  —  4  ax  —  ac  +  cx. 

13.  mr  —  2  r  +  ms  —  2  s  +  mi  —  2 

14.  2  ax  —  6x  +  cx  +  2  a^/  —  6?/  +  cy. 

Hint.  Group  thus  (2  ax  —  hx  cx)+(2  —  6^  +  ci/),  etc. 

16.  3  +  3  —  1. 


148.  Trinomials  which  are  perfect  squares.  The  type 


ORAL  EXERCISES 


Factor : 

1.  a^  +  2  ax  +  x^. 

2.  x^  —  2  X2/  +  2/^. 


3.  x^  +  4  X  +  4. 

4.  —  10  rs  +  25  s^. 
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5.  9  +  6  a  +  8.  9  —  12  +  4  2/^. 

6.  16  —  8  ax  +  clV,  9.  —  12  rs  +  36  s^, 

7.  16  r2  -  24  r  +  9.  10.  -  12  a”  +  36. 

11.  (r  —  sy  —  6(r  —  s)  +  9. 

12.  9  +  6(a  +  x)  +  (a  +  xy. 

13.  16  —  8(a  —  2x)  +  (a  —  2x)^ 

•  14.  —  4  x®2/^  +  4 

16.  .09  ~1~  .6(a  “f"  &)  "1“  (a  “1“  by. 

149.  A  binomial  the  difference  of  two  squares.  The  type 
rm  is 

—  b^. 

Factoring,  a^  —  6-  =  (a  +  6)  (a  —  h). 

More  generally,  a^  +  2  a6  +  6^  —  +  2  cd  — 

=  a^  +  2  a6  +  6^  —  (c^  —  2  cd  +  d^) 
=  (a  +  by  —  (c  —  dy 
=  {a  +  b  +  c  —  d){a  b  —  c  +  d) 


EXERCISES 


Factor : 

• 

00 

1 

• 

5.  16(x  —  yy  —  z^. 

2.  ~  2:^- 

6.  a^  —  (6  +  c)‘^. 

3.  (a  —  2y  —  c^. 

7.  4  r~s‘^  -  (r  -  s)^. 

4.  4(x  -f  3)^  —  2/^. 

8.  (a  —  cy  —  (d  4-  e) 

9.  a^(r  4-  2  s)^  —  (x  —  yy. 

10.  4(a  —  x)^  —  9  a^{c  —  2  dy. 

11.  +  2  rs  +  —  (x^  —  2  X2/  +  y^). 

12.  —  y^  +  2  yz  — 

13.  16  -  25  A;2  +  70  kl  -  49  l\ 
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14.  +  6  x  +  9  —  +  2  2/2:  —  2:^. 

16.  4  +  9  —  16  —  25  —  12  rs  +  40  tm"^. 

16.  121  -  1  -  18  2/  -  81  y\ 

17.  —  (a  —  6). 

18.  m  + 

19.  —  4  +  X  —  2  ?/. 

20.  rh‘^  —  4  —  mV^  +  4 

21.  —  81  x"^  +  81. 

22.  x2”  -  25.  .0009  -  .0025  sK 

23.  1.44  x^  -  1.21  y\  26.  1.69  a‘^¥  -  1.96  c\ 

24.  i  «“•  -  T%  2/^-  27.  iV  s“  -  A 

150.  The  quadratic  trinomial.  The  type  form  is 

+  hx  +  c. 

Review  the  explanations  and  examples  on  pages  161-162. 


Factor : 


EXERCISES 


1.  —  r  —  90. 

2.  —  3  r  —  18. 

3.  x^  —  2  X  —  24. 

4.  9  —  10  X  +  x^. 

5.  —  4  rs  +  3  s^ 


6.  +  8  m  —  20. 

7. k^  +  19  k  -  20. 

8.  —  21  A;  +  20. 

9.  —  7  m?2  +  10  n\ 

10.  r^  —  6  rs  +  9  s^. 


11.  (x  -  i/)2  +  4(x  -  2/)  +  3. 

12.  x'^  —  8  x^i/^  +  16  y^. 


Solution,  x^  —  8  x^i/^  4-  16  =  (x^  —  4 

=  (x  +  2  y)^{x  —  2  2/)^. 
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13.  X®  -  17  +  16.  15.  -  5  -  6. 

14.  +  12  a”  +  35.  16.  -  2  -  35. 

17.  -  10  §2^  +  9. 


151.  The  general  quadratic  trinomial.  The  type  form  is 

ax^  +  +  c. 

Review  the  examples  and  rule  on  pages  164-165. 


EXERCISES 


Factor : 

1.  2  -j-  5  X  “h  2. 

2.  2  +  9  a  +  10. 

3.  3  r2  +  13  r  +  12. 

4.  3  —  8  r  +  5. 

5.  4  —  13  xy  +  10  y^. 

6.  10  x^  —  29  X  +  10. 

7.  12  x^  —  11  x^  +  2  2/2. 

8.  3  r2  +  r  -  2. 

9.  2  a2  —  a  —  15. 

10.  12  m2  — 25  mn -\-12  ti^. 


11.  12  r2  +  45  rs  —  12  s^, 

• 

12.  3  —  r  —  10  r2. 

13.  10  r2  —  19  rs  —  15  §2. 

14.  2  x2  +  5  X2/  —  12  2/^ 

15.  6  a2"  -  7  a"  +  2. 

16.  3  —  10  —  8. 

17.  10  x2”  —  X”  —  3. 

18.  .72  r2  +  7  rs  +  12  s2. 

19.  .15  r2  —  .24  rs  —  .63  s2. 

20.  r2  -  ^  rs  4-  i 


152.  Expressions  reducible  to  the  difference  of  two  squares. 
The  type  form  is 

+  ka^b^  + 

If  k  has  such  a  value  that  the  trinomial  is  not  a  perfect 
square,  a  trinomial  of  this  type  can  often  be  written  as  the 
difference  of  two  squares.  Thus,  if  A:  =  1,  the  addition  and 
subtraction  of  accomplishes  .this  result. 
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Examples 

1.  Factor  4-  +  h\ 

Solution,  2 

=  (a^  +  6^)2  _  (ab)^ 

=  (a^  +  4-  ab){a‘^  +  b^  —  ab). 

2.  Factor  25  +  26  mV  +  9 

Solution.  If  4  mV  is  added,  the  expression  becomes  a  per¬ 
fect  trinomial  square.  Adding  and  subtracting  4  mVj  we 
have 

25  m^-f-26  =25  m‘*+30  m^n^-1-9  —4 

=  (5  +  3  —  (2  mn)^ 

=  (5  n^-^2  mn){b  n^—2  mn). 


EXERCISES 


Factor : 

1.  -j-  xV  + 

2.  +  s\ 

3.  +  aV  +  b^. 

4.  -f  3  rV  +  4  sL 

5.  +  1. 

6.  x^  —  xV  +  16  y^. 

7.  x^  -  12  xV  +  16  y\ 

Hint.  4  a* 

16.  +  4  d\ 

17.  64  aV  +  x\ 

153.  A  binomial  the 
The  type  form  is 


8.  25  —  19  +  1. 

9.  25  x^  —  11  x‘^  1. 

10.  16  —  17  rV  +  s^. 

11.  4  —  44  +  49  sL 

12.  25  -  19  0^2  +  9. 

13.  81  +  11  aV  +  4 

14.  36  -  25  aV  +  4  b\ 


15.  4  +  1. 

+  1  =  4  +  4  4-  1  —  4  a^. 

18.  4 

19.  +  4 

sum  or  the  difference  of  two  cubes. 
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Dividing  +  6^  by  a  +  6  gives  the  quotient  —  ah 
and  —  ¥  divided  by  a  —  6  gives  the  quotient  -{-ah ¥. 

Therefore  a^  -\-  ¥  =  (a  +  h){a^  —  ah  ¥),  (1) 

and  a^  —  ¥  =  {a  —  h){a^  +  a&  +  ¥).  (2) 

Formulas  (1)  and  (2)  above  may  be  applied  as  in  the 

Examples 

1.  Factor  ¥  +  8. 

Solution,  ¥  -\-  S  =  ¥  -\-  2^  =  {h  -i-  2){¥  -  2  h  2^) 

•  =  (/i  +  2){¥  -2/1+4). 

2.  Factor  27  —  7/, 

Solution.  27  —  =  3^  —  =  (3  —  y)  S  y  y'^) 

=  (3  -  i/)(9  +  3  ?/  +  y^). 


EXERCISES 


Factor : 


1.  7¥  —  64. 

2.  ¥  +  ¥. 

3.  ¥  —  s^. 

4.  (2  ay  -  (3  hy. 

5.  8  ¥  —  27  s^. 

Solution. 


6.  125  +  8  y^. 

7.  216  —  ¥. 

8.  +  ¥. 

9.  (a  +  hy  +  ¥. 

10.  —  r®. 


—  ¥  ={r¥  +  ¥){'r¥  —  ¥) 

=  (m  +  r){Y¥  —  mr  +  ¥){m  —  r){r¥  +  mr  +  ¥). 


11.  X®  —  y^.  13.  1  —  a®.  •  15.  x^^  —  1. 

12.  a®  -  64.  14.  -  ¥.  16.  x®  -  64  y^. 
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17.  +  6^  +  a  +  6. 

Solution,  a  b  =  (a^  +  6^)  +  (d  +  b) 

=  (a  +  6)  (o^  —  ab  b^)  +  (a  +  6) 
=  (a  +  b){a^  —  a6  +  6^  +  1). 


18.  +  X  —  y. 

19.  —  m  +  n. 

20.  x^  —  S  y^  X  —  2  y. 

21.  +  8(a  +  by. 

22.  r^sH^  —  64 


23.  x^  —  -• 

j*o 

24.  (a  +  6)^+  (a  —  6)^ 

25.  +  6^”. 

26.  27  +  64 


154.  The  Remainder  Theorem.  If  any  rational  integral 
expression  in  x  be  divided  by  x  —  7^,  the  remainder  is  the 
same  as  the  original  expression  with  n  substituted  for  x. 
This  fact  is  illustrated  in  the 


Example 


Divide  —  7  x  +  12  by  a:  —  9^. 


Solution. 


X 


—  n 


X  +(n  —  7) 

—  7  a:  +  12 
x"^  —  nx _ 

(n  —  7)a;  +  12 

(n  —  7)a; _ —  +  7  n _ 

Remainder  =  —  7  n  +  12 


Here  the  remainder  —  7  n  12  is  the  same  as 
—  7  a:  +  12,  the  given  expression,  when  n  is  substituted 
for  X. 


EXERCISES 

1.  Divide  x^  +  bx  chy  x  —  n  and  show  that  the  re¬ 
mainder  is  7^^  +  +  i. 

2.  Divide  +  6x  +  c  by  x  —  a  and  find  the  remainder. 
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3.  Divide  +  ax‘^  hx  c  hy  x  —  n  and  find  the 
remainder. 

4.  In  —  5  X  +  3)  (cc  —  2),  find  the  remain¬ 

der  (a)  by  division,  (6)  by  the  Remainder  Theorem. 

Solution,  ih)  2^  +  2^  —  5  •  2  +  3  =  5. 

5.  In  (x^  —  X  -f-  5)  (x  —  3),  find  the  remainder  (a)  by 
division,  (6)  by  the  Remainder  Theorem. 

By  use  of  the  Remainder  Theorem  find  the  remainders 
in  the  following : 

6.  (x^  +  x^  —  5  X  +  8)  ^  (x  —  3). 

7.  (x^  —  3  X  —  15)  (x  +  4). 

8.  (r^  -  2r2  -  100)-^(r  -  5). 

9.  (s^  —  2  —  2  s  —  3)  ^  (s  +  3). 

10.  (r^  —  2  +  r  —  2)  -i-  (r  —  2). 

11.  (r^  —  3  +  2  r  —  1)  (r  +  2) ;  ^  (r  —  1). 

12.  (2  —  4  —  4  m  +  4)  ~  (m  —  1). 

155.  Factor  Theorem.  By  substituting  3  for  x  in  x^  —  7  x 
+  12  we  obtain  9  —  21  +  12,  or  0.  Thus  the  Remain¬ 
der  Theorem  shows,  without  actually  performing  the 
division,  that  x  —  3  will  divide  x^  —  7  x  +  12  without  a 
remainder ;  that  is,  divide  it  exactly.  Again,  if  4  is  sub¬ 
stituted  for  X  in  x^  —  7  X  +  12,  the  expression  equals  zero. 
Hence  x  —  4  is  a  factor  of  x^  —  7  x  +  12.  These  examples 
illustrate  the 

Theorem.  If  any  rational  integral  expression  in  x  becomes 
zero  when  a  number  n  is  substituted  for  x,  then  x  —  n  is  a 
factor  of  the  expression. 
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The  Factor  Theorem  may  be  used  to  factor  some  of  the 
preceding  exercises  and,  in  addition,  many  others  which  are 
very  difficult  to  factor  by  previous  methods. 

Note.  By  means  of  the  Factor  Theorem  we  are  able  to  solve  cubic 
and  higher  equations  when  the  roots  are  integers.  The  solution  of 
the  general  cubic  equation  is  one  of  the  famous  problems  of  mathe¬ 
matics  and  one  which  is  accompanied  by  many  interesting  applica¬ 
tions.  This  problem  was  first  solved  by  the  Italian,  Tartaglia,  about 
1530,  but  was  published  by  Cardan,  to  whom  Tartaglia  explained  his 
solution  on  the  pledge  that  he  would  not  divulge  it.  For  many  years 
the  credit  for  the  discovery  was  given  to  Cardan,  and  to  this  day  it  is 
usually  called  Cardan’s  Solution. 

When  searching  for  the  values  of  x  which  will  make  an 
expression  zero,  only  integral  divisors  of  the  last  term 
of  the  expression  (arranged  according  to  the  descending 
powers  of  x)  need  be  tried,  for  the  last  term  of  the  factor 
must  be  an  integral  divisor  of  the  last  term  of  the  ex¬ 
pression. 

Example 

Factor  +  4  x  +  5. 

Solution.  If  X  —  n  is  a  factor  of  +  4  x  +  5,  then  n  must 
be  an  integral  divisor  of  5.  Now  the  factors  of  +  5  are  1,-1, 
5,  and  —  5.  If  —  1  is  put  for  x,  then  x^  +  4  x  +  5  equals  zero, 
hence  x  +  1  is  a  factor  of  x^  -f  4  x  +  5.  Dividing  x^  +  4  x 
+  5  by  X  +  1,  we  obtain  the  quotient  x^  —  x  +  5.  Since 
x^  —  X  +  5  is  prime,  the  factors  of  x^  +  4  x  +  5  are  x  +  1  and 
3j2  _  X  -f-  5. 


ORAL  EXERCISES 

1.  Is  (x  —  1)  a  factor  of  +  3  x  —  4? 

2.  Is  (x  —  2)  a  factor  of  2  x^  +  x^  —  20  ? 

3.  Is  (a  —  2)  a  factor  of  —  3  a  +  2  ? 

4.  Is  (x  —  1)  a  factor  of  x^  -}-  3  x^  —  4  ? 
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5.  Is  (r  +  1)  a  factor  of  r’^  —  4  —  4  r  +  1  ? 

6.  Is  (r  —  3)  a  factor  of  2  —  r-  +  5? 

7.  Is  (s  +  1)  a  factor  of  3  —  5  4-  8? 

8.  Is  (m  —  3)  a  factor  of  2  —  5  —  9? 


EXERCISES 


Factor : 

1.  -j-  X  —  2. 

2.  x^  2  X  4  8. 

3.  —  36. 

x^  X  —  10. 

5.  4  —  12. 

6.  —  2  —  5  s  4  6. 

7.  4  4  r  —  4. 

8.  x^  —  x^  —  4. 


9.  ?/  -  -  9  ?/  4  9. 

10.  4  2  4  3  a:  —  6. 

11.  —  7  r  4  6. 

12.  —  4  r-  4  4  r  —  16. 

13.  x"^  —  7  x^  —  6  X. 

14.  —  7  4  4  X  4  12. 

15.  2  —  2  —  X  —  6. 

16.  x^  —  x^  —  48. 


166.  The  sum  or  difference  of  two  like  powers.  The  type 
form  is 


a"  ±  6”. 


The  cases  in  which  a”  =b  6”  is  divisible  by  a  4  &  or  a  —  6 
can  be  determined  by  the  Factor  Theorem. 

Thus  in  a”  —  6”,  where  n  is  either  an  odd  or  an  even  in¬ 
teger,  substitute  b  for  a.  Then  —  6”  becomes  6”  —  6”  =  0. 
Therefore  a  —  6  is  always  a  factor  of  —  6". 

In  a"  —  6”,  n  being  even,  put  —  b  for  a.  Then  —  b^ 
becomes  b^  —  b^  =  0,  since  (—  by  is  positive  when  n  is 
even.  Therefore,  when  n  is  even,  a  4  &  as  well  as  a  —  6  is 
an  exact  divisor  of  a”  —  6". 

In  a”  4  n  being  even,  put  either  4  6  or  —  6  for  a. 
Then  a”  4  becomes  6"  4  which  is  not  zero.  There- 
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fore  +  6”  is  never  divisible  by  a  b  or  a  —  h  when  n  is 
even. 

In  +  b^,  n  being  odd,  put  —  b  for  a.  Then  a”  +  b^ 
becomes  ( —  6)”  +  6”  =  0,  since  ( —  6)”  is  negative  when  n  is 
odd.  Therefore  when  n  is  odd  a  +  6  is  a  divisor  of  a”  +  6”. 

Summing  up : 

I.  a”  —  6"  is  always  divisible  by  a  —  b. 

II.  a"  —  6",  when  n  is  even^  is  divisible  both  by  a  +  & 
and  by  a  —  h. 

III.  a"  +  6"  is  never  divisible  by  a  —  b. 

IV.  a”  +  b^,  when  n  is  odd,  is  divisible  by  a  +  b. 


ORAL  EXERCISES 

State  a  binomial  factor  for  each  of  the  following : 


1.  —  y^. 

2.  —  5^. 

3.  27  -  b\ 

4.  —  2^ 

5.  32  -  r 


6.  a^  — 

7.  —  b^^. 

8.  +  2^ 

9.  a^  +  8. 

10.  +  y"^. 

16.  Is  10^  +  1  divisible  by  11? 

17.  Is  10^  —  1  divisible  by  9? 


11.  1  +  r\ 

12.  1  +  xl 

13.  3^  +  1. 

14.  43  -  1. 

15.  10^  -  1. 


Factor  a^  + 

Solution.  By  division, 


Example 


=  o'*  —  a^b  +  a^b"^  —  ab^  + 

a  +  5 

Hence  a®  +  5^  =  (c  +  b){a^  —  a^b  +  a^b"^  —  ab^  +  b^). 

Note  that  the  signs  of  the  second  factor  are  alternately  plus  and 
minus.  Also  note  the  order  in  which  the  exponents  occur. 
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EXERCISES 

Factor : 


1.  x^  +  z^. 

4.  x^  +  32. 

2.  1. 

5.  (a^)^ 

+  {b^)K 

3.  -i-  2\ 

6.  — 

hK 

7.  -  2\ 

11.  x7  -  128. 

16.  1  +  V. 

8.  —  32 

12.  +  128  0?. 

16.  —  32. 

9.  of  —  x^. 

13.  +  32  x^®. 

17.  rV  -  128. 

10.  1  -  r\ 

14.  x^  +  0?. 

18.  a'5  +  1. 

19.  1  —  r”. 


Hint.  Write  only  the  first  five  terms  and  the  last  term  of  the 
polynomial  factor. 

20.  1  +  r”.  23. 

21.  —  y^.  24.  —  6^^. 

22.  —  y^.  25.  (a  -{-by  —  h^. 


157.  General  directions  for  factoring.  The  following  sug¬ 
gestions  will  prove  helpful  in  factoring : 

I.  First  look  for  a  common  monomial  factor,  and  if  there  is 
one  {other  than  1),  separate  the  expression  into  its  greatest 
monomial  factor  and  the  corresponding  polynomial  factor. 

II.  Then  from  the  form  of  the  polynomial  factor  determine 
with  which  of  the  following  types  it  should  be  classed,  and  use 
the  methods  of  factoring  applicable  to  that  type. 


1.  ax  +  az/  +  hx  +  by, 

2.  ±  2  ab  -{-  b^, 

3.  —  b^, 

4.  x^  H-  bx  +  c. 


5.  ax^  +  6x  +  c. 

6.  +  ka^b^  +  6^. 

7.  a3  ±  b^, 

8.  a"  ±  b^. 
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III.  Proceed  again  as  in  II  with  each  polynomial  factor  ob¬ 
tained,  until  the  original  expression  has  been  separated  into  its 
prime  factors. 

IV.  If  the  preceding  steps  fail,  try  the  Factor  Theorem. 

REVIEW  EXERCISES 


Factor : 

1.  3  +  6  +  9  r^. 

2.  3  Trr^  +  3  irrh. 

3.  +  6  r‘^y  +  9  ry^. 

4.  —  2 

5.  +  4  a6  +  4  b^. 

6.  2  cH  —  S  cd^. 

7.  3  —  3  —  18  m. 

8.  40  -  5. 

9.  —  2  br^  +  4 

10.  —  8  ah. 

11.  {b  +  c)y  +  bz  +  cz. 

12.  —  .04  r. 

13.  2  +  3  ax  +  a^ 

14.  —  7  x‘^y^  +  9  y"^. 

15.  ah  —  ac^. 

16.  2  x^y  —  2  xy"^. 

17.  x^  —  2  x^  —  9  x^ 

18.  f  rx  +  f  —  f  rz. 

19.  —  24  +  144  m. 

20.  ac  +  2  6c  —  ad  —  2  bd. 

21.  .04  x^  -  .81  y\ 


22.  4  6^  +  5  6^c  —  6  bh^. 

23.  x^  +  4  X  —  5. 

24.  ax^  —  4  a  +  3  x^  —  12. 

25.  X  —  x^  —  x^  +  x"*. 

26.  —  2  np  —  p‘^. 

27.  62  -  2  6c  +  c2  -  d\ 

28.  x^  —  8  x2  —  X  +  8. 

29.  a®  +  27  a2. 

30.  64  +  2  d®. 

31.  2  x^  —  2  x2  —  12  X. 

32.  3  67  -  3  6. 

33.  1  —  5  x"*  +  4  x^ 

34.  16  —  .0081. 

35.  18  —  3  r2  —  36  r. 

36.  (r2  4*  s2)^  —  16  rV. 

37.  (r2  -  6)2  -  r2. 

38.  16  x^y^  —  (x  —  yy. 

39.  a^  +  a6^^. 

40.  6  x2  -  13  X  +  6. 

41.  X^  —  X2^2  _j_  ^3  _ 

42.  a2  —  12  a  +  36  —  a^. 
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43.  —  6^  +  (a  —  h)^. 

57.  a®  —  5  +  4. 

44.  —  1  mV  +  n^. 

58.  —  9  —  a  +  3. 

45.  32  x^  —  x^y^^. 

59.  4  a5  +  (ct  — 

46.  5(a  ~  h)^  ~  a  -{-  h. 

60.  X  —  1  +  X®  —  x^. 

47.  +  4  —  x^  —  4  cd. 

61.  x^  +  X  —  2/  — 

48.  x^  —  20  +  x^. 

62.  2  x^  +  3  x^  +  X. 

49.  6  +  3  —  3  a^. 

63.  —  8  m  —  7 

50.  16  +  7  +  1. 

64.  2  x"^  —  10  x^  +  4  X. 

51.  x^y^  —  64. 

65.  10  a  —  7  —  6  d. 

52.  d}  —  +  d^h  —  a^. 

66.  aV  +  2  a”x  +  a”. 

53.  x^  —  5(2  X  —  5). 

67.  —  2  +  A;2”. 

54.  4  4-  23  r  +  15. 

68.  —  6^”. 

55.  aV  +  4. 

69.  +  6^”. 

56.  x^  —  10  X  —  3. 

70.  +  6^”. 

158.  Solution  of  equations  by  factoring.  Review  the  prin- 

ciple,  examples,  and  rule  on  pages  170-174. 


EXERCISES 

Solve  by  factoring : 

1.  —  4  =  0.  3.  —  4  =  0.  5.  =  64  a. 

2.  x^  —  5  X  =  0.  4.  4  r®  =  25  r.  6.  +  5  =  6  r. 

7.  2  +  a  =  6.  9.  —  2/  +  2  =  2 

8.  x^  —  xs  —  2  =  0.  10.  x^  —  ax^  —  12  a^x  =  0. 

11.  ar  +  3  r  =  —  9. 

12.  cx  —  =  dx. 

13.  5  —  4  r  =  1. 

14.  2  r2  -  3  r  -  35  =  0. 


374  NEW  COMPLETE  SCHOOL  ALGEBRA 

15.  24  —  49  r  +  15  =  0. 

16.  —  a^x  ~  ax  =  0, 

17. 2/^  —  7  ^  —  6  =  0. 

18.  —  13  36  =  0. 

19.  x^  —  5  x^  =  —  4  X. 

20.  x^  —  7  x^  =  —  6  X. 

21.  x^  —  x^  —  X  +  1  =0. 

22.  x'^  —  5  x^  +  4  =  0. 

23.  r'^  —  26  =  —  25. 

24.  X'^  —  x^  -  14  X  +  24  =  0. 

25.  x"*  —  65  x^+  64  =  0. 

26.  +  3  +  3  r  +  1  =0. 

27.  —  7  r  —  8  =  r  +  1. 

2S,  4:  h  —  1  =  2h  —  1. 

159.  The  highest  common  factor.  The  highest  common 
factor  (H.  C.  F.)  of  two  or  more  monomials  or  poly¬ 
nomials  is  the  expression  of  highest  degree,  with  the 
greatest  numeric  coefficient,  which  is  an  exact  divisor  of 
each. 

Thus  the  H.  C.  F.  of  18  and  27  rs^  is  9  rs^  and  the 
H.  C.  F.  of  x^  —  4  X  -f  3  and  x^  —  9  is  x  —  3. 

Example 

Find  the  H.  C.  F.  of  4  —  28  a^  +  48  a^  and  8  a^ 

+  Sa^  -96  a. 

Solution.  Factoring,  we  have 

4  o'*  —  28  +  48  =  4  a^(a  —  3) (a  —  4). 

8  +  8  —  96  a  =  8  a(a  —  3)(a  +  4). 

Therefore,  the  H.  C.  F.  is  2^a(a  —  3)  or  4  —  12  a. 


REVIEW  OF  FIRST  YEAR  ALGEBRA  375 


The  method  used  in  the  preceding  solutions  for  finding 
the  H.  C.  F.  of  two  or  more  monomials  or  polynomials  is 
stated  in  the 

Rule.  Separate  each  expression  into  its  prime  factors. 
Then  find  the  product  of  such  factors  as  occur  in  each  expression, 
using  each  prime  factor  the  least  number  of  times  it  occurs  in 
any  one  expression. 

If  two  or  more  polynomials  have  no  common  factor 
other  than  1,  then  1  is  their  H.  C.  F.,  and  the  polynomials 
are  said  to  be  prime  to  each  other. 


EXERCISES 

Find  the  H.  C.  F.  of  the  following : 


1.  9,  12,  15. 

2.  24,  60,  72. 


3.  30,  45,  90. 

4.  12  30  36 


6.  28  42  ah^c,  70  a^hc^. 

6.  66  ac^x,  132  ahV,  165 

7.  +  2  a6  + 

8.  3  —  3  6^  9(a  —  6)^  3  —  3  6^. 

9.  ax^  —  2  axy  +  ay‘^,  aV  —  a^y"^,  2  ax^  —  2  ay^. 

10.  5  -  160  15  -  60  25  -  200  x^ 

11.  4  xV^  —  4  x^y^,  5  x'^y'^  —  5  x^y^,  8  x^  V  ~  ^  x^y^^. 

12.  —  2  a^b  +  6^  a^”  —  6^  —  ¥. 


Note.  The  most  famous,  and  in  some  respects  the  most  perfect, 
treatise  on  elementary  mathematics  ever  written  is  Euclid’s  “Ele¬ 
ments.”  About  one  third  of  the  material  of  the  thirteen  books  treats 
topics  which  to-day  would  be  considered  arithmetic  in  character. 
In  appearance  and  language,  however,  they  are  all  geometric,  for 
Euclid  represents  quantities  not  by  numerals,  as  we  do  in  arithmetic, 
or  by  letters,  as  we  do  in  algebra,  but  by  lines.  Book  VII  contains  the 
earliest  statement  of  a  general  method  for  finding  the  Highest  Common 


'f-r 
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Factor  of  two  numbers.  This  method,  though  never  necessary  in 
elementary  mathematical  work,  is  of  fundamental  importance  in  ad¬ 
vanced  portions  of  algebra.  It  is  so  perfect  and  beautiful  from  a 
scientific  point  of  view  that  until  recently  it  remained  in  elementary 
treatises  on  algebra  and  arithmetic  by  force  of  tradition.  It  is  a 
great  tribute  to  Euclid’s  genius  that  he  was  able  to  devise  so  perfect 
a  method  for  the  process  that  all  the  efforts  of  two  thousand  years 
have  been  unable  to  improve  it  essentially. 


FRACTIONS 


160.  Operations  on  fractions.  Review  the  principle  and 
explanation  on  pages  182-184,  and  the  oral  exercises  on 
pages  183  and  185. 

It  should  be  noted  that  by  the  application  of  this  principle 
a  fraction  is  changed  in  form  but  not  in  value. 


EXERCISES 

Reduce  to  lowest  terms : 

1. 

2. 


3. 


4. 


5. 


6. 


7. 


2 

10 

8. 

169  sH^z^ 

9. 

65  sHH^ 

x^  —  9 

2x^  +  6  X 

10. 

5  x2  4-  5  XI/ 

25  x'^  +  25  x2^2 

11. 

r2  —  3  r  —  4 

• 

7*2  -{—  5  T  ~J“  4 

12. 

S2  -  1 

s2  +  3  s  +  2 

13. 

2  g^  4-  8  g26  +  8  ah^ 

6  a5  -  20 

14. 

48  —  6  xy'^ 


32  a:®  —  32  x^y  +  8  x'^y^ 

-f  6  +  9  a¥ 

3  g26  +  9  ab^ 

2  c2  +  2  cd  -  4 
5  c2  -  5  d2 

y.3  -j-  y.2  _  5  y.  _  6 
+  8 


g^  H- 


g4  _|_  ^  54 

y.5  _  g5 

y2  —  4  rs  +  3  s2 
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15. 


16. 


17. 


18. 


19. 


-  64 

r®  +  4  r3  - 

32 

5  —  40  x 

S  x^  —  96 

12  +  10  ( 

—  12  a 

4  +  9  a2 

-12  a 

ah  — 

ac 

ah  Sb  — 

S  c  —  ac 

Sh^  +  16  h 

-  35 

5/^2  +  33/1-14 


20. 


21. 


22. 


(f)^  -  1. 

f +  1 

(f)^  -  1. 

f  ~  1 

(jy  -  (i)(»)  +  (if 

iir  +  (f 


23. 


_ 1  —  r2 _ 

(1  +  rs)2  —  (r  +  s)2 


24. 

1  -  (r  -  s)2 


161.  Changes  of  sign  in  a  fraction.  Review  the  explana- 
•  tion  and  principle  on  pages  198-199. 


ORAL  EXERCISES 


Express  the  following  as  equivalent  fractions  in  three 
additional  ways,  using  the  principle  on  page  199 : 


1. 


3.  - 


2  n 
1  —  n 


Without  changing  their  values,  change  the  signs  in  the 
following  indicated  products : 

4.  (s  —  2)(s  +  2).  7.  —  x{a  —  h)(c  —  d). 

5.  {x  —  a){x  —  h).  8.  (x  —  a) (x  —  b)(c  —  x). 

6.  —  (a:  +  y)(x  —  y).  9.  {x  +  l)(a:  —  l)(a:2  +  1). 

10.  Find  the  indicated  product  in  Exercise  8.  Then 
change  the  sign  of  two  factors  and  again  find  the  product. 
Compare  the  results. 

11.  Make  a  general  statement  of  which  the  result  of 
Exercise  10  is  an  illustration. 
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State  equivalent  fractions  for  the  following,  each  of  which 
shall  contain  the  factor  x  —  1  in  its  denominator : 

12.  -  13.  -  14.  ^  ~  ^  • 

1  —  X  1  —  x^  a:(l  —  xy 

.,,,  —  3d  —  5  —  /  +  ! 

15.  - ^ - Pi - lo.  —  — ^ - 

—  l  +  2x  —  1— 

By  changes  of  sign  make  the  denominators  of  the  fol¬ 
lowing  fractions  alike,  without  changing  the  values  of  the 
fractions : 

_ 3 _  _ ct  -f~  3 _ 

‘  (a  -  2)(a  +  2y  (2  -  a)(2  +  a) 

162.  Lowest  common  multiple.  Review  the  examples  and 
rules  on  pages  187-188. 

EXERCISES 

Find  the  L.  C.  M.  of  the  following: 

1.  +  ah'^,  a-  —  2  a6  +  6^,  —  ah. 

2.  ax  —  +  6x  —  hy,  x^  — 

3.  —  6  cd  +  9  d^,  —  9  d^,  +  3  cd. 

4.  —  tr  —  20  r^,  —  25  —  16 

5.  —  r  —  2,  —  8  r  +  12,  —  5  r  —  6. 

6.  —  A:  —  6,  —  6  A:  +  9,  6  A:  —  18. 

7.  —  32,  4  —  71^,  5  +  10  w,  5  n  —  10. 

8.  —  8,  4  —  m^,  +  4  mr^  +  2  mV. 

9.  a^  —  7  a  +  6,  —  3  a  +  2,  a^  +  2  a  —  3. 

163.  Equivalent  fractions.  Review  the  examples  and 
rules  on  pages  189-190. 
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EXERCISES 

Change  to  respectively  equivalent  fractions  having 
the  lowest  common  denominator : 


1. 


2 


3 

2x2* 


4  3  2  X 

‘  x^  —  d'  X  —  S 


2  a;  -  2 

2 

3a 

2a2 

3  x^y 

(a  -  2r 

'  a  -  2 

3  2* 

3 

a  3  X  +  ^ 

1 

X  -  2^ 

X  +  2 

u.  , 

X  -  y 

4{x  -  yy’ 

xy. 


2^2  a  +  3  2a2-f-5 


2a  +  4^  3a  +  l’  6 

a2 

+  14  a  +  4 

2  X  +  1 

5 

1 

X2 

—  2  X  +  4^ 

x^  +  : 

8’ 

X  +  2 

ax 

—  hx  —  ar 

+  hr 

x^ 

—  r2  a2  —  h‘^ 

ax 

+  6x  +  ar 

+  hr 

a2 

—  62’  ^2  —  r2 

2  a  5  a 

4 

3  a  +  2 

8  - 

-  a^'  a  —  2 

"  a2  - 

4’ 

a^  +  2  a2  +  4  a 

164.  Addition  and  subtraction  of  fractions.  To  find  the 
algebraic  sum  of  two  or  more  fractions  in  their  lowest  terms 
we  proceed  as  in  the  examples  on  pages  193, 195,  and  197. 


EXERCISES 


Find  the  algebraic  sum  of : 


1  1+3,5  1 

2  +  4  +  8  +  16’ 

4. 

„2a,3a  2a 
’  5  10  15 

6. 

,  -  3  ,  .5  11 

'  O  ~  O  * 

r  2  r  3  r 

6. 

2  c  _  5  ,  c 

3  a  6  a2  9  a 

4  c  5  I  6  c 
3  a2  2  a2  5  a^’ 

5  a  _  2, 

a  —  3  3 
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7. 

8. 


7h 


b ^Sh 


2x  10  a: 
s  2  5  s  -  2 


9.  2  -|- 


5r 


s  —  1 

10.  ic  -f-  3  — 

11.  a  — 


3  s2  -  1 
x^ 


Hint.  2  + -AL- =  ? 

r-7  lr-7 


X  —  S 
a  —  6 


2  a  —  3 


-  2. 


Hint,  a  —  — — —  —  2  =  a  —  2 
2  a  —  3 

7  o 

12. 


a 


2a  -  3 


—  49  —  6  X  —  7 


13. 


14. 


r  -  y 


+ 


12  ry 


r  +  y 


Sr  +  2y  9r2-4  2/2  Sr  -  2y 
k  -S  2  - k 


k^  -2k  -S  k^  -Sk  +  2  1  -  k^ 


15.&^-16&-i±2j  +  36-2 


16. 

17. 

18. 


4-62 

s 


1  +  s  s 

_ a  -f  2 

a2  - 


6-2 
1  -  s  2s 


6  +  2 


s2  —  1  1  —  s 

a  +  2 


1 


7a  +  12  6  +  a2  —  5a  6a  —  a2— 8 


a  +  6 


6  +  c 


+ 


a  +  c 


(6  —  c)  (c  —  a)  ac  —  a2  —  6c  +  ab  (a  —  6)  (6  —  c) 


165.  Multiplication  and  division  of  fractions.  The  method 
of  multiplying  fractions  is  illustrated  in  the  examples  on 
pages  204-205.  The  method  to  be  followed  in  the  division 
of  fractions  is  given  in  the  rule  on  page  207  and  the  note 
on  page  208. 
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EXERCISES 

Perform  the  indicated  operations : 
3  a  10 


1. 


25  2  a^x 

36  4c 


4.  Ai  • 


2  ^  ^  5  tm 

15  m 


2.  2c  • 


3. 


5c62  9  6 

8  ^  3  20  rV 

6  5  rH^ 

2  +  6  10  2:^ 


6.  20  a2 . 


14  X 


a^ 


6. 


4  a®  42 

—  9  ^  4 

2  2  n  —  6 


7. 


8. 


3  a:2  +  9 
Sy  —  S  z 


5 

—  4 

2/  —  2:  r2  +  6r+8 


2r^-13r  +  15  2r +  1  2r  -  1 
4r2-9  2r-l  r-5 

--  §2  _  s  _j_  30  §2  _  3  g  +  2  s  —  15 
s3  -  6  s2  +  9  s  ’  s2  -  25 *  *  s2  -  9  s 

12  .  8  y‘^z  48  rh 

’  99  r^2  22  r^y  *  121  r22/3 
Hint.  See  Rule,  Section  14. 

13.  1 

'  X  —  y  20  ’  cc(x  — ‘  y) 

—  rx  —  6  x^  r  -{-  2  x_ 

—  9  rx^  ’  r  +  3  X 

—  8  g;  +  15  ^  7  x  —  10  — 

*6  —  5x4-x2  *  4— 4x+x2 

+  64  r  +  s  .  r2  +  4  rs  +  8 

^2  _  g2  r2  —  4  rs  +  8  s2  r2  _  2  rs  +  s2 
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Simplify  each  term  in  Exercises  17-18 : 

A/Sr\^/2s\  ,  ry/Sr\^/2s\^ 


i*r  ^  \  r^y/z  s^\  ,  n/6  r^y/z  s^y 

(^)  kr)  +  \^)  {37)  ■ 

(2  a  q/2  a  \  V5  x\  .  q/2  a  \ /5  x\^ 

V5  xy  xy  U  ay  xyU  ay  ‘ 


18. 


Perform  the  indicated  operations : 
3\  .  /s^  —  6  s  +  9' 


'Hi-tn 

a  _^/ 
—  4  v 

X  +  1  + 


20. 


3s 

a 


') 


3a^  +  7  a  +  2 
4 


)(8.-?-5> 


21. 


x  +  3 


x  —  5  + 


12 


X  “1“  3 

Hint.  An  expression  of  this  form  is  called  a  complex  fraction. 
It  is  simply  another  way  of  writing 

4  \  .  /„  r  .  12 


( 


x+1  + 


“h  3 


5  + 


X  -}“  3 


) 


2  + 


X  +  6 


22. 


X 


24. 


3  + 


X  —  2 


(<■  -  ,I)’(A). 


23. 


X 


^-^-~x 

X 


25. 


2 

h 


+ 


a  +  6  a  —  b 


26. 


X  —  3 
+  b^ 

g^  —  b^ 


a  b  _  a  —  b 
a  —  b  g  +  6 


g  +  6 


1  + 


2b  —  a 


a  —  b 
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27.  1  - 


1  - 


1  ++  ’2 
*  ^ 

1 


Hint.  First  simplify 
1+5*  Then  1  —  etc. 


28.  1  - 


1  + 


2  ’ 


1  —  ^ 

^  3 


29. 


X 


+ 


x^ 


a  +  6  (a  +  6)2 


)  ('  -  (ITTF.) 


(‘  -  +  .-tt;) 


166.  Equations  involving  fractions.  Review  the  explana¬ 
tions,  examples,  and  rule  on  pages  215-217,  222,  and  224. 


EXERCISES 


Solve  and  check : 


1.  ^  _  1  =  ^  +  3. 


3. 


3 

3r 


2. 


11  X 

~9~ 


16 


=  r 


25 

“6“ 


3  r  +  14  _  6  —  r  _  _ 


2  =x 

3 


3  4 


5. 


2{k  -  4) 


-  1  = 


I:  +  5 


fi  ^ 

4^  +  16 


3  X 


7. 


8 


7x-}-3  3ic-}”l 


8.  -  3  +1=0. 

X  +  7  5 

9.  (x  +  5)(x  +  1)  —  (x  —  3)(x  —  2)  =  10. 


10. 


3  r 


r  —  4 


5r-5  7r-7  1-r 


5^5r-l 


=  2. 
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11.  ^  =  6  -  a. 

a  0 

io  ^  ^  ^  h 

12*  ““  a  —  T"  Ot 

0 


a 


13.  1  +  1  =  1. 
a  0  X 


14. 


X 


_  X  +  16  ^  ^ 
a  +  2  a -2 


2x  +  1  .  Sx  —  7  9  —  3x 

lo.  : — -j-  — 


x+S  '  2  —  X  +  x  —  6 

X  +  cd  X  —  cd  2  cH  —  2  cd^ 

lb.  - rjr  —  - r-  —  - 

c  +  d  c  —  d 
Sx  —  c 


c2  -  d^ 


17. 

18. 

19. 


X 


a 


=  0. 


10  a' 


2x  —  a  6x  —  c 

3 s  +  4 g  ,  3s  —  5a  ^  _ 

s+2g  4g  —  s  s^  —  2as  —  Sa^ 

5.3  r  -  3.7  12.5  r  -  8.06 


13 


14 


20.  12.2  -  =  2.3  -(5  +  7  x)+^ 


21. 


22. 


.5 

3  X  -  1  _j_  x^  =  3(3  X  -  14). 


.25 


.5 

X  +  1 

^  +  f  ^  +  'I 


X  — 


3  


PROBLEMS 

1.  Separate  175  into  two  parts  such  that  one  part  will 
be  f  of  the  other. 

2.  Separate  360  into  two  parts  such  that  the  greater 
will  be  3x4:  times  the  less. 

3.  Separate  336  into  two  parts  such  that  -J-  of  the 
greater  shall  equal  f  of  the  less. 
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4.  By  what  number  must  875  be  divided  so  as  to  give 
the  partial  quotient  32  and  a  remainder  11? 

6.  Separate  175  into  two  parts  such  that  their  quotient 
is 

6.  One  third  of  a  pile  is  in  earth,  one  fifth  is  in  water, 
and  14  feet  are  above  water.  How  long  is  the  pile  ? 

7.  A  certain  pile  is  57  feet  long.  The  part  in  earth  is  f 
the  part  in  water ;  the  part  in  water  is  f  the  part  in  air. 
How  many  feet  of  it  are  in  water  ?  inearth?  in  air? 

8.  A  boy  is  14  years  old  and  his  sister  is  9  years  old. 
In  how  many  years  will  the  boy  be  ^  as  old  as  his  sister  ? 

9.  The  square  of  a  certain  number  is  785  greater  than  f 
the  product  of  the  next  two  consecutive  numbers.  Find 
the  number. 

10.  The  denominator  of  a  fraction  is  4  times  the  numer¬ 
ator.  If  the  numerator  is  increased  by  4  and  the  denomi¬ 
nator  is  decreased  by  4,  the  resulting  fraction  is  f.  What 
are  the  terms  of  the  fraction  ? 

11.  A  man  sold  ^  of  his  salt  and  f‘ pound  more.  He  then 
sold  ^  of  what  remained  and  f  pound  more ;  he  then  sold 
•J-  of  the  rest  and  had  8  pounds  left.  How  much  had  he  at 
first? 

12.  A  rectangle  is  3^  times  as  long  as  it  is  wide.  If  it 
were  8  yards  shorter  and  2^  yards  wider,  its  area  would  be 
108  square  feet  less.  Find  the  dimensions  of  the  rectangle. 

13.  A  square  court  has  the  area  of  a  rectangular  court 
whose  length  is  5  yards  greater  and  whose  width  is  2  yards 
less  than  the  side  of  the  square.  What  are  the  dimensions 
of  the  square  court? 
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14.  A,  B,  and  C  together  have  $5460.  A  has  $50  more 
than  %  as  much  as  B,  and  C  has  $45  more  than  as  much 
as  B.  How  much  has  each? 

15.  If  a  man  can  do  in  3  days  a  piece  of  work  which  takes 
a  boy  7  days,  how  long  will  it  take  both  working  together  to 
complete  the  work? 

16.  A  can  do  a  piece  of  work  in  8  days  and  B  in  10  days. 
How  many  days  will  they  both  require  working  together  ? 

17.  A  can  do  a  piece  of  work  in  10  days,  and  B  in  15  days. 
After  they  have  worked  together  5  days,  how  long  will  it 
take  A  to  finish  it  alone  ?  B  alone  ? 

18.  A  can  do  a  piece  of  work  in  6  days,  B  in  8  days,  and 
C  in  9  days.  A  works  2  days  and  stops ;  B  works  2  days, 
when  C  joins  him.  How  long  must  C  work  before  the  job 
is  completed  ? 

19.  A  tank  has  a  supply  pipe  that  fills  it  in  5  hours  and  a 
waste  pipe  that  empties  it  in  7  hours.  If  the  tank  is  empty 
and  both  pipes  are  open,  how  much  time  must  elapse  before 
the  tank  is  filled  ? 

20.  One  pipe  can  fill  a  swimming  tank  in  27  minutes  and 
another  pipe  can  fill  it  in  30  minutes.  A  waste  pipe  can 
empty  the  tank  in  20  minutes.  With  all  pipes  open,  how 
long  will  it  be  before  the  tank  is  filled  ? 

21.  The  sum  of  the  numerator  and  denominator  of  a 
certain  fraction  is  36.  If  2  be  added  to  the  numerator  and 
subtracted  from  the  denominator,  the  resulting  fraction  is 

What  was  the  original  fraction  ? 

22.  The  length  of  a  rectangle  is  %  its  width.  The  perim¬ 

eter  is  150  feet.  What  are  the  dimensions  of  the  rec¬ 
tangle?  '  .  .  ^ 
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23.  The  diameter  of  the  earth  is  3|-  times  that  of  the 
moon,  and  the  difference  of  the  two  diameters  is  5760  miles. 
Find  each  diameter  in  miles. 

24.  The  diameter  of  the  sun  is  3220  miles  greater  than 
109  times  the  diameter  of  the  earth,  and  the  sum  of  the 
diameters  is  874,420  miles.  Find  each  diameter  in  miles. 

25.  A  man  rowed  12  miles  up  a  river  in  5  hours  and  back 
in  3  hours.  What  is  his  rate  in  still  water? 

26.  A  man  who  can  row  4  miles  per  hour  in  still  water 
finds  that  it  requires  S-J-  hours  to  row  upstream  a  distance 
which  it  requires  2^  hours  to  row  down.  Find  the  speed 
of  the  current. 

27.  A  passenger  train  whose  speed  is  45  miles  per  hour 

leaves  a  station  3  hours  and  45  minutes  after  a  freight 
train.  The  passenger  train  overtakes  the  freight  in  4  hours 
and  15  minutes.  Find  the  speed  of  the  freight  train  in 
miles  per  hour.  : 

28.  A,  B,  and  C  can  do  a  piece  of  work  in  12  days,  B  and 
C  together  in  20  days,  and  C  alone  in  45  days.  How  long 
does  it  take  A  alone  to  do  the  work  ?  B  alone  ? 

29.  A  man  invests  a  part  of  $9000  at  5%  and  the  re¬ 
mainder  at  4^%.  If  the  yearly  interest  on  the  whole 
investment  is  $423,  how  much  was  invested  at  each  rate  ? 

30.  A  man  invests  $6800  in  two  parts :  the  first  part  at 
5^%,  the  second  at  7^%.  If  the  average  rate  of  interest  is 

find  the  amount  of  each  investment. 

31.  How  much  water  must  be  added  to  a  gallon  of 
alcohol  90%  pure  so  as  to  make  a  mixture  10%  pure  ? 

Hint.  Let  w  =  the  number  of  gallons  of  water  to  be  added. 
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32.  How  much  water  must  be  added  to  25  gallons  of 
milk  containing  8%  butter  fat  to  make  a  mixture  con¬ 
taining  5%  butter  fat  ? 

33.  It  is  desired  to  mix  coffee  which  sells  for  35^  per 
pound  with  coffee  which  sells  for  50^  a  pound  so  as  to 
obtain  a  ten-pound  mixture  which  may  be  sold  for  45 a 
pound.  How  many  pounds  of  each  kind  of  coffee  must  be 
used? 

34.  How  many  quarts  of  45 p  vinegar  must  be  mixed  with 
10  quarts  of  25 vinegar  so  that  a  quart  of  the  mixture  may 
sell  for  40 

35.  A  certain  lot  of  pig  iron  contains  91%  iron.  How 
much  pure  iron  must  be  melted  with  10  tons  of  pig  iron  to 
make  iron  97%  pure  ? 

36.  The  arms  of  a  balanced  lever  are  8  feet  and  13  feet 
respectively.  The  shorter  arm  carries  39  pounds.  Find  the 
load  on  the  longer  arm. 

37.  If  the  load  on  the  longer  arm  in  Problem  36  be 
reduced  8  pounds,  how  many  feet  from  the  fulcrum  must 
a  26-pound  weight  be  placed  on  the  shorter  arm  to  restore 
the  balance? 

38.  How  many  ounces  of  water  must  be  added  to  1  ounce 
of  carbolic  acid  which  is  90%  pure  to  make  a  3%  solution  ? 

39.  At  what  time  between  4  and  5  o’clock  will  the  hands 
of  a  clock  be  together? 

Solution.  The  minute  hand  moves  twelve  times  as  fast  as 
the  hour  hand.  While  the  minute  hand  travels  x  spaces,  the 

hour  hand  travels  —  spaces.  Hence,  x - equals  the  num- 

12  12 

ber  of  spaces  gained  by  the  minute  hand  in  any  given  time  x. 
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In  the  time  from  4  o’clock  until  the  hands  are  together,  the 
minute  hand  must  gain  20  minute  spaces  on  the  hour  hand  to 
overtake  it. 


Therefore 


X 


Whence 


Hence,  the  hands  are  together  21^^  minutes  after  4  o’clock. 

40.  At  what  time  between  9  and  10  o’clock  are  the  hands 
of  a  clock  together  ? 

41.  At  what  time  between  4  and  5  o^ clock  are  the  hands 
of  a  clock  in  a  straight  line  ? 

42.  At  what  time  between  7  and  8  o’clock  will  the 
minute  hand  be  10  minute  spaces  ahead  of  the  hour 
hand  ?  Ten  minute  spaces  behind  ? 


LINEAR  SYSTEMS 


167.  Graphical  solution  of  a  linear  system  in  two  unknowns. 

Review  the  construction  of  the  graph  of  a  single  linear 
equation  in  two  unknowns  on  page  276.  The  graphical 
solution  of  a  system  of  linear  equations  in  two  unknowns 
is  explained  and  illustrated  on  pages  283-284. 


EXERCISES 


Solve  graphically  and  check : 


1.  2  a:  +  ^  =  8, 
X  +  2  ^  =  13. 


5.  X  +  2/  =  5, 
2/  +  2  =  0. 


2.  X  —  ^  =  6, 

3  X  +  4  ^  =  —  17. 


6.  X  +  5  =  —  Sy, 

6^  +  2x  —  11=0. 


3.  4  X  —  6  ^  =  0, 
5^  —  3x=  —  1. 


7.  X  +  2/  =  4, 

X  +  2y  =  1. 


4.  5  X  —  ^  =  8, 
X  —  5  y  =  16. 


8..X  —  ^  =  5, 


3  X  +  2 1/  =  5. 
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168.  Elimination.  In  order  to  find  values  of  x  and  y  which 
satisfy  the  equation 

2  X  +  5  1/  =  15  (1) 

when  we  know  that  y  =  x  —  4:  (2) 

we  may  substitute  for  y  in  the  first  equation  the  value 
oi  y  from  the  second,  obtaining  the  single  equation  in  x, 

2  X  +  5(x  —  4)  =  15,  or  7  X  =  35,  or  x  =  5. 

The  process  by  which  we  have  obtained  one  equation 
containing  one  unknown  from  the  two  equations  (1)  and 
(2),  each  of  which  contains  two  unknowns,  illustrates  one 
method  of  elimination. 

In  general,  the  process  of  deriving  from  a  system  of  n 
equations  a  system  of  n  —  1  equations,  containing  one 
variable  less  than  the  original  system,  is  called  elimina¬ 
tion,  since  one  variable  is  eliminated. 

For  example,  if  we  have  a  system  of  two  equations  in  two 
unknowns,  the  process  of  elimination  leads  to  one  equation  in 
one  unknown.  Since  we  can  always  solve  such  an  equation, 
it  appears  that  we  can  solve  a  system  of  two  equations  in 
two  unknowns  whenever  it  is  possible  to  eliminate  one  of  the 
unknowns.  We  shall  see  that  only  in  certain  exceptional  cases 
is  elimination  impossible.  This  is  either  because  more  than 
one  unknown  is  removed  when  we  try  it  or  because  the  result 
of  attempted  elimination  is  not  an  equation. 

Only  two  methods  of  solution  will  be  considered  —  that 
involving  elimination  by  substitution  and  that  involving 
elimination  by  addition  or  subtraction. 

169.  Solution  by  substitution.  Review  pages  258-259  for 
the  solution  by  substitution  of  a  system  of  two  linear 
equations. 
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EXERCISES 


Solve  by  substitution : 


1.  X  +  ^  -  1, 

5  X  —  ^  =  13. 


5.  .4  X  +  7  =  Sy, 
X  -hy  =  0. 


2.  2  X  -  3  ^  =  2, 


6.  6  X  -(-  38  =  12  yy 


52/— 4x=  —  6. 


4  X  —  8  2/  =  0. 


3.  2  X  +  2/  =  8, 
X  —  2  2/  =  9. 


7.  4  X  —  y  =  —  2y 
5  *  +  2/  =  6^. 


4.  2(x  +  2/)  +  3  2/  =  4, 


8.  5  X  +  f  2/  =  7|, 


5  =  X  +  ?/• 


X  -  4  2/  =  -  Hi- 


170.  Solution  by  addition  or  subtraction.  Review  pages 
254-257  for  the  solution  by  addition  or  subtraction  of  a 
system  of  two  linear  equations. 

171.  Special  cases.  A  system  of  equations  which  has  a 
common  set  of  roots  is  called  a  simultaneous  system.  The 
equation  x  +  y  =  8  has  as  roots  any  set  of  two  num¬ 
bers  whose  sum  is  8.  If  x  +  2/  =  4  is  taken  as  the  other 
equation  of  a  system,  one  can  see  immediately  that  the 
two  equations  have  no  set  of  roots  in  common,  .since 
the  sum  of  two  numbers  cannot  be  8  and  4  at  the  same 
time. 

Graphs  of  these  two  equations  give  parallel  lines.  Since 
two  parallel  lines  cannot  intersect,  we  see  clearly  why  no 
set  of  roots  exists  for  x  +  2/  =  8  and  x  -j-  y  =  4. 

A  system  of  equations  which  does  not  have  a  common 
set  of  roots  is  called  an  inconsistent  or  incompatible  system. 

The  attempt  to  solve  an  incompatible  system  results 
in  getting  rid  not  only  of  one  but  of  both  unknowns  and 
leads  to  a  statement  in  the  form  of  an  equation  which  is 
false. 
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Consider 


X  +  2/  =  12, 
X  +  2/  =  6, 


(1) 

(2) 


(l)-(2), 


0  =  6,  which  is  false 


If,  on  the  other  hand,  the  equation  x  y  =  12  is  taken 
for  one  equation  of  a  system  and  2x  +  2y  =  24  for  the 
other,  it  appears  that  any  set  of  numbers  which  satisfies 
one  equation  also  satisfies  the  other,  since  if  the  sum  of 
two  numbers  is  12,  the  sum  of  twice  those  numbers  is  24, 
and  any  one  of  the  countless  sets  of  roots  of  one  equation 
is  a  set  of  roots  of  the  other.  In  fact,  the  second  equation 
may  be  obtained  from  the  first  by  multiplying  each  mem¬ 
ber  by  2. 

If  one  equation  of  a  system  can  be  obtained  from  one 
or  more  of  the  other  equations  of  the  system  by  applica¬ 
tion  of  one  or  more  of  the  axioms,  it  is  called  a  derived  or 
dependent  equation.  If  it  cannot  be  so  obtained,  it  is 
called  independent. 

Thus  equations  (1)  and  (2)  in  the  example  on  page  258  are 
independent,  while  equation  (5)  is  derived  from  them. 

The  graphs  of  x  +  2/  =  12  and  2  x  +  2  2/  =  24  are  identi¬ 
cal  lines.  Hence  any  point  on  the  first  line  is  a  point  on 
the  second. 

EXERCISES 

Solve  the  following  systems  by  addition  and  subtrac¬ 
tion  : 

1.  2  X  —  2/  =  9,  3.  4  X  +  5  2/  =  —  25, 


X  1  y  =  12. 


7  X  —  6  2/  =  —  29. 


2.  3x-1-42/=  —  6, 
5  X  —  3  2/  =  19. 


4.  3x  — 42/  =  —  4, 

*  +  2/  =  2^. 
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6.  3  X  4-  5  ^  =  5, 

9  X  —  6  ^  =  —  27. 


7.  7  X  +  10  2/  =  —  50, 
5y  —  S  X  =27. 


6.  2  X  +  4  ^  =  —  22, 
5  X  +  ^  =  35. 


8.  4  X  +  3  ^  =  4.1, 

5  X  —  7  y  =  —  2.4. 


3  r  -f  i  s  =  17. 
i^S^  +  l  2:4-22_q 

z  —  2  y  =  1. 

11.  .5  X  +  .7  ^  =  9  j^, 

.8  X  —  .2  2/  =  3. 

12  ^  1  -  2  -  s  _  5 

3  2  6' 

3r-2_s-3  5 

3  4  12* 

13.  i  +  -  =  - 
X  '  y  b 

2  _  3  ^  4 
X  y  S 


Hint.  Solve  first  for  -  and  -• 

X  y 


X  —  6y  ^  2 


5  5 


3x4-^  2  = 


X  4“  7  _|_  17  4“  ^  _ Q 


z 


5  —  z 
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Solve  for  x  and  y : 


16.  2  a:  —  3  2/  =  9  6, 

5a:  +  92/  =  6  6. 

17.  5  a:  +  4  2/  =  10  a  +  4, 
x  —  2  ai/  =  0. 

18.  2  ax  —  Shy  =  If 
6  ax  +  7  by  =  3. 

19.  “  +  ^  =  1, 

X  y 

S  a  ,  a  1 
X  y  2 


20.?+^=^', 

a  0  ab 


X  -  y 


a^  -  62 

- 1 « 

ab 


21.  2  ax  —  4  by  =  6  c, 
S  ax  —  5  by  =  5  c. 

22.  ax  +  by  =  c, 
kax  +  kby  =  ck. 

23.  ax  +  62/  =  c, 
ax  +  /2/  =  fir. 


172.  Equations  in  several  unknowns.  We  have  already 
seen  that  the  equation  x  +  2/  =  8  is  satisfied  by  an  un¬ 
limited  number  of  sets  of  roots,  since  there  is  an  infinity  of 
pairs  of  numbers  whose  sum  is  8. 

An  equation  or  a  system  of  equations  which  is  satisfied 
by  an  infinite  number  of  sets  of  roots  is  said  to  be  inde¬ 
terminate. 

If  a  simultaneous  system  is'  satisfied  by  only  a  limited 
number  of  sets  of  roots,  it  is  said  to  be  determinate. 


The  system  x-{-y  =  S,  x— y=4is  determinate  and  has 
the  set  of  roots  (6,  2).  The  system  2x  +  2i/  =  16,  x  +  i/  =8, 
is  indeterminate. 


When  the  number  of  unknowns  in  a  system  of  linear 
equations  exceeds  the  number  of  equations,  the  system  is 
indeterminate.  If  the  number  of  equations  equals  the 
number  of  unknowns,  the  system  is  usually  determinate 
and  simultaneous.  If  the  number  of  equations  exceeds 
the  number  of  unknowns,  the  system  is  usually  inconsis¬ 
tent.  There  are  many  special  cases  which  arise  in  the 
study  of  linear  systems  in  n  unknowns  in  section  173,  but 
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they  become  very  complicated  for  larger  values  of  n,  and  a 
thorough  study  of  them  is  quite  beyond  the  scope  of  this 
text. 

Note.  It  is  not  a  little  remarkable  that  the  writings  of  the  first 
great  algebraist,  Diophantos  of  Alexandria  (about  A.D.  275),  are 
devoted  almost  entirely  to  the  solution  of  indeterminate  equations; 
that  is,  to  finding  the  sets  of  related  values  which  satisfy  an  equation 
in  two  unknowns,  or  perhaps,  two  equations  in  three  unknowns.  We 
know  practically  nothing  of  Diophantos  himself,  except  the  informa¬ 
tion  contained  in  his  epitaph,  which  reads  as  follows :  “  Diophantos 
passed  one  sixth  of  his  life  in  childhood,  one  twelfth  in  youth,  one 
seventh  more  as  a  bachelor ;  five  years  after  his  marriage  a  son  was 
born  who  died  four  years  before  his  father,  at  half  his  father’s  age.” 
From  this  statement  the  reader  was  supposed  to  be  able  to  find  at 
what  age  Diophantos  died.  As  a  mathematician  Diophantos  stood 
alone,  without  any  prominent  forerunner  or  disciple,  so  far  as  we 
know.  His  solutions  of  the  indeterminate  equations  were  exceedingly 
skillful,  but  his  methods  were  so  obscure  that  his  work  had  com¬ 
paratively  little  influence  upon  later  mathematicians. 

173.  Determinate  systems.  The  method  of  obtaining  the 
set  of  roots  of  a  determinate  system  in  three  unknowns  is 
illustrated  in  the 

Example 


x  +  A  y  —  S  z  =  21, 

(1) 

Solve  the  system  < 

2x  —  5y  +  z  =  —  6, 

(2) 

1 

5x-Sy-{-2.z  =  S. 

(3) 

Solution.  First  eliminate  one  unknown,  say  z, 

between  (1) 

and  (2) : 

X  A  y  —  S  z  =  21. 

(1) 

(2)  -3,  6  X 

-  15y  +  3z  =  -  18. 

(4) 

(l)  +  (4), 

7  X  —  11  y  =  3. 

(5) 

Now  eliminate  z  between  (2)  and  (3) : 

'  (2)-2,  Ax 

-  10  2/  +  2  2  =  -  12. 

(6^ 

bx-Sy-l-2z=-S. 

(3) 

(6) -(3), 

—  X  —  7y=  —  9. 

(7) 
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unknowns 

(5) 
(8) 

Substituting  in  (7),  x  =  2, 

Substituting  both  these  values  in  (1), 

2  +  4  -  30  =  21. 

Whence  z  =  —  5. 


The  equations  (5)  and  (7)  contain  the  same  two 
X  and  y. 

7  X  —  11  y  =  S. 

(7)  •  7  -  7  X  -  49  ^  -  63. 

(5)4- (8),  -  60?/  =-  60. 

y  =  1. 


Check.  Substituting  2  for  x,  1  for  y,  and  —  5  for  0  in  (1), 
(2),  and  (3)  respectively, 

2  4-4-1  -  3(  -  5)  =  21,  or  21  =  21. 

2  •  2  -  5  •  1  4-(-  5)  =  -  6,  or  -  6  =  -  6. 

5-2  -  3-1  4-2(-5)=-3,  or  -  3  =  -3. 

For  the  solution  of  a  simultaneous  system  of  equations 
in  three  unknowns  we  have  the 

Rule.  From  an  inspection  of  the  coefficients  decide  which 
unknown  is  most  easily  eliminated. 

Using  any  two  equations,  eliminate  that  unknown. 

With  one  of  the  equations  just  used  and  the  third  equation 
again  eliminate  the  same  unknown. 

The  last  two  operations  give  two  equations  in  the  same  two 
unknowns.  Solve  these  equations. 

Substitute  in  the  simplest  of  the  original  equations  the  two 
values  found,  and  solve  for  the  third  unknown. 

Check.  Substitute  the  values  found  in  the  original  equations 
and  simplify  results.  • 

A  system  of  four  independent  equations  each  of  which 
contains  the  same  four  unknowns  may  be  solved  as  follows : 
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Use  [the  first  and  second  equation,  then  the  first  and 
third,  and  lastly  the  first  and  fourth,  and  eliminate  the 
same  unknown  each  time.  This  gives  a  system  of  three 
equations  in  the  same  three  unknowns,  which  can  he  solved 
by  the  rule  given  above. 


EXERCISES 

Solve  for  x,  y,  z,  and  w,  and  check  the  results : 


1. x  +  Sy-5z  =  2r 
2x— y  —  z  =  l, 

3  X  +  5y—7  z  =  —  10. 

2.  2  x+3  y+i  z  =  —  14:, 
X— y-\-Sz  =  0, 

5  X  -4-  2y  z  =  14. 

Z.2x+y-2z  =  5, 

X  +  2y  -\-z  =  11, 
Sx— y-\-2z  =  4. 

4.  X  +  2y  z  =  —  1, 
2x— y-\-z=  —  20, 

—  X  —  y  —  5  z  =  IS. 

5.2x-\-Sy-Sz=-2, 
4x  —  2y  z  =  9, 

S  X  y  2  z  =  13. 

6.  2  X  +  3  ^  +  2:  =  14, 

X  -  y  +  z  =  4, 

X  +  y  —  z  =  0. 

7.  X  y  +  z  =  1, 

X  +  y  -  z  -=  2, 

X  —  y  -i-  z  =  S. 


S.  X  2  y  z  =  1, 
2x-{-y  —  z  =  0, 

X  2  y  -\-  z  =  0. 

x 

9.  4x  -  Sy  =  z, 
z  =  X  +  y, 

2  X  =Sy-\-l- 

10.  X  —  2  y  =  10, 

3^  +  1  =-  4z, 
5  X  —  18  =  2:. 

11.  X  =  3  2:  +  2, 
y  =  X  -  7i, 
z  =  Oy  -  1. 

12.  - + - + -  =  3, 

X  y  z 
a  5,2c  o 


X  z  y 

13.  ax  +  5^  =  1, 
by  +  cz  =  1, 
C2:  +  ax  ==  1. 
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14.  cy  hz  =  be, 

az  ex  =  ea, 

hx  ey  =  ah. 


15.  2  X  y  z  w  =  1, 
X— y  —  z  +  2w=  A, 
x-^2y  —  z— w  =  0, 
X  —  y-\-_2z  —  w^l. 


IQ.  2  X  —  y  z  —  w  =  2, 
Sx-\-y  —  z— w=0, 
4:  x—2  y+z—w  =  —  9, 
2x—Sy—2z+w=l.  , 

V7.  X  y  z  =  Q,  ' 

X  +  y  +  w  =  1, 

X  z  w  =  8, 
y  z  w  =  9. 


PROBLEMS 

.  r  ••  * 

1.  The  sum  of  two  numbers  is  139  and  their  difference 
is  39.  Find  the  numbers. 


2.  The  sum  of  two  numbers  is  17.  Twice  one  less  the 
other  equals  7.  What  are  the  numbers? 


3.  The  sum  of  two  numbers  is  13.  Five  times  one 
less  the  other  equals  29.  What  are  the  numbers  ? 

4.  There  are  three  numbers  such  that  the  sum  of  the ' 
first  and  second  is  67,  the  sum  of  the  first  and  third  is  79, 
and  the  sum  of  the  second  and  third  is  88.  What  are  the 
numbers  ? 


5.  Forty-four  tons  of  sand  and  gravel  are  required  for 
the  foundation  of  a  building.  It  is  found  that  the  material 
can  be  hauled  in  a  given  time  either  by  12  trucks  and  4 
drays,  or  by  8  trucks  and  10  drays.  What  is  the  capacity 
of  a  truck  and  of  a  dray? 

6.  What  temperature  on  the  Centigrade  scale  is  one 
half  that  on  the  Fahrenheit  scale  ? 

Hint.  Let  the  second  equation  be  C  =  ^  P. 

7.  What  temperature  on  the  Fahrenheit  scale  is  3  times 
the  equivalent  temperature  on  the  Centigrade  scale? 
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8.  Two  men  travel  from  San  Francisco  to  Los  Angeles  by- 
rail.  It  costs  one  of  them  three  times  as  much  for  excess 
baggage  as  it  costs  the  other.  One  pays  $19.10  in  all,  the 
other  $22.30.  How  much  does  each  pay  for  his  ticket? 

9.  If  cx  dy  =  2  is  satisfied  by  a:  =  2  and  y  =  S, 
and  also  by  a:  =  3  and  y  =  4=,  what  values  must  c  and  d 
have  ? 

10.  li  2  X  ay  =  m  is  satisfied  when  x  =  1  and  y  =  —  1 
and  also  when  a:  =  5  and  2/  =  4,  what  values  must  a  and  m 
have? 

11.  A  boy  rows  8  miles  with  the  current  in  1  hour  4. 
minutes,  and  returns  against  the  current  in  2y  hours. 
At  what  rate  would  he  row  in  still  water?  What  is  the 
rate  of  the  current? 

c 

12.  A  and  B  can  do  a  piece  of  work  in  s  days,  A  and  C 
in  t  days,  and  B  and  C  can  do  it  in  r  days.  In  how  many 
days  can  each  do  the  work? 

13.  A  has  a  certain  capital  which  is  invested  at  a  certain 
interest.  B  has  $5000  more  capital  than  A,  and  in¬ 
vests  it  at  1  per  cent  more.  His  yearly  income  exceeds 
that  of  A  by  $400.  C  has  $7500  more  capital  than  A  and 
invests  it  at  2  per  cent  more.  His  income  exceeds  that 
of  A  by  $750.  Find  the  capital  of  each  and  the  rate  at 
which  it  is  invested. 

14.  A  bag  weighing  23  ounces  contains  two  sizes  of  steel 
balls  —  ounce  balls  and  ounce  balls.  There  are  31  balls 
in  all.  Find  the  number  of  balls  of  each  size. 

15.  A  man  has  $3.55  in  nickels  and  quarters.  If  he  has 
39  coins  in  all,  how  many  has  he  of  each  ? 
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16.  A  collection  of  53  coins  consists  of  nickels,  dimes,  and 
quarters.  The  value  of  the  coins  is  $8.40.  Three  times 
the  number  of  quarters  less  twice  the  number  of  dimes  is 
7  less  than  4  times  the  number  of  nickels.  How  many 
of  each  kind  are  there  ? 

17.  A  man  has  $12.00  in  quarters,  dimes,  and  nickels. 
He  has  as  many  quarters  as  he  has  dimes,  and  three  times 
as  many  nickels  as  dimes.  How  many  of  each  has  he  ? 

18.  The  difference  between  the  second  and  third  angles 
of  a  triangle  is  5°;  the  difference  between  the  second 
and  first  is  40°.  How  many  degrees  in  each  angle  of  the 
triangle  ? 

19.  Three  men  travelled  from  Los  Angeles  to  Indian¬ 
apolis  and  return.  Two  men  shared  the  lower  berth,  and 
the  third  had  an  upper.  The  first  two  paid  in  all  $223.98, 
and  the  third  paid  $119.64.  The  difference  in  price  be¬ 
tween  a  lower  and  an  upper  is  $5.10.  What  was  the  cost 
of  one  round  trip  ticket  ? 

20.  A  man  put  $12,000  at  interest  in  three  sums,  the 
first  at  5%,  the  second  at  6%,  and  the  third  at  6^%,  receiv¬ 
ing  for  the  whole  $695  per  year.  The  sum  at  5%  was  half 
as  much  as  the  other  two  sums.  Find  each  of  the  three 


sums. 


CHAPTER  XXIV 


EXPONENTS 

f 

(In  Part  Review) 

174.  Proof  of  fundamental  laws  of  exponents.  The  proofs 
for  the  four  laws  governing  the  use  of  positive  integral 
exponents  are  as  follows : 

I.  Proof  of  the  Law  of  Multiplication, 

=  x^+^. 

If  a  and  b  are  positive  integers,  we  have 

=  X'X-x-x--'toa  factors, 

and  x^  =  X  •  X  •  X  ••  -  to  h  factors. 

\ 

Hence  =  (x  •  x  •  x  •  •  •  to  a  factors)  X  (x  •  x  •  x  •  •  • 

to  h  factors) 

=  x-  x-  x***toa  +  6  factors 
=  x“+  by  the  definition  of  an  exponent. 

Law  I  may  be  stated  more  completely  thus : 

X®  •  X^  •  X^  .  •  .  =  ^o+6+c+*"*^ 


II.  Proof  of  the  Law  of  Division, 


x“ 


ra-b 


Again,  if  a  and  h  are  positive  integers,  we  have 


X 


a  — 


x“  X  •  X  •  X  •  •  •  to  a  factors 

-  « 

X  •  X  •  X  •  •  •  to  6  factors 
401 


X' 
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If  h  is  less  than  a,  the  h  factors  of  the  denominator  may 
be  canceled  with  h  factors  of  the  numerator,  leaving  a  —  b 
factors  in  the  numerator. 

Hence  —  = 

If  h  is  greater  than  a,  a  factors  of  the  numerator  may  be 
canceled  with  a  factors  of  the  denominator,  leaving  b  —  a 
factors  in  the  denominator. 

Hence  K  =  4— 


III.  Proof  of  the  Law  of  Involution,  or  raising  to  a  power, 

As  before,  if  a  and  b  are  positive  integers,  we  have 
(x®)  ^  =  X®  •  X®  •  X®  •  •  •  to  6  factors 

=  x®+®+®+*”to  b  terms  of  the  exponent 


— 


Law  III  includes  the  more  general  forms : 
(a)  {x°y^y  =  x®V‘’* 


When  Laws  I,  II,  and  III  were  used  in  previous  work 
in  multiplication  and  division,  we  always  assumed  that  a 
and  b  were  positive  integers  and,  in  Law  II,  that  a  was 
greater  than  b.  In  the  work  on  radicals  (pp.  319-320)  the 
meaning  of  an  exponent  was  extended  so  as  to  include 
fractional  exponents. 

IV.  Proof  of  the  Law  of  Evolution,  or  extraction  of  roots. 
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Assuming  that  Law  I  holds  for  fractional  as  well  as 
integral  exponents,  we  have 

a  a  a 

^6 .  ^6 .  ^6 ...  to  6  factors  =  x  ^ 

Here  the  left  member  consists  of  h  equal  factors  whose 
product  is  x®.  That  is,  each  one  of  the  factors  must  equal 

Vx°, 

This  fact  will  be  assumed  without  proof.  We  shall 
now  explain  the  meaning  which,  according  to  these  laws, 
must  be  given  to  a  zero  or  to  a  negative  exponent. 

175.  Meaning  of  zero  as  an  exponent.  From  Law  II  we 
know  that 

—  y^~^  =  y^. 

But  y^  y^  =  ^  =  1. 

yb 

Therefore  y^  =  1. 

In  general  =  y^  —  1. 

In  other  words,  any  expression  (not  equal  to  zero),  raised 
to  the  zero  power,  becomes  equal  to  1.  Thus,  (5)®  =(i-)^  = 
( —  2)®  since  each  is  equal  to  1.  Also,  if  x  is  not  zero  (3  =  1, 

and  if  y  is  not  2,  the  expression  (i/^  —  4  ^  +  4)*^  is  equal  to  1. 

176.  Meaning  of  a  negative  exponent.  From  Law  II 

X2  *  /y*4  — _  /y*2 — 4  —  /y“2 

But 

x^ 

Therefore  i 

x2 
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Furthermore  3~^  =  ^  ,  and 

33  27 


The  above  facts  may  be  expressed  more  generally  as 
follows :  H 


Therefore  —  =  i  =  2/“. 

We  also  have 

ay-  &  =  and  =  ay^ 

y~^ 

We  may  therefore  say :  In  a  fraction,  any  factor  of  the  nu¬ 
merator  may  he  omitted  from  the  numerator  and  written  as  a 
factor  of  the  denominator,  and  vice  versa,  provided  that  the 
sign  of  its  exponent  is  changed. 

It  follows  that  any  expression  involving  negative  exponents 
may  be  written  as  an  expression  involving  only  positive  expo¬ 
nents.  That  is  to  say,  negative  exponents  are  not  a  mathe¬ 
matical  necessity  but  merely  a  convenience.  The  extension 
of  the  laws  of  exponents  which  brings  with  it  the  zero  exponent 
and  the  negative  exponent  is  an  illustration  of  what  is  called 
the  Law  of  Permanence  of  Form. 

It  is  to  be  understood  that  the  part  of  the  rule  for 
multiplication  (p.  91)  and  the  rule  for  division  (p.  110), 
which  determines  the  exponents  in  the  product  or  in  the 
quotient,  applies  to  all  numbers,  whether  positive  or  nega¬ 
tive,  integral,  fractional,  or  literal.  Hence  those  rules 
need  not  be  restated  here. 
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ORAL  EXERCISES 

Perform  the  indicated  operations  and  simplify  results : 


1.  •  x^. 

17.  y^  ^  2/““- 

33.  2/  •  Vy. 

2.  x^  •  x^. 

18.  X®  •  x^. 

34.  x2  4-  'V^X. 

3.  x^  • 

n  1 

1 Q  ^0  -JL-  7*'3' 

35.  Vm  •  v^. 

4.  yi  • 

20.  2  m®  •  (2  my. 

36.  4-  "^2/2. 

5. 2/*  y^. 

21.  12  x^  •  2  X®. 

37.  X  •  Vx^. 

6.  x^  •  x^. 

22.  4  2/*  ^  2  2/". 

38.  VmP  •  ^ m®. 

7.  •  ri 

23.  3  x^  •  x^ 

• 

•o 

1 

• 

C<l 

1 

«o 

• 

O 

CO 

8.  r^.  ' 

24.  2  •  2/  ^ 

40.  (x^)2  •  x^ 

9.  x^  •  x. 

25.  r^. 

41.  {y^Y-v^. 

• 

o 

• 

• 

O 

26.  •  r  •  r^. 

42.  x^**  4-  -4- 

a  _ 

1  a  1 

X^b 

11.  -f-  rnP. 

27.  ' m^. 

1 

12.  •  y^. 

2S.  y^  •  y"^  •  y~^. 

43.  m2  4- ' — -  • 
m“2 

13.  •  p“h 

29.  (x^+x^)-x^. 

14. 

30. 

44.  p-2  - -  • 

y-i 

15.  x^  • 

31.  x^+“  •  x®~^ 

45.  (r^)^  • 

16.  ^  x~^. 

32.  -7-  a“2. 

46.  62/2  ^  6-2^-^. 

Read  the  following  with  positive  exponents  and  simplify 

the  results : 

47.  r-2. 

52.  ^  • 

--  2  m-2p0 

00.  - 4^— • 

48.  3  m-‘. 

r-1 

49.  2  X  y~^. 

53  2®- 

3  6-2 

66.  2-^(*2/)”. 
5-3x2 

50.  8  pV“^. 

54  • 

2  a%c~^ 

51.  3  x^y~h~'^. 

a-16-3 

4  a06-i 
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‘  5ym-^  ‘ 

60. 

2-^x-‘^y‘^z^ 


61. 


62. 


2-3m-2ff-4 

2-4^-3p-5 

5  X~2 

_  • 

y-^z^ 


63.  3  -7- 


64. 


a 


-2 


a 


Tl+l 


_2 


65.  (64  a:“®)  ^ 


66. - • 

(9 


Simplify  and  arrange  terms  so  that  the  exponents  occur 
in  the  descending  order : 

67.  +  a“2  +  5  —  4  a®. 

68.  2  +  3  x~3  _  2  a:3.  . 

69.  +  2  m“2  _  l  -j-  ^  _  -^2^ 

70.  X  +  2  x~^  —  3  -f  2  —  5  x^. 

71.  ?/'  +  -,+  2/"^  -2/^  +  4 

yi  yf> 

3  1  11 

72.  +  — 5  “  ^  “  — o  “h  — * 

m“3  m 


EXERCISES 

Perform  the  indicated  multiplications  and  write  results 


as  integral  expressions : 

1.  (x  +  x^  —  x^)3  x^. 

2.  (x3  —  y^)x~^y-^. 

3.  (x^  +  y"^)(x^  +  r)- 

4.  (nfi  —  p^)(m^  +  p^), 

6.  (x^  —  y^){x^  +  y^). 

6.  (6-4  +  2)  (6-4  +  3). 


7.  {y^^-4:y‘^^)(y^-Sy), 

.8.  (m-2  +  m)2. 

9.  (x4  —  3  x-4)3. 

10.  (4  ;2  +  2  2:-4  —  3  21-2)2. 

11.  (m®  +  m~^y. 

12.  (m®  — 


EXPONENTS 


407 


13.  (a^  —  1)^. 

14.  (x-‘  +  y-^)(^  - 

\x  y^/ 

15.  —  4  + 


16.  (4  m  2  —  3  m^y. 

17.  (2x  —  5  x~^  +  x~‘^y, 

18.  (e3^  -  2  e-^)\ 


19.  {x  +  x^y^  +  y)(x  —  x^y^  +  y). 

20.  {p^  +  +  p^q^){q^  —  p^q^  +  p^). 

21.  (a  +  a^h~^  +  6“^) (a  —  a^b~^  —  6“^). 


EXERCISES 


Perform  the  indicated  division  and  write  results  as 
integral  expressions : 

1.  a^.  2.  x^.  3.  y^  -i-  y^. 


5. 


xy  +  x^y^^ 
x^y^ 


6.  (m^  —  3  +  2  m 

7.  (8  +  2  x^+y  —  6  x^~y)  2  x^“^ 

8.  (a  —  6)  (a^  +  6^). 

9.  (x  -  y)-^(x^  -  yh- 

10.  (x  +  ^)-^(x^  +  y^). 

11.  (9  a  —  16  6)  ^  (3  +  4  h^), 

12.  (a^  +  a^h-^  +  6“^)  (a^  —  a6"^  +  6“^). 

13.  +  2)  -f-  (e^  d-e-J'). 

14.  —  6“®  —  —  e^). 

15.  (a  +  9  +  27  +  27  6^)  4-  (a^  +  3  6^). 

16.  (a^  +  6  a~^  +  6  +  a"^  +  11)  4-  {a-^  +  +  3). 
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17.  (9  +  2  (2  +  3 

Divide : 

18.  —  6^  +  a^b  —  ab^  by  —  b^. 

19.  3  r-5  +  -  4  r-^  by  2  r-^  +  r  +  3  r-K 

20.  x^  —  TnJ  by  [(x^  —  m^)  ^  +  m^^)]. 

21.  40  —  12  a  —  10  a-^  —  4  a“^  —  14  by 

2  +  3  —  5a~^. 

22.  93  —  10(a:”^“  +  x^®)  —  24 (x~®  +  x®)  by 

2  X®  —  5  x~®  +  8. 

Note.  To  us,  who  use  the  notation  of  exponents  every  day,  it 
seems  so  simple  and  natural  a  method  of  expressing  the  product  of 
several  factors  that  it  is  difficult  to  understand  why  such  a  long 
time  was  necessary  to  develop  it.  But  here,  as  in  many  other  in¬ 
stances,  it  required  a  great  man  to  discover  what  to  us  seems  the 
most  obvious  relation.  The  man  who  brought  the  notation  of  expo¬ 
nents  to  its  modern  form  was  John  Wallis  (1616-1703),  an  Englishman. 

Though  the  idea  of  using  negative  and  fractional  exponents  had 
occurred  to  writers  before  Wallis,  it  was  he  who  showed  their  natu¬ 
ralness,  and  who  introduced  them  permanently.  He  also  was  the 
first  to  use  the  ordinary  sign  oo  to  denote  infinity. 


MISCELLANEOUS  EXERCISES 


Find  the  numeric  value  of  the  following : 


1.  2-1. 

(2) 

14.  27~i 

2.  3-3. 

9.  (f)-^  •  (2)». 

15.  81“*. 

• 

1 

CO 

10  2-^  •  5-^ 

10-2  ‘ 

16.  16“*. 

4.  2-3 . 40. 

11  1 

17.  25"i 

5.  3-4  •  2-1. 

11« 

243"^ 

18.  16  ^ 

6.  2-5 . 52 . 0. 

12.  02 . 3-0. 

19.  81‘-26. 

7. 

13.  9“^. 

20.  ( -  8)"K 
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21.  (9) 

22.  (2)-^ 

23.  -  64'*. 

24.  ^16^^ 
■a/ 


26.  (i)-^  •  Hr  ■  (i)^. 

27.  (.25)^. 

28.  (.09)“^. 

29.  (.0016)1 


25. 


272. 


30. 


2-2 


Write  with  positive  exponents  and  simplify  the  results : 


31. 

32. 

33. 


m-2  +  6-2 
3^25 

a-2  —  6-2 
a“2 


34. 

35. 

36. 


x~^  —  8  m~^ 

_  .  _ _ _  • 

x~^  —  2  m~^ 
a:~2  —  ^-2 
x-i  +  1/-1 

m~^  +  27  a~^ 


6-2  +  c“2  m~^  +  3  a~^ 

Write  without  a  denominator  and  simplify  the  results : 


37. 

3  mb 

39  ■ 

41. 

15  m~‘^n~ 

x^ 

3  8-^62 

5  m2w 

38. 

11  X2 

40 

42. 

2a6-2 

V 

3-ia63 

(a  —  6)2 

43.  -  1). 

(n  —  1)~^ 

2 


44. 


6  a2(a  +  52)  ^ 
2(x  +  yY  _ 

Sm{x  —  y)~^ 

Simplify : 

49.  (16 

50.  (3  aio)o .  8 . 16’^. 


46  5(a  +  b^)-\ 

*  2(a-2  +  6)2 

(18  x-^)  ■  (j/-2-). 

•  36  a:-2i/-3- 


48. 


p2g-4(p2  _  gr-2)i 


61.  (p‘‘q)-^(p  -  q). 
52.  (m2) •  m^^. 
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53. 

54. 


55. 

56.  {p^q)^{pq^Y'^- 


57.  {a~^  +  a^)a^. 

3a+2 

63.  — ^ - 

9a(3^o-l)a 


58.  (x^  —  3  xy~'^)x-^, 

59.  23 . 82  =  22. 

60.  2“  •  4^  =  22. 


61. 


3x  .  92x 


274x 

62.  2^  •  43”» 


00+1 


(^272a-3ja+l 


+  3 


Solve  for  x : 


64.  = 

3. 

68.  x°  =  9. 

72.  x~^  = 

65.  = 

4. 

69.  x~^  =  8. 

73.  x~^  = 

66.  x~^  = 

=  3. 

70.  X*  =  -  2. 

74.  i  x"^ 

67.  = 

=  2. 

71.  x»  =  81. 

75.  (x"^)- 

76.  (ah^)-^  =  9. 


CHAPTER  XXV 


SQUARE  ROOT 

(In  Part  Review) 

177.  Square  root.  The  square  root  of  any  number  is  one 
of  the  two  equal  factors  whose  product  is  the  number. 

From  the  law  of  signs  in  multiplication  it  follows  that 

Every  positive  number  or  algebraic  expression  has  two  square 
roots  which  have  the  same  absolute  value  but  opposite  signs. 

Thus  •  Va  ={—  V a) (—  Va)  =  a. 

178.  Square  root  of  a  monomial.  For  extracting  the 
square  roots  of  any  monomial  we  have  the 

Rule.  Write  the  square  root  of  the  numeric  coefficient 
preceded  by  the  double  sign  ±  and  followed  by  all  the  letters 
of  the  monomial,  giving  to  each  letter  an  exponent  equal  to  one 
half  its  exponent  in  the  monomial. 

A  rule  similar  to  the  preceding  one  holds  for  the  fourth 
root,  the  sixth  root,  and  other  even  roots. 

179.  Cube  root.  The  cube  root  of  any  number  is  one  of 
the  three  equal  factors  whose  product  is  the  number. 

For  extracting  the  cube  root  of  a  monomial  we  have 
the 

Rule.  Write  the  cube  root  of  the  numeric  coefficient  pre¬ 
ceded  by  the  sign  of  the  monomial  followed  by  all  the  letters  of 
the  monomial,  giving  to  each  letter  an  exponent  equal  to  one 
third  of  its  exponent  in  the  monomial. 
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A  rule  similar  to  the  preceding  one  holds  for  the  fifth 
root,  the  seventh  root,  and  other  odd  roots. 

180.  Principal  root.^  For  a  given  index  (see  section  120) 
the  principal  root  of  a  number  is  its  one  real  root  if  it  has 
but  one,  or  its  positive  real  root  if  it  has  two  real  roots. 

Then  the  principal  square  root  of  9  is  +  3 ;  the  principal 
fourth  root  of  16  is  +2,  not  —  2.  The  square  root  of  —  4  or 
—  9  is  not  a  real  number ;  a  negative  number  has  no  principal 
square  root. 

The  principal  cube  root  of  8  is  2,  of  —  27  is  —  3.  The  prin¬ 
cipal  fifth  root  of  32  is  +  2,  of  —  32  is  —  2. 

Every  number  has  more  than  one  root  of  given  odd 
index.  The  number  8,  for  example,  has  two  other  cube 
roots  besides  its  principal  cube  root  2.  What  they  are  and 
how  they  are  obtained  will  be  made  clear  in  the  chapter 
on  Imaginaries,  where  the  consideration  of  the  square 
roots  of  negative  numbers  is  taken  up. 

Only  the  principal  odd  root  of  a  number  will  be  consid¬ 
ered  in  the  following  exercises. 


ORAL  EXERCISES 

Find  the  principal  square  root  of  the  following : 


1.  9. 

2.  36. 

3. 


8.  16 
9. 


14.  4 


15.  25  a^h-\ 


4.  25  h\ 
6.  49  m®. 

6.  36  r\ 

7.  4 


16.  100  p®. 

17.  x". 


18.  m^. 


SQUARE  ROOT 


413 


Find  the  principal  cube  root  of  the  following : 


19.  8. 

20.  27. 

21.  125. 

22.  8  x^. 

23.  64  y\ 

24.  8 


25. 

26. 

27. 

28. 

29. 

30. 


8. 

64. 

27. 

125  a:6. 
ShK 
64  z^. 


31.  216  x^. 

32.  343  x\ 

33.  512 

34.  —  64  x^. 

35.  —  8  a~^. 

36.  —  125 


Find  the  principal  fourth  root  of  the  following : 

37.  81.  41.  45.  81 

38.  16.  42.  46.  m“U 

39.  625.  43.  16  a\  47. 

40.  r\  44.  625  h-\  48.  y~^. 


Give  the  principal  root  and  one  other  root  for  the 
following : 

49.  The  fourth  root  of  16 ;  of  x^ ;  of  x-'^^, 

50.  The  sixth  root  of  64 ;  of  ;  of  a~^^, 

51.  What  is  the  sign  of  the  principal  odd  root  of  a  positive 
number?  the  principal  odd  root  of  a  negative  number? 

52.  What  is  the  sign  of  the  principal  even  root  of  a 
positive  number? 

53.  State  a  rule  for  extracting  the  fourth  root  of  a 
monomial. 

54.  State  a  rule  for  extracting  the  fifth  root  of  a  mono¬ 
mial. 

55.  Can  one  obtain  the  fifth  root  of  a  monomial  by 
extracting  the  square  root  of  its  cube  root?  by  extracting 
the  cube  root  of  its  square  root?  Explain. 
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181.  Square  root  of  polynomials.  Review  the  examples 
and  the  rule  on  pages  288-289  for  extracting  the  square 
root  of  an  algebraic  expression. 


EXERCISES 

Extract  the  square  roots  of  the  following : 

—  12  +  16  —  8  a:  +  4. 

2.  +  6  +  4  +  9  +  4  +  12  m. 

3.  16  p®  +  24  —  80  p^  -}“  9  p"*  +  100  —  60  p^ 

4.  4  -  20  aH’^  +  12  +  25  +  9  -  30  a^. 

5.  16  a-4  -  24  a-2  -  30  +  25  +  49. 

6.  625  +  9  —  6  —  149  a  +  50  a^. 

7.  81  a;^  +  36  —  54  X  +  4  —  12  x~^  +  9  x“^. 

8.  4  —  8  +  20  X  +  4  —  20  x~^  +  25  x“h 

9.  144  +  9  r-io  +  100  r-^  -  72  -  240  +  60  r-\ 

10  — ^  ^  4. 27  —  y 

*  4  2/2  9  x2  y  3  X 

Hint.  Reduce  the  expression  to  a  single  fraction  and  find  the 
square  root  of  the  numerator  and  denominator  separately. 


11.  4  X^  —  12  X^  +  —  3  X  +  11  X^. 

12.  4  X®  —  4  X  —  ^  x“2  -{-  -|-  yL-  -j- 

9a4  4a3  10  a  ,  25  ,  31 

^  “  “s”  “  ^  +  T  + 

14.  f  a®  —  f  +  f  +  |-  +  4  —  2  a. 


15.  4  ^  +  21  +  20  m. 

m2  m 
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‘’■2  +  P+  6 


4  a  ,  6^  4  6 


a 


18.  +c^d^  +  f^+2  -  2 


2d\ 


19. 


20. 


4^2 

4 


-5  + 

y 


A  +  9  - 
3  X  X  9 


_ +1 8  ,  i_a  ,  4^  ,  O 

9  62^  9  36  9a2^3a 


Find  the  first  four  terms  in  the  square  root  of  the 
following : 

21.  3  +  5  X.  23.  +  X. 

22.  X  +  2.  •  24.  +  m2. 


■  if.- 


182.  Square  root  of  arithmetic  numbers.  Review  pages 
291-295  for  explanation,  examples  and  rule  for  extracting 
the  square  root  of  arithmetic  numbers. 


EXERCISES 


Find  the  positive  square  roots  of  the  following : 


1.  2,401. 

2.  5,184. 

3.  18,496. 

4.  59,049. 


6.  67.24.  9.  7,387,524. 

6.  1.5876.  10.  3,519,376. 

7.  231.04.  11.  7.7284. 

8.  585,225.  12.  .00018496. 


Find  correct  to  three  decimal  places  the  positive  square 
roots  of  the  following : 

13.  6.  15.  .08754.  17.  i^.  19.  21.  14f . 

14.  .85.  16.  .998765.  18.  3f .  20.  f .  22.  78^. 

23.  Find  the  hypotenuse  of  a  right  triangle  whose  sides 
are  15  feet  and  112  feet. 
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24.  A  baseball  diamond  is  85  feet  on  a  side.  What  is  the 
distance  from  first  base  to  third  base,  to  the  nearest  hun¬ 
dredth  of  a  foot? 

25.  A  right  triangle  has  a  hypotenuse  75  feet  and  one 
side  54  feet.  Find  the  remaining  side  to  the  nearest 
hundredth  of  a  foot. 

26.  The  hypotenuse  and  one  side  of  a  right  triangle  are 
respectively  3569  feet  and  2576  feet.  Find  the  remaining 
side  to  the  nearest  tenth  of  a  foot. 

27.  The  side  of  an  equilateral  triangle  is  21  inches. 
Find  the  altitude  to  the  nearest  tenth  of  an  inch. 

28.  Find  the  side  of  an  equilateral  triangle  whose 
altitude  is  24  inches,  to*  the  nearest  hundredth  of  an  inch. 

Fact  from  Geometry,  Area  of  tri¬ 
angle 

=  Vs(s  —  a){s  —  h){s  —  c) 

where  a,  h,  and  c  =  the  sides  of  the 
triangle  and  s  =  ^  the  perimeter  of 
the  triangle. 

29.  A  triangle  has  sides  12  inches,  14  inches,  and  16 
inches.  What  is  its  area  to  the  nearest  hundredth  of  a 
square  inch  ? 

30.  By  the  method  of  Exercise  29  find  to  the  nearest 
hundredth  of  a  square  inch  the  area  of  a  triangle,  each 
side  of  which  is  16  inches. 

31.  Find  correct  to  two  decimal  places  the  sum  of  all  the 
diagonal  lines  that  can  be  drawn  on  the  faces  of  a  cube 
whose  side  is  21  inches. 

32.  Find  to  the  nearest  thousandth  of  an  inch  the  radius 
of  a  circle  whose  area  is  432  square  inches. 
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33.  A  room  is  18  feet  by  21  feet  by  12  feet.  What  is  the 
diagonal  of  the  room  to  the  nearest  tenth  of  a  foot  ? 

34.  Find  to  the  nearest  thousandth  of  an  inch  the 
diagonal  of  a  cube  2  inches  on  a  side. 

35.  A  cube  has  an  outside  area  of  17,592  square  inches. 
Find  the  volume  to  the  nearest  tenth  of  a  cubic  inch. 

Using  the  table  for  squares  and  square  roots  at  the  end  of 
the  book : 

36.  Find  the  square  roots  of  8 ;  28 ;  45 ;  84  ;  57.  Compare 
the  results  found  by  computing  the  required  square  roots 
to  three  decimal  places. 

37.  Find  the  diagonals  of  the  squares  whose  sides  are  3 ; 
7;  6. 

38.  Find  the  hypotenuse  of  the  right  triangles  whose  sides 
are  5  feet  and  7  feet ;  3  inches  and  8  inches ;  2  rods  and 
9  rods. 


CHAPTER  XXVI 


RADICALS 

(In  Part  Review) 

183.  Definitions.  Review  the  discussion  on  pages  302, 
803,  and  319. 

184.  Irrational  numbers.  Any  real  number  which  is  not 
rational  is  irrational.  (See  section  186.) 

If  a  number  under  a  radical  sign  is  such  that  the  root 
indicated  cannot  be  exactly  obtained,  the  radical  repre¬ 
sents  an  irrational  number. 

For  example,  V5  and  ^  are  irrational.  Approximate 
values  for  these  are  given  in  the  table  at  the  end  of  the  book. 

A  repeating  decimal,  though  endless,  is  not  an  irrational 
number,  for  any  repeating  decimal  can  be  expressed  as  a 
common  fraction,  and  is  therefore  rational. 

Thus  the  repeating  decimal  .272727- ••  is  not  irrational,  as  it 
exactly  equals  Similarly,  .2857142857142- ••  exactly  equals 
•y,  etc. 

Note.  The  number  f  reduced  to  a  decimal  repeats  the  digits  in 
groups  of  six  each,  and  the  mere  fact  that  a  decimal  does  so  repeat 
is  proof  that  it  is  a  rational  number.  On  the  other  hand,  the  num¬ 
ber  TT  is  known  to  be  irrational,  and  its  value  has  been  computed  to 
707  decimals,  showing  no  repetition.  The  fact  that  it  does  not  repeat 
in  700  digits  is,  however,  no  proof  that  tt  is  irrational,  for  decimals  with 
even  more  than  that  many  digits  do  repeat.  For  example,  the  fraction 
equals  the  decimal  1.29+,  which  repeats  in  groups  of  7698 
digits  each. 
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185.  Imaginary.  An  indicated  square  root  of  a  negative 
number  is  called  an  imaginary  number. 

Thus  V  —  9,  V—  5,  and  V  —  15  are  imaginary  numbers. 
And  5  +  ^  —  1  is  also  imaginary,  though,  as  will  be  seen  later 
(Chapter  XXIX),  such  numbers  are  usually  called  complex 
numbers. 

186.  Classification  of  numbers.  All  the  numbers  of  alge¬ 
bra  then  may  be  placed  in  one  or  the  other  of  two  classes : 
real  numbers  and  imaginary  numbers. 

Real  numbers,  as  we  have  seen,  are  of  two  kinds,  rational 
numbers  and  irrational  numbers. 

187.  Surd.  A  surd  is  an  irrational  number  in  which 
the  radicand  is  rational. 

Thus  V2,  -^5,  etc.,  are  surds.  But  V^5  -f  V2  and  Vtt  are 
not  surds. 

188.  The  algebraic  sign  of  a  radical.  The  square  root  of 
9  is  both  -f-  3  and  —  3.  The  symbol  a/9,  however,  sig¬ 
nifies  only  +  3,  th^rincipal  root  (section  122).  Similarly, 
''/si  is  +  3  and  is  +  ^  But  —  a/9  is  —  3,  and  —  ^16 
is  —  2.  The  symbol  ±  a/36  denotes  both  +  6  and  —  6. 
Further,  +  ^27  =  + 3,  --^27  =  -3,and  -a/-27  =  +3. 

The  foregoing  remarks  apply  also  to  fractional  expo¬ 
nents.  Thus  4^  =  +  2  only,  and  81^  =  +  3  only.  It 
should  be  noted  that  these  statements  really  define  the 
meaning  of  such  symbols  as  a/,  Such  an  under¬ 

standing  ^this  avoids  all  the  ambiguity  which  would 
arise  if  a/16  meant  both  +  4  and  —  4.  The  distinctions 
here  made  are  especially  needed  in  checking  irrational 
equations  (Chapter  XXVIII). 
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ORAL  EXERCISES 


Find  the  numeric  value  of  the  following : 


1.  V9. 

8.  V243. 

15.  8l 

2.  -  Vi. 

9.  -  VS. 

16.  (i:)i 

3.  V25. 

10.  -V-  125. 

17.  (*)i 

4.  V8. 

11.  4*. 

18.  (-  125)L 

6.  V  -  27. 

12.  27'L 

19.  (36)^. 

6.  -V625. 

13.  9*. 

20.  (125)L 

7.  -Vl6. 

14.  8lL 

21.  16^. 

Read  as  if  expressed  in  radical  form : 

22. 

27.  2  mx^. 

1 

32.  2/"*. 

23.  y^. 

24.  (xy)^. 

28.  3  m^p^. 

29.  6  ah^. 

1  1 

33.  Zh". 

a  3d 

25.  (5 

30.  x{x  —  1)^. 

34.  x^y  ® . 

26.  5  m^. 

31.  3  6(2a-5)L 

m  3m 

35.  x^y  4 . 

Read  as  if  expressed  with  fractional  exponents : 

36.  vi®. 

39.  ^m^x'^. 

42.  ^ (m  +  n)^. 

37.  Vah^. 

40.  3Vm. 

43.  V (2  x-\-y)^. 

38.  Vx**. 

41.  V2  2^. 

44.  ^m'^{x  —  2). 

45.  What  are  the  two  square  roots  of  25? 

46.  What  are  two  fourth  roots  of  81?  of  256?  of  625? 

47.  What  are  the  numeric  values  of  a/SI?  of  >^256? 
of  \^? 

48.  What  are  two  sixth  roots  of  729  ? 
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49.  What  is  the  distinction  between  a  rational  number 
and  an  irrational  one  ? 

50.  Which  of  the  numbers  4,  365,  a/9,  a/5,  and  tt  are 

rational  ?  Which  are  irrational  ? 

61.  Give  a  geometric  illustration  of  an  irrational  number 
by  means  of  a  right  triangle. 

52.  Is  a  radical  always  a  surd?  Illustrate. 

53.  Is  a  surd  always  a  radical?  Illustrate. 

64.  Distinguish  between  a  surd  and  a  radical. 

55.  Which  of  the  numbers  a/2,  V4,  ^8,  a/^5, 

V2  +  a/2  and  \/2  TT  are  surds  ?  Which  are  radicals  ? 

56.  What  is  the  principal  square  root  of  9 ;  the  principal 
cube  root  of  27 ;  the  principal  cube  root  of  —  8  ? 

57.  Name  the  order  of  a/3  ;  of  ;  of  ^6 ;  of  ;  of 

58.  Give  an  example  of  (a)  a  real  number;  (h)  an 
imaginary  number;  (c)  a  rational  number;  (d)  an  ir¬ 
rational  number;  (e)  a  radical;  (/)  a  radicand;  (gf)  an 
index ;  (h)  a  surd ;  (^)  the  principal  odd  root  of  a  positive 
number ;  (k)  the  principal  even  root  of  a  positive  number ; 
(0  the  principal  odd  root  of  a  negative  number. 

189.  Simplification  of  radicals.  The  form  of  a  radical 
expression  may  be  changed  without  altering  its  numeric 
value.  It  is  often  desirable  to  change  the  form  of  a  radical 
so  that  its  numeric  value  can  be  computed  with  the  least 
possible  labor. 

The  simplification  of  a  radical  is  based  on  the  general 
identity 


\/ a^b  =\/a^*  =  a^b. 
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A  radical  is  in  its  simplest  form  when  the  radicand 

I.  Is  integral, 

II.  Contains  no  rational  factor  raised  to  a  power  which  is  equal 
to,  or  greater  than,  the  order  of  the  radical. 

III.  Is  not  raised  to  a  power,  unless  the  exponent  of  the 
power  and  the  index  of  the  root  are  prime  to  each  other. 

For  the  meaning  of  I,  II,  and  III  study  carefully 
the  following 


Examples 

Examples  of  I : 

1.  V|  =V|  =  Vi  .  6  =  |V^6. 

2.  6v'J  =  6v^  =  6V|^  =  6V|:.V2  =  64V2 


=  3^^. 


3.  =  a/t^  •  35  a  =  P- V35  a. 

^  7  a  ^  49  ^  49  7  a 


Examples  of  II : 

1.  Vd  =  V9  '  X  =V{S  xy  '  X  =3  xVx. 

2.  mf  =  3^27  •  2  m  =  3^(3  m^y  •  2  m 

=  9  m‘^^2  m. 

3.  Vis  -  9V3  =  V9(2  -  V3)  =  3 V2  -  V3. 


Examples  of  III : 

1.  =  si  =  VS. 

2. ^8  =  2^^  =  2i  =^2. 

3.  ^ {xy^y  =  (xy^)^  =  (xy^)i  =  i/V^. 

A  radical  of  the  second  order  is  simplified  by  the  use 
of  the 
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Rule.  Separate  the  radicand  into  two  factors  one  of  which 
is  the  greatest  perfect  square  which  it  contains.  Then  take  the 
square  root  of  this  factor  and  write  it  as  the  coefficient  of  the 
radical  of  which  the  other  factor  is  the  radicand. 

If  the  original  radical  has  a  coefficient  other  than  the  num¬ 
ber  1,  multiply  the  result  obtained  above  by  this  coefficient. 

A  similar  rule  holds  for  simplifying  radicals  involving 
the  cube  root  and  roots  of  higher  orders. 


EXERCISES 


(Check  the  values  obtained  in  Exercises  1,  2,  3,  6,  7,  11,  and 
12  by  using  the  table  at  the  end  of  the  book.) 


Simplify : 

1.  Vs. 

7. 

2,,  VM. 

8. 

3.  VTO. 

9. 

4.  ^128. 

10. 

8.  Vl08. 

11. 

6.  V^. 

12. 

V99. 

13.  SV\^. 

Vl25. 

14.  Vm. 

V432. 

15.  2V729. 

V1250. 

16. 

3V32. 

17.  VaP. 

V^. 

18. 

19.  2^54  aK 

20.  V^. 

Solution,  v'i  = 

=  V*_.  5 
=  ^V5. 


28.  V^. 


30.  V(2)2-(f)2. 

-  6)'- 
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X. 


33.  1. 


34 


.  Vg  -  18V5. 


Hint.  Vg  -  isVs  =  Vgd  -  2V5). 

35.  V16  +  SVS.  38.  Vp2  4-  2  pW\0. 

36.  +  w}V2. 


37.  -^250  -  125  %/5. 


39 


Ju-  +  LV3 
•  ^ - 2 - 


40.  Vi. 


Solution. 

41.  V^. 

42. 

43.  Vx^y^. 


Vs  =  V(2y  =  2«  =  2^  =  V2. 

44.  V9  a'". 

45.  ^36  — 

48. 


46.  V462. 

Express  entirely  under  one  radical  sign : 

49.  4\/3. 


36 


Solution. 

4  Vs  =  VI6  •  Vs  =  V48. 

50.  2V5. 

56.  e^Ve^  — 

51.  4^. 

57.  (6  +  2)  > 

I — 1 — 

62.  xVx. 

Jb^  -  4 

53.  3  a\^. 

58  “-26  = 

./  27 

54.  g'^. 

B8-  3  1 

v(a  -  2  5)2 

55 

x+-5y. 

1  32  X 

oy-  2  >/ 

2(x-i-5y)^' 

Express  in  simplest  form,  with  one  radical 

sign : 

60.  VVs. 

V  Vs  =  V^S'^  =  3^  =  >^"3. 


Solution. 


61.  V Va. 

62.  V*. 
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63.  V  Vx^. 

64. 


65. 

66.  V 2V2. 

67.  ^5  Vs  Vi 

68.  -V^  V^. 


70. 


71.  \x«. 


Find  by  the  formula  of  Exercise  29,  page  416,  the 
areas  of  the  triangles  whose  sides  are : 

72.  3,  4,  and  5.  74.  17,  25,  and  28. 

73.  13,  14,  and  15.  75.  92,  117,  and  205. 

190.  Addition  and  subtraction  of  radicals.  Similar  radicals 
are  radicals  of  the  same  order,  with  radicands  which  are 
identical  or  which  can  be  made  so  by  simplification. 

The  sum  or  the  difference  of  similar  radicals  can  be 
expressed  as  one  term,  while  the  sum  or  difference  of 
dissimilar  radicals  can  only  be  indicated. 


EXERCISES 

Simplify  and  collect : 

1.  Vz  +V^. 

Solution.  Vs  +V^  =  V3  +  3V3  =  4V3. 

2.  V|  +  2V8. 

3.  Vis  +V^  -  V12. 

4.  2VT8  -  5V5O  +  3V98. 

5.  3v^  +  I2V45  +  2Vi25. 

6.  tVios  +  4V3  -  lOV^. 
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7.3^2  --^16  +  5-^54. 

8.  2<^ 


9.  3>^54  -  -  v^. 

10.  8^1  _  2V|  +  5^1 

11.  2  av^ —  3  av^  +  9  V o®. 


13  I  a/  “ 


a 


26 

jz; 

\f;  ^7 


14.  ^162  -  \/32  +  \/512  a;  - 

15.  3  cV (a  +  6)^  +  c'v^ (a  +  6)^  H-'^(a  +  6)^. 

16.  (x  —  yY  +  —  2  xy  -\-  y‘^  -\- {x  -{- y)  ^ (x  —  y). 


17.  (x-v)  + V9x^9^ + ^  y' 

M  nr  —0/  nr —o/  ^  X  -{-  y 


x-y 


x-y 


■z+Ari+v^+2-#^2. 


191.  Multiplication  of  real  radicals.  Real  radicals  of  the 
same  order  are  multiplied  as  follows : 

Example  1 

Multiply  sVr  +  2Vx  —  SVrabyS v^. 

Solution.  sVz;  +  2Vx  —  5  Vvx 

•  SVvx _ 

9  vV X  +  6  X —  15  vx 

Real  radicals  of  different  order  are  multiplied  as  follows : 
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Example  2 


Multiply  Vm  by 

Solution.  Vm  =  m^. 


Then  Vm  •  ^ mH"^. 


The  method  of  multiplying  real  radicals  is  stated  in  the 

Rule.  If  necessary,  reduce  the  radicals  to  the  same  order. 

Find  the  products  of  the  coefficients  of  the  radicals  for  the 
coefficient  of  the  radical  part  of  the  result. 

Multiply  together  the  radicands  and  write  the  product  under 
the  common  radical  sign. 

Reduce  the  result  to  its  simplest  form. 

The  preceding  rule  does  not  hold  for  the  multiplication  of 
imaginary  numbers.  This  case  is  discussed  in  Chapter  XXIX. 

EXERCISES 

Perform  the  indicated  multiplications  and  simplify  the 
products : 


1.  V2  •  V8. 

2.  •  VlO. 


5.  (V3  -  3V2)V3. 

6.  -V3)(2V2  +  Wl). 

7.  (Vo  —  5Va&)(2Va  +  3Vo&). 

8.  (4V2  -  5VlO)(4V2  +  5VlO). 

9.  (V3  -V7)(V7  +V3). 

10.  (4V7  -  3Vl0)(4V7  +  3VT0). 

11.  (2V*  —vWxy. 

12.  (4V2x  -  6)2. 

13.  (V2  -Vs  +V5)(V2  +V3  - V5). 
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Square : 

17.  Vs  —  Vx  +  2.  19.  Vx  +  2  —  V2  X  —  5. 

18.  Va  —  2  -f-V2  —  a.  20.  2Vx  +  1  —  SVSx. 

Perform  the  indicated  multiplications : 

21.  (m  +V?^  +  p){^n  +  p  —  m). 

22.  (Vx  +  y  —  Vx)(Vx  +  ^  +Vx). 

23.  (Vs  ^  +  2  2  —  2V2:)(  Vs  ^  +  2  2:  +  2V2:). 


Express  as  radicals  of  the  same  order : 

24.  Vs  and  V2.  26.  VS  and  V8. 

25.  V2  and  V6.  27.  V25  and  V9. 


Multiply  the  following : 

28.  V2,  V2. 

29.  Vx,  Va. 

30.  V^,  V^. 

31.  V^3,  Vx. 

32.  VTO,  V2. 


33.  Vx,  V^. 

34.  Vx^,  V?. 

35.  Vx^,  Vx^. 

36.  Vs  V2 

37.  Va  —  X,  Vx  +  a. 


192.  Division  of  radicals.  Direct  division  of  radicals  co¬ 
efficient  by  coefficient  and  radicand  by  radicand  is  often 
possible. 
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Thus 

and 


I2V2  3V5  =  4V|  =  |Vlo, 
5Vs^  -i-  4:Vt  =  fVs. 


Direct  division  of  radicals  when  the  divisor  is  a  radical 
expression  with  more  than  one  term  is  usually  very  diffi¬ 
cult.  In  such  cases  a  rationalizing  factor  of  the  denomi¬ 
nator  is  used  as  described  in  the  following  section.  We 
then  carry  out  the  operation  of  division  indirectly  by 
resorting  to  multiplication. 

193.  Rationalizing  factor.  One  radical  expression  is  a 
rationalizing  factor  for  another  if  the  product  of  the  two 
is  rational. 

A  rationalizing  factor  for  V5  is  V5,  since  V5  •  a/5  =  5. 
For  ^^2  a  rationalizing  factor  is  ^4,  since  ^2  •  ^4  =  ^8  =  2. 
Similarly,  V5  —  V3  is  a  rationalizing  factor  of  Vs  +  V3,  as 
their  product,  (V5  — V3)(a/5  +V3),  is  equal  to  5  —  3,  or  2. 

In  like  manner  (2V5  +  3  V2)(2a/5  —  3  V2)  =  20  —  18  =2. 

Two  important  radical  expressions  are  Va  -{-Vb  and 
Va  —  Vb.  Two  such  binomials  are  called  conjugate  radi¬ 
cals,  and  either  is  a  rationalizing  factor  for  the  other. 

Rationalizing  factors  are  used  in  division  of  radicals  as 
follows : 


Examples 


1-  Vs  -^VlO  = 


V3V10  _  V30 
VlOVlb  10 


2.  (3V5  -j-  4V7K  4  Vis  = 


(3V5  +  4V7)  •  Vis 
4V15 .  Vis 


15V3  +  4V105 


60 
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3.  {V2  -V'3)-h(V3  +V5)=  ^ 

(V3  +V5)(V3  - V5) 

^  V6  -  3  -  Vio  +Vl5 

3-5 

=  -  -  "^10  +  Vis  -  3). 

Therefore  when  direct  division  of  radicals  is  impossible, 
use  the 

Rule.  Write  the  dividend  over  the  divisor  in  the  form  of  a 
fraction.  Then  multiply  the  numerator  and  denominator  of  the 
fraction  by  a  rationalizing  factor  for  the  denominator  and  sim¬ 
plify  the  resulting  fraction. 

This  rule  applies  in  all  cases,  while  the  rule  for  direct  division 
fails  when  dividing  a  real  radical  by  an  imaginary  number,  as 
will  be  seen  in  section  202. 

EXERCISES 

Find  a  simple  rationalizing  factor  for : 

1.  V2.  4.  4a/3.  7.  V2  —  V5. 

2.  2a/5.  5.  ^4.  8.  V6  —  i. 

3.  Vn.  6.  9. 2V5-  3V7. 

10.  —  V3  X.  12.  V2  —  a  —  SV2  a. 

11.  V2  —  a  —  Vs.  13.  Vx  —  y  -{-Vx  y. 

Perform  the  indicated  division  : 

14.  Vs.  16.  Vl5  V^. 

15.  5v^-7-V3.  17.  Vm^x  -w  V mx^. 

18.  (\/l2  -VS)^V2. 

19.  (4V5  -  10V75)-w(3\/5). 

20.  {Vx‘^y  -\-Vx^)  -^V^. 
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21.  12  6V3.  22.  15  +  3^5. 


23.  VE  -^3. 


Solution. 


V5  Vs  ■  V9  Vl25  ■  81  ^10125 


^3  v^3  •  ^^9  3  3 

24.  Vs  ^  Vi.  28.  VW  ^  V2. 

25.  Vx  -h  VE.  '  29.  Vi  +  Vi. 

26.  Va  30.  V2  -i-{V2  —  3). 

27. V^^V^.  31.  V7  .^(v^ +V8). 

32.  (3V2  +V7)-h(V2  -Vl). 

Change  to  respectively  equivalent  fractions  having 
rational  denominators : 


33. 


V2 


Vs  -Vl 


34. 


VIO 


V2  +V5 


36. 


V2  +V3 

V3  -V2 


36. 


37. 


6V2  +  5V7. 

5V2  -  6V7 

Vx 

Vx  —Vy 


38. 


39. 


Va  b  -j-Vc 
Va  -{-  h  —Vc 
9 

"^3  -V3 


40.  By  the  use  of  the  table  of  square  roots,  calculate  the 
expressions  in  Exercises  36  and  39  in  the  form  given  and 
in  the  required  form  with  rational  denominators. 

Rationalize  the  denominators  of : 

5 


41. 


42. 


V2  +  1 

Perform  the  indicated  division : 

43.  (Vll  +V6)4-(\/IT  -V6). 

44.  {Va  +  X  —Vz)-^{Va  +  X  -\-Vz). 


Vs -2 
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46.  (\^  -V?  +V2). 

46.  Is  there  any  difference  in  meaning  between  the  direc¬ 
tion  before  Ex.  33  and  that  before  Ex.  43  ? 

47.  Does  3  +  a/13  satisfy  x‘^  —  6  x—  A  =  01 

48.  Does  ~  satisfy  3a:^  —  4x  +  2=  0? 

O 

49.  Does  y(l  ±  V22)  satisfy  —  2x— 3=0? 

194.  Square  root  of  surd  expressions.  The  square  of  a 
binomial  is  usually  a  trinomial.  However,  the  result  of 

squaring  a  binomial  of  the  form  Va  is  a  binomial  if 
a  and  h  are  rational  numbers.  Thus 

(\/5  -  V2)2  =  5  -  2Vl0  +2=7-  2ViO. 

In  7  -  2VIb,  7  is  the  sum  of  5  and  2,  and  10  is  the 
product  of  5  and  2.  These  relations  and  the  fact  that 
the  coefficient  of  the  radical  VlO  is  2  enable  us  to  find 
the  square  root  of  many  expressions  of  the  form  a  ±  Vh  by 
writing  in  the  form  of  a;  +  2V^  +  y  and  then  extracting 
the  square  root  of  the  trinomial  square  as  follows. 

Example 

Extract  the  square  roots  of  8  —  V60. 

Solution.  8  — V60  =  8  — 2Vl5. 

We  must  now  find  two  numbers  whose  sum  is  8  and  whose 
product  is  15.  These  are  3  and  5. 

Then  8  -  2vT5  =  5  -  2\/l5  +  3  =(V5  - 

Hence  the  square  roots  of  8  —  V60  are  +  ( —  V3). 
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EXERCISES 

Find  the  positive  square  roots  in  Exercises  1-10. 

1.  7  -  2  Ve.  3.  16  -  6.  21  +  14\/2. 

2. 7-2vl2.  4.  17+2\^.  6.  13+Vm 

7.  22  +V228.  10.  6  +  2V9  -  aK 

8.  14  X  +  Vge  x\  11.  ^9+4V5-v^+\/?. 

9.  2  p  -  2v'p2  _  1.  12.  Vis  +  2x^30  =  ? 

13.  Vx  -\-Vx^  —  4  =  ? 

14.  VfljS  _|.  (j2  ^  3  (j  ^  2  aV3  +  3  a  =  ? 

Note.  In  the  writings  of  one  of  the  later  Hindu  mathematicians 
(about  A.D.  1150)  we  find  a  method  of  extracting  the  square  root  of 
surds  which  is  practically  the  same  as  that  given  in  the  text.  In 
fact,  the  formula  for  the  operation  is  given,  apart  from  the  modern 

symbols,  as  follows :  Va  -\-Vb  =  v  a  +6  2  Vab.  The  study  of  ex¬ 

pressions  of  the  type  V  Vu  +  Vb  had  been  carried  to  a  most  remark¬ 
able  degree  of  accuracy  by  the  Greek,  Euclid.  His  researches  on  this 
subject,  if  original  with  him,  place  him  among  the  keenest  mathe¬ 
maticians  of  all  time,  but  his  work  and  all  of  his  results  are  expressed 
in  geometric  language  which  is  very  far  removed  from  the  algebraic 
symbolism  of  to-day. 

PROBLEMS 

(Obtain  answers  in  simplest  radical  form  and  correct  to 
the  nearest  second  decimal  place,  where  the  results  are 
numeric  and  involve  decimals.) 

1.  The  side  of  an  equilateral  triangle  is  5  inches.  Find 
the  altitude  and  the  area. 

2.  The  altitude  of  an  equilateral  triangle  is  36.  Find 
one  side  and  the  area. 
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3.  The  side  of  an  equilateral  triangle  is  h.  Find  the 
altitude  and  the  area. 

4.  The  area  of  an  equilateral  triangle 
is  A.  What  is  the  altitude  and  one  side  ? 

6.  A  triangle  has  sides  4  inches, 

8  inches,  and  10  inches.  Find  the  area 
of  the  triangle.  Find  the  altitude  on 
the  side  of  8  inches. 

Hint.  Let  the  altitude  on  the  side  8  be  x,  and  the  two  parts  into 
which  the  altitude  divides  side  8  be  ?/  and  8  —  y;  then  set  up  the  equa¬ 
tions  involving  x  and  y,  and  solve. 


6.  Find  the  altitude  on  the  shortest  side  of  the  triangle 
whose  sides  are  9  inches,  5  inches, 
and  12  inches. 

Fact  from  Geometry.  A  regu¬ 
lar  hexagon  may  be  divided  into 
six  equal  equilateral  triangles  by 
lines  from  its  center  to  the 
vertices. 

In  the  adjacent  regular  hexa¬ 
gon,  AB  =  BC  =  CD,  etc.  0  is 
the  center  and  OK  perpendicular  to  AB  is  the  apothem  of 
the  hexagon. 

7.  Find  the  apothem  and  the  area  of  a  regular  hexagon 
(a)  whose  side  is  20,  (6)  whose  side  is  m. 


8.  Find  the  side  and  the  area  of  a  regular  hexagon 
(a)  whose  apothem  is  25,  (6)  whose  apothem  is  a. 

Facts  from  Geometry.  The  volume  of  a  pyramid  or  cone 

is  where  a  is  the  altitude  and  h  is  the  area  of  the  base. 
o 
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The  altitudes  of  an  equilateral  triangle  intersect  at  a 
point  which  divides  each  altitude  into  two  parts  whose 
ratio  is  2  to  1. 

9.  The  sides  of  a  regular  pyramid  with  a  square  base 
are  equilateral  triangles  of  sides  32  feet.  Find  the 
altitude  and  the  volume  of  the  ^ 

pyramid. 

10.  The  side  of  an  equilateral  tri¬ 
angle  is  40  inches.  Find  the  two 
parts  into  which  each  altitude  is 
divided  by  the  other  altitudes. 

What  is  the  area  of  each  of  the  six  ^ b 

tP 

smaller  triangles  thus  formed  ? 

A  regular  tetrahedron  is  a  pyramid  whose  four  faces  are 
equal  equilateral  triangles. 

The  altitude  of  a  regular 
tetrahedron  {DK  in  the  adja¬ 
cent  figure)  meets  the  base  at 
the  point  where  the  altitudes 
of  the  base  intersect. 

11.  ABCD  is  a  regular  tet¬ 
rahedron.  If  each  edge  is  36, 
find  CR,  CKy  and  the  alti¬ 
tude  DK, 

12.  Find  the  altitude  and 
volume  of  a  regular  tetra¬ 
hedron  each  of  whose  edges 
is  25  inches. 

13.  Show  that  the  altitude  and  volume  of  a  regular 
tetrahedron  whose  edge  is  e  are 

|V6  and  A  "^^2  respectively. 

O 
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MISCELLANEOUS  EXERCISES 

Reduce  to  equivalent  fractions  having  rational  denom¬ 
inators  : 


1. 

2\/3 

„  SVl  +  2v'3 

0,  - - 

V2 

3V7  -  2V3 

2. 

3 

y  x\^  —  aV5 

7VE 

+  ciVz 

3. 

4 

- -  '9 

g  d  —  —  4 

V2  ~V5 

d  +Vd^  -  4 

4. 

6 

9  “  +  ^ 

t/*  • 

6^  -  5^ 

5. 

3^  +  7^ 

X  -  xV  +  V 

•  *  Xv* 

2-3^  -  r 


Find  the  positive  square  roots  of  the  following : 

11.  25  +  2V66.  13.  16  +  8\/3. 

12.  49  -  14^6.  14.  25  -  lOVe. 

16.  Show  that 

^  is  a  root  of  3  —  4  x  —  1  =0. 

o 

16.  Show  that 

are  roots  of  16  x^  -  16  x  =  71. 

Simplify,  using  the  table  at  the  end  of  the  book ;  in- 
securing  results  correct  to  two  decimal  places : 


17.  3v/M  -  5 Vs  +V2  -  |V98. 

18.  4V'|  -  2\/|-  +  21  V|  +VlE0. 
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19.  VlO  -7-V2O. 

20.  Vl  ^  5 Vs, 

21.  (8\/6  -V7)^{V7  +V2). 


Simplify : 

22.  vl5  4- 5\/-jig- -I- 3 

23.  y  •  —  10  ^)  —  (x^  —  y^)^. 


24.  p'--  ^  - 


m 


-1 


rj  •  5 


25. 


26. 


m  V'?^ 


n 


27. 


Vm  +Vn  — Vn 

(^®  +  i“®)  (i®  +  i~^)  —  (^®  —  i“®)  (^®  —  f  ~®) 

(i®  +  i~°) 

(m^  —  6  m^'  S  m 

{m^  —  1)^ 


—  1 

^3(a^®-2)-(^®  +  1)2?/ 


28. 


(2/^) 


3\2 


29. 


?/°  +  1 

y^ 

m^®6m^~^  —  •  3  am^®~^ 

(^2®)  3 


m 


3a 


2  z-3(  -  3  z-')  -  (z=  +  2)  ( -  6  z-«) 

(2-4)3 

z-3  +  2 

2-4 


30. 


CHAPTER  XXVII 


QUADRATIC  EQUATIONS 

{In  Part  Review) 


195.  Solution  by  completing  the  square.  The  quadratic 
equation  is  defined  on  page  169.  The  method  of  solving 
a  quadratic  equation  by  completing  the  square  is  explained 
and  illustrated  on  pages  326-328. 

EXERCISES 

Solve  by  completing  the  square  and  check  real  results 
as  directed  by  the  teacher : 


1.  +  6  X  —  7  =  0. 

2.  —  4  X  —  6  =  0. 

3.  x^  —  28  =  3  X. 

4.  x^  —  2  X  =  11. 


5.  2  x^  —  2  X  —  5  =  0. 

6.  6  x2  +  6  +  13  X  =  0. 

7.  6  x2  +  13  X  +  2  =  0. 

8.  3  x^  —  14  X  =  5. 


9.  3  x^  —  10  X  +  5  =  9  X  —  10 


X  —  10  ~  3  x^. 


11.  (2  m  +  1)^  —  (m  —  1)2  =  —  2. 

In  Exercises  12-18  obtain  results  to  the  nearest 
hundredth : 


12.  x2  —  4  X  +  2  =  0. 


Hints.  By  applying  the  rule  we  get 


X  =  2  -\-V2. 

X  =2  —  V2. 


From  the  table 
This  gives  us 


V2  =  1.414. 

X  =  3.41  and  .59. 
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13.  —  2  a:  —  2  =  0.  17.  3  x^-i-2  xV^—2  =  0. 

14.  —  12  p  +  29  =  0.  18  ^  ^  =  §. 

15.  +  8  m  +  10  =  0.  ^  ^ 

16.  2  -  2  -  xV2  =0.  19.  -  5  +  6  =  0. 

Note.  This  is  not  a  quadratic  equation,  but  many  equations  of  this 
form  can  be  solved  by  the  methods  applicable  to  quadratics. 

Solution,  —  5  +  6  =  0. 

—  5  =  —  6. 

x4  _  5  -  2  4  =  1  . 

(X^  -  f)^  =  i. 

r2  —  A - 1-1 

2  —  2  * 

=  2  and  3. 

Whence  x  =  ±  V2  and  ±  V3. 

Check  as  usual. 

Note.  It  should  be  particularly  observed  that  the  equation  of 
Exercise  19  has  four  roots  instead  of  two.  In  general  an  equation 
has  a  number  of  roots  equal  to  its  degree.  Thus  the  equation  in 
Exercise  22  has  six  roots,  although  some  of  them  are  imaginary. 
Consequently  the  student  at  present  cannot  expect  to  find  them  all. 

20.  —  6  +  5  =  0.  23.  X®  —  2  x^  =  15. 

21.  x'^  —  4  x^  —  45  =  0.  24.  2  x^  —  7  x^  +  6  =  0. 

22.  X®  +  x^  —  12  =  0.  25.  x"*  —  6  x^  +  8  =  0. 

26.  —  8  +  12  =0. 

27.  4(x^  —  x)^  —  19(x^  —  x)  =  —  22. 


Solution, 

Let  x‘^  —  X  =  y. 

Substituting  y  for  x^  —  x,  we  get 

4  2/2  -  19  1/  =  -  22. 

2/  =  2  and  ^ 


Solving, 
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Then 

Whence 

Also 

Whence 


—  X  =  2, 

X  =  —  1  and  2. 

^2  _  /y*  _  1  1 

X  =  ^  'jz  ^S, 


In  Exercises  28-30  do  not  expand  but  solve  as  in 
Exercise  27 : 

28.  (x  +  2)2  4-  3(x  +  2)  -  4  =0. 

29.  (^2  _  3^)2  _  13(^2  _  3  2^)  =  _  30. 

30.  2(m2  —  2m)2—  13(m2  —  2  m)  +  15  =  0. 

31.  ax2  hx  +  c  =  0. 

Solution.  ax2  bx  c  =  0. 

o  i  b  c 

X^  -  X  =  —  - 

+  +(^)'  =  -  ^  =  b^-^ac 

a  \2  aJ  4  a2  a  4  a2 

,  b  +  _  4 


_  _  6  4_  V62  —  4  ac 

2  o  “  2  a 

_  —■b+\^b^—4:ac 
2  a 

32.  2  x2  +  ax  —  6  a  =  0. 

33.  cz^  —  cz  =  S  —  S  z. 

34.  c^^;2  +  3  aii;  =  c  —  3  a. 

35.  abx'^  +  —  &^)  =  ab. 

36.  2  x^  +  ^2x2  =  6  a^. 

37.  6  m2  4*  bmx  —  2  bV  =  0. 

38.  (3  pa:  +  4  m)2  =  (2  pa:  —  m)2. 
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39.  2  6  =  axVh  +  aV. 

40.  (2  X  +  +  2  X  +  c  =2. 


41. 

y  -  S 


a  —  3 


43  +  2  n  +  4  ^  ^ 

*  x^  +  2  X  +  4  x2* 


44  +  3  = 

■  a2  +  3  a 


196.  Solution  by  formula.  In  Exercise  31,  above,  the 
general  quadratic  ax^  +  6x  +  c  =  0  has  been  solved  and 
the  roots  found  to  be 


—  b  +  —  4  gc 

2  a 


(F) 


X  = 


The  expression  (F)  is  a  general  result  and  may  be  used 
as  a  formula  to  solve  any  quadratic  equation  which  is  in  the 
standard  form  ax^  +  6x  +  c  =0,  where  a,  6,  and  c  may 
represent  numbers,  single  letters,  binomials,  or  any  other 
form  of  algebraic  expression  not  involving  x. 

If  the  numbers  a,  b,  and  c  are  such  that  the  expression  — 
4  ac  is  negative,  the  formula  contains  the  square  root  of  a 
negative  number,  which  is  a  kind  of  number  not  yet  fully 
considered  in  this  text.  In  the  exercises  that  follow  it  will  be 
assumed  that  only  such  numeric  values  of  the  literal  coeffi¬ 
cients  are  involved  as  will  not  make  the  radicand  b^  —  4  ac 
negative.  A  discussion  of  the  case  here  ruled  out  will  be  found 
in  Chapter  XXIX. 


EXERCISES 


Solve  for  x  by  formula  and  check  results  as  directed  by 
the  teacher : 

1.  2  x^  -f  5  X  =  1. 

Solution,  Writing  in  standard  form. 


2x2  +  5x  —  1  =0. 
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Comparing  with  ax"^  hx  c  =  0,  we  see  that  2  corre¬ 
sponds  to  a,  5  to  6,  and  —  1  to  c.  Substituting  these  values 
in  the  formula  (F)  gives 

-  5  +  V25  -  4  •  2  •  (-  1) 

__  4 

-  5  ± 

. .  • 

4 

Check  as  usual. 


Solve  by  formula : 

2.  —  2  x  —  15  =  0. 

3.  +  a:  —  1  =  0. 

4.  +  7  x  +  1  =0. 

5.  X  =  —  1, 

6.  x^  —  5  X  —  5  =  0. 


7.  4  —  8  a;  —  1  =0. 

8.  3  x^  -|-  6  X  -}-  2  =  0. 

9.  2  —  4  X  +  1  =0. 

10.  9  x^  —  42  X  +  38  =  0. 

11.  2  kV  —  kx  —  6  =  0. 


Solution,  2  k^x^  —  kx  —  6  =  0. 

Here  a  =  2  k'^j  h  =  —  k,  and  c  =  —  6. 

Substituting  these  values  in  formula  (F), 

k)±V{-  ky  -  4  .  2  A:2(-  6) 

^  2  •  2  A:2 

_k  ±  VA:2  +  48  k^  _  k  ±  1  k  _  2  3 

4  A:2  4  A:2  k^^  2  k 


Check  as  usual. 

12.  x^  —  3  6x  —  4  6^  =  0. 

13.  6  x^  +  7  px  —  18  =  0. 

14.  6  pV  —  7  px  +  2  =  0. 
16.  q{x‘^  +  p2)  =  pq{q^  +  1). 

16.  *  +  2Va  =  — • 


X 
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17.  16  +  rx  =  s. 

18.  2x^  ac  =  (2  c  +  (i)x. 

19.  x'^  px  +  2  —  px^  +  3  a:  =  0. 

Solution.  (1  —  p)x'^  +(p  -  3)x  +  2  =  0. 

Here  a  =  l—  p,  h=p  —  S,  and  c  =  2. 

Hence  x  =  ^  "  P  ±  "  3)\.- 8(1  p_) 

2(1  -  p) 

=  3  —  p±Vp^  +  2j?4-l 

2(1  -  p) 

X  =  3  -  p  +  (p  +  1) 

2  -  2p 

=  — - —  and  1. 

1-2? 

Check  as  usual. 

20.  +  X  —  a  =2  ax. 

21.  a:^  +  a:  —  2  +  k{x‘^  +  2  a:)  =  0. 

22.  aV  —  2  ax  +  1  =  ax^  —  x. 

23.  hV  +  2  =x^  +  36x+^- 

24.  x^  —  6  X  +  3  xi/  —  12  ^  +  8  =0. 

25.  2  x^  +  X  +  2  xy  +  S  y  =3. 

26.  x^  —  3  X  —  2/2  —  3  1/  =  0. 

27.  x2  —  5  X2/  —  X  +  6  2/^  —  2  —  2/  =  0. 

197.  Comparison  of  the  various  methods.  Three  methods 
have  been  given  for  the  solution  of  the  quadratic  equation : 

(а)  Solution  by  factoring  (p.  169). 

(б)  Solution  by  completing  the  square  (p.  326) . 

(c)  Solution  by  formula  (p.  441). 
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In  practice,  the  first  and  the  last  of  these  methods  are 
most  convenient.  A  graphical  method  for  the  solution  of 
a  quadratic  equation  is  presented  on  pages  469-477. 

When  an  equation  with  integral  coefficients  can  be 
solved  by  factoring,  as  explained  in  Chapter  XV,  the  roots 
are  always  rational  numbers. 

For  example,  lOx^  —  llx  —  6=0  factors  into  (2  x  —  3) 
(5  X  +  2)  =  0.  Hence  the  roots  are  x  =  f  and  —  f. 

An  inspection  of  the  formula 

^  —  6  ±  Vb^  —  4  ac 

‘  2^ 

shows  that,  if  a,  h,  and  c  are  integers,  one  always  obtains 
roots  involving  radicals  unless  the  expression  under  the 
radical  sign,  6^  —  4  ac,  is  a  perfect  square.  In  this  case, 
however,  the  values  of  the  roots  are  rational  numbers. 

For  example,  in  the  equation  lOx^  —  llx  —  6=0  the 
value  of  the  expression  6^  —  4  ac  is  ( —  11)^  —  4  •  ip(  —  6)  =  361, 
which  is  a  perfect  square.  Hence  the  roots  of  10  x^  —  11  x  —  6 
=  0  are  rational  numbers,  since  the  radical  term  in  the  roots 
can  be  expressed  as  a  rational  number. 

Hence  to  determine  whether  a  quadratic  equation  of 
the  form  ax^  +  6x  +  c  =  0  has  rational  roots,  we  have  the 

Rule.  Compute  the  value  o/  —  4  ac  for  the  equation. 

If  the  result  is  the  square  of  an  integer,  the  left  member  of  the 
equation  can  he  factored  and  the  roots  are  rational, 

ORAL  EXERCISES 

Determine  which  of  the  following  have  rational  roots : 

1.  +  3  X  +  2  =  0.  3.  x^  —  4  X  —  4  =  0. 

2.  x^  —  4  X  +  10  =  0.  4.  2  x^  +  5  X  +  2  =  0. 
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6.  2  +  5  X  +  3  =  0. 

6.  —  2  X  —  1  =0. 

7.  4  -  X  -  3  =  0. 

8.  2  x2  -  X  +  1  =  0.  ■ 


9.  2  x^  —  6  X  —  9  =  0. 

10.  3  x2  -  5  X  -  12  =  0. 

11.  9x2  -  9x  -  3  =0. 

12.  10  x2  +  6  X  +  1  =  0. 


REVIEW  EXERCISES 


Solve  the  following  by  the  method  best  adapted  to  each : 

1.  x2  —  8  X  +  12  =  0.  4.  4  x^  =  X. 

2.  3  x2  —  2  X  —  5  =  0.  5.  X  +  2  =  6  x2. 

3.  5  x2  +  7  X  +  1  =  0.  6.  x^  —  2  x2  —  X  +  2  =  0. 

7.  x2  —  X  —  1  =0. 

8.  x2  —  5.5  X  +  7.36  =  0. 


9.  3(x  -  3)2  -  ll(x  -  3)  -  4  =  0. 


10.  (x2  -  1)2  -  4(x2  -  1)  -  5  =  0. 

11.  .09  x2  —  .21  X  +  .1  =  0. 

12.  x2  —  X  +  .24  =  0. 

13.  3  x2  —  12.3  X  +  7.8  =  0. 

X  —  1  ^  X  —  1  3  X— 2  _  2  x+l 

X  6  *  X  — 1  x+l 


-g  X  —  7  _  x  +  5 
2x  -  10  “  3  X  +  21* 

X  _  3.4 
2x  -  .3  “ 

18.  x2  —  8  ax  +  16  a2  —  9  62  =  0. 

19.  2  x2  +  6  X  —  4  a2  =  x2  —  9. 

20.  10  x2  +  11  X  +  .028  =  0. 

x2  -  2.8  3.1 
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{x  -  2Y  -(x  +  1)^  ^  2x  -  31 

X  2 

o(»3  _  C 

23.  - - -  =  3  -  2  X. 

X 


24.  5(2  X  +  l)(x  -  5)  =  (4x  -  3)(5x  +  29). 

25.  2(3  -  4  x)(2  X  +  1)  =  (6  X  -  1)(2  X  -  11). 


26. 


X‘ 


3x  —  5  3m  —  5 


x^ 


27.  ^  = 


x^  +  X  +  1 
+  c  +  1 


x2  ax  -\-h 


28.  ^  = 


m^  am  +  6 


29.  (3x  +  4)2  -(2x  +  3)2  =  0. 

30.  39  ahx  =  10  a2  +  14  hV, 

31.  9  x2  —  2  A:2  +  2  A:m  +  3  /[;x  +  3  mx  =  0. 

32.  59  x2  =  15  x^  +  52. 

33.  7.3  x2  —  11.1  X  —  6.3  =  0. 


34.  .51  x2  +  .73  X  +  .16  =  0. 


35.  4  + 


a 


_  a  +  2  X 


a  —  2  X  a 

36.  (4  X  -{-  7)  (x  -f"  2)  —  (x  -j-  3)  (2  X  "j-  5) 

37.  a2x2  +  1  =  hV  +  2  ax, 

OQ  .3  X  -  2  ,  .5  X  +  5  Qi 
Airri  + 

39.  x2  —  3  a  =  ax  —  3  X. 


=  0. 


40. 


X 


2\/5 


41. 


V3 

a 


X 


+  3. 


+ 


2c 


x+a  x+6  x+c 


=  0. 


\ 
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42  ^  I  h  -\~x  ^  5 

‘  b  -j-  X  a  -f-  X  2 


M  M  ^  I  vt/  u/  r  ti/ 

ax  -j-  2  2  -j-  X 

ax  -j-  b  _  mx  —  n 


2x  +  a  a  +  X 


ax^  bx  c  _ 

’  bx^  +  mx  n  n 


bx  a  nx  —  m 


PROBLEMS 


1.  Separate  56  into  two  parts  such  that  one  part  shall 
be  the  square  of  the  other. 

2.  Separate  45  into  two  parts  such  that  one  part  shall 
be  twice  the  square  of  the  other. 

3.  Find  two  consecutive  even  numbers  whose  product 


is  168. 


4.  Find  two  integers  whose  difference  is  4  and  whose 
product  is  117. 

6.  The  product  of  two  consecutive  numbers  is  one 
greater  than  the  sum  of  the  integers  next  smaller  and 
next  greater  than  these  numbers.  Find  the  two  numbers. 

6.  One  side  of  a  rectangle  is  6  feet  longer  than  the 
other.  The  area  of  the  rectangle  is  91  square  feet.  Find 
the  sides. 

7.  The  altitude  of  a  triangle  is  4  feet  more  than  its  base. 
The  area  is  16  square  feet.  Find  the  altitude  and  the 
base. 

8.  One  base  of  a  trapezoid  is  twice  as  long  as  the  alti¬ 
tude,  while  the  other  base  is  17  feet  longer  than  the 
altitude.  The  area  of  the  trapezoid  is  45  square  feet. 
Find  the  lengths  of  the  bases. 


b 
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9.  A  polygon  of  n  sides  always  has  ^n(n  —  3)  diagonals. 
How  many  sides  has  a  polygon  with  135  diagonals  ? 


10.  The  side  of  one  square  is  8  inches  greater  than  that 
of  a  second  square.  The  sum  of  the  areas  of  the  two 
squares  is  424  square  inches.  Find  the  side  of  each  square. 


11.  The  radius  of  one  circle  is  2  inches  greater  than  the 
radius  of  a  second  circle.  The  sum  of  their  areas  is  106-f- 
square  inches.  Find  the  radius  of  each  circle. 


12.  A  2^  inch  square  is  cut  from  each  corner  of  a  square 
piece  of  tin.  The  sides  are  then 

turned  up  to  form  an  open  box 
of  volume  80  cubic  inches.  What 
is  the  side  of  the  original  square  ? 

13.  A  tinsmith  wishes  to  make 
a  tin  box  4  inches  deep  which 
will  hold  180  cubic  inches,  by 
cutting  squares  from  the  corners 
of  a  square  of  tin  and  folding  up 
the  sides.  How  large  a  square 
of  tin  will  he  require  ? 


< —  2 1  ^ 

T 

1 

14.  What  positive  value  of  x  will  make  the  product  of 
a:  —  3  and  x  +  3  greater  by  10  than  their  difference  ? 

15.  What  values  of  x  will  make  the  product  of  3  a:  —  2 
and  X  +  3  equal  to  7  x  +  2  ? 


16.  The  length  of  a  room  is  4  feet  greater  than  its  width. 
A  rug  placed  in  the  middle  of  the  room  leaves  a  margin  2 
feet  wide  on  each  side.  If  the  entire  margin  is  just  equal 
to  the  area  of  the  rug,  find  the  dimensions  of  the  room. 


17.  A  lawn  is  36  by  24  yards.  How  wide  a  strip  must 
be  cut  around  it  with  a  lawn  mower  in  order  to  leave  just 
of  it  uncut? 
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18.  A  farmer  has  fencing  enough  to  go  around  a  lot  whose 
length  is  3  rods  more  than  twice  its  width.  If  he  uses  the 
same  amount  of  fencing  to  inclose  a  square  lot,  the  area 
inclosed  will  be  increased  by  36  square  rods.  How  many 
rods  of  fencing  has  he  ? 

19.  The  side  of  a  cabin  is  six  feet  high,  and  is  to  be  built 
of  boards  of  uniform  width.  If  the  boards  had  each  been 
one  inch  wider  it  would  have  required  one  less  board  to 
cover  the  side  of  the  cabin.  How  wide  were  the  boards? 

20.  If  AB  in  the  accompanying  figure  is  a  tangent  to 
the  circle,  and  BD  is  any  se¬ 
cant,  then  {ABY  =  BC  •  BD.  If 
AB  =  6  and  CD  =  9,  find  BC. 

21.  The  distance  from  the  ho¬ 
rizon  to  the  top  of  a  cliff  is  20 
miles.  How  high  is  the  cliff? 

(Earth^s  radius  =  4000  miles.) 

22.  The  sum  of  $2000  is  in¬ 
vested,  and  at  the  erid  of  the 
first  year  the  year’s  interest  plus  $900  is  added  to  the 
investment.  At  the  end  of  the  second  year  the  invest¬ 
ment  amounts  to  $3100.  What  is  the  rate  of  interest? 

23.  The  distance  in  feet,  s,  through  which  a  body  falls 
from  rest  in  t  seconds,  neglecting  air  resistance,  is  s  =  16 

A  bomb  is  dropped  from  an  aeroplane  and  strikes  the 
ground  12  seconds  later.  How  high  is  the  plane  ? 

24.  If  a  projectile  is  thrown  vertically  into  the  air  with  a 
velocity  of  200  feet  per  second,  its  distance  above  the 
ground  after  t  seconds  is  s  =  200  t  —  IQ  feet,  neglecting 
air-resistance.  After  how  many  seconds  will  it  be  600  feet 
above  the  ground  ?  After  how  many  seconds  will  the  pro¬ 
jectile  return  to  the  ground  ?  Explain  the  zero  root. 


CHAPTER  XXVIII 


IRRATIONAL  EQUATIONS 

198.  Definitions  and  discussion.  An  irrational  equation  in 
one  unknown  is  an  equation  in  which  the  unknown  occurs 
under  a  radical,  or  is  affected  by  a  fractional  exponent. 

Thus  Va;  —  2  x  +  1  =0,  and  x^  —  +  1  =  0,  and  y  — 

(2  2/)^  —  4  =  0  are  irrational  equations. 

One  difficulty  involved  in  the  solution  of  such  equa¬ 
tions  arises  from  the  fact  that  sometimes  results  are 
obtained  which  do  not  satisfy  the  given  equation  and 
hence  are  not  roots  of  that  equation.  A  result  of  this 
kind  is'  called  extraneous. 


Example 


(a)  Solve  Vx  —  3  —5  =  0. 
Solution,  Transposing, 

Vx  —  S  =  5. 
Squaring,  x  —  2  =  26, 

Solving,  X  =  28. 

Check,  V28  —  3  —  5=0. 

-5=0. 

5-5=0, 


(6)  Solve  — Vx  —  3  —  5  =  0. 

(1)  -VF^  =  5.  (1) 

(2)  X  -  3  =  25.  (2) 

X  =  28. 

-V28  -  3  -5=0. 
-V26  -5=0. 
-5-5=0, 
which  is  not  true. 


which  is  true 
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It  appears  from  a  study  of  these  solutions  that  state¬ 
ments  (1)  differ  only  in  the  signs  preceding  their  left 
members.  Consequently  this  distinction  disappears  after 
squaring,  and  equations  (2)  are  identical.  Since  the  re¬ 
mainder  of  the  work  in  both  (a)  and  (b)  consists  in  the 
solution  of  (2),  the  result  obtained  is  really  the  root  of 
this  equation.  Whether  the  root  obtained  satisfies  both 
(a)  and  (b),  or  only  one  of  them,  can  be  determined  only 
by  substitution.  In  this  case  it  appears  that  (a)  is  an 
equation  and  that  (b)  is  not,  but  is  merely  a  false  statement 
in  the  form  of  an  equation. 

In  any  case,  all  of  the  roots  of  the  original  equation  are 
sure  to  be  among  the  results  found,  provided  no  factor 
containing  the  unknown  has  been  divided  out.  But  no 
result  should  be  called  a  root  unless  it  satisfies  the  original 
equation.  This  means  that  all  results  must  be  checked. 

In  irrational  equations,  as  in  all  the  work  up  to  the 
present,  it  is  understood  that  unless  a  radical  or  an  ex¬ 
pression  affected  by  a  fractional  exponent  is  preceded  by 
the  double  sign  +  it  has  only  the  one  value,  just  like  any 
other  number  symbol. 

Thus  V 81  means  +  9,  and  not  —  9. 

Also  9^  means  +  3,  while  —  9^  means  —  V9,  or  —  3. 
and  xi  means  +Vx  and  not  —  Vx. 

If  this  fact  is  kept  in  mind,  it  is  clear  from  an  inspection 
of  (b),  above,  that  it  could  have  no  root,  since  the  sum  of 
two  negative  numbers  could  not  possibly  be  zero. 

The  method  of  solving  equations  in  which  an  unknown 
occurs  under  a  radical  is  stated  in  the 

Rule.  Transpose  the  terms  so  that  one  radical  expression 
{the  least  simple  one  if  there  are  two  or  more)  is  the  only 
term  in  one  member  of  the  equation. 
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Next  raise  both  members  of  the  resulting  equation  to  the 
same  power  as  the  index  of  this  radical. 

Combine  like  terms  in  each  member,  and,  if  radical  ex¬ 
pressions  still  remain,  repeat  the  two  preceding  operations 
until  an  equation  is  obtained  which  is  free  from  radicals; 
then  solve  this  equation. 

Check.  Substitute  in  the  original  equation  the  values  found 
and  reduce  the  resulting  numeric  equation  to  its  simplest 
form  by  extracting  roots,  but  not  by  raising  both  members  of 
the  equation  to  any  power. 

Finally,  reject  all  extraneous  roots. 

EXERCISES 

Solve  the  following  for  real  roots  and  check  results, 
rejecting  all  extraneous  roots : 


1.  Vx  +  2  =  3. 


4.  3V2x  +  3  -2=7. 


2.  V5  X  +  11  =  6. 


6.  ^4  X  +  4  =  2. 


3.  V^3  X  +  7  =  10. 


6.  2^3  X  +  1+5  =  7. 


7.  X  +  X  +  8  +2=0. 


Solution. 


Vx  +  8  =  —  (x  +  2). 

X  +  8  =  x^  +  4  X  +  4. 
x^  +  3x  —  4  =  0; 

X  =  —  4,  or  1. 


Check. 

Substituting  —  4  for  x, 


_  4  ++4  +  2  =  -2+2=0, 


which  is  true. 

Substituting  1  for  x, 


1  +  +9  +  2  =  0 

6=0, 


which  is  not  true. 

Hence  1  is  extraneous. 
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8.  a:— VS— 2  =  0.  10.  2(x— 4)2  =  (2  x+3)^. 

9.  Vx  —  3  =  V4  X  —  5.  11.  X  Vg  =  Vx  +  2. 

12.  V2(x  +  1)^  =  V3(5x  +  2)^. 

13.  Vx^  +  4  X  —  5  =  V2  —  2x. 

14.  X  =  11  —  3  Vx  +  7.  15.  5— V2x  +  5=V2x. 

16.  Vx  +  1  =  Vx^  +  3  X  +  2. 

17.  Vx  +  1  =  Vx  +  1. 

18.  (3x  -  4)^  +(4x  +  3)2  =  0. 

19.  Vx  —  2  =  Vx^  —  6  X  +  1* 

20.  V2  X  +  5  =  1  —  Vx  +  2. 

Solution,  V2xH-5  =  1  —  Vx  +  2. 

Squaring;  2x  +  5  =  1  — 2Vx  +  2+  x  +  2. 
Transposing  and  collecting, 

X  -j-  2  =  —  2  Vx  -f"  2. 

Squaring, 

x^+4x+4  =  4x+8, 
or  X  =  +  2. 

Check,  Substituting  +  2  for  x  in  the  original  equation, 
V9  =  1  -  V4  or  3  =  -  1, 

which  is  not  true. 

Substituting  —  2  for  x, 

Vl  =1  —  Vo,  or  1  =1. 

Hence  —  2  is  the  only  root. 

21.  Vx  —  2  =  Vx  +2. 

22.  V2  X  -f-  3  “1“3  =3Vx  +  l. 
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23. 

Vx  —  1  -i-Vx  =V2x 

-  1. 

24. 

Va^  —  1+V3x  +  1  — 

2  = 

0. 

25. 

V3(x  +  2)  +  Vx  +  4  = 

:  V7 

X  +  1. 

26. 

X  -  4  - 

27. 

X  +  3  +  a/x  =  v^. 

• 

28. 

1  +  Vx  +  2  =Vx. 

29. 

Vx  +  2  — V3a:  +  4  = 

V2, 

X  +  2. 

30. 

—  10  +  9  =  0. 

Note.  The  equation  here  given  is  not  a  quadratic  equation,  but 
it  is  of  the  general  type  +  bx^  +  c  =  0.  Here  x  occurs  in  but 
two  terms,  and  its  exponent  in  one  term  is  twice  that  in  the  other 
term.  Many  equations  in  this  form  can  be  solved  by  completing  the 
square  (compare  Exercise  19,  p.  439). 


Solution. 


Hence 

Thus 


or 


-  10  +  9  =  0. 

{x^  —  9){x^  —  1)  =  0. 


x^  =  9  and  1. 

=  ±  3  and  x  =  ±  27 
=  ±  1  and  x  =  ±  1. 


/ 


Check.  Substituting  ±  27  for  x  in  the  original  equation, 

(±  27)^  -  10(±  27)^  +  9=0, 
or  81  -  10-9  +9=0. 

Substituting  +  1  for  a:  in  the  original  equation, 

(+  1)^  -  10(±  1)^  +  9=0 
or  1  -  10  +  9  =  0. 
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31.  -  7  -  8  =  0. 

32.  x^  +  4  x^  -  5  =  0. 

33.  X  =  x^  +  2. 

34.  x“2  +  5  x“^  +  6=0. 

36.  §  -  10  =  X-i. 

X 

36.  6  x^  +  7  x^  +  1  =0. 


37.  8  x^  —  7  x^  —  1  =  0. 

38.  8  x^  +  7  x^  —  1  =  0. 

39.  x^  +  x^  -  2  =  0. 

40.  >^x  =  Vx  —  2. 

41.  Vs  —  2  X  =  X  +  30. 

42.  6  *2  _  =  3. 

x2 


43.  3  X  —  11  x^  —  20  =  0. 


44.  V2  X  —  1  +Vx  +  4  =  6. 

45.  V3x  +  1  -V2x  -  1  =  1. 

46.  V3  X  —  2  +  V2  X  +  5  =  5. 

47.  V3x  +  4  — V2x  — 4  =  2. 

48.  ...3^^  +  4  ^ 

VWx  — Vg 

An  —3*5  —  Vx  ri 

49.  - 7= -  —  - : -  =  0. 


60. 


51. 


Vx 

Vx  —  1 


V2 


Vx  +  1  Vs 
2  —  Vx  3  Vx  —  2 


a/^ 


V2 


62.  ^L-_5.  =  3xi. 

2  -  2  x^  ^ 

53  2a^  ^  (2  X  +  4  a)^ 

(2  X  -  a)^  3 

(X  -  4)^  ^  (2  X  +  3)^  ^  2. 

(2  X  +  3)^  (x  -  4)^ 


CHAPTER  XXIX 

IMAGINARIES 

199.  Introduction.  As  we  have  progressed  in  the  study  of 
algebra,  nearly  every  forward  step  has  involved  the  use 
of  a  more  complicated  and  refined  type  of  number.  In 
arithmetic  the  positive  integer  and  the  positive  fraction 
were  sufficient  for  all  requirements.  In  the  beginning  of 
algebra  the  negative  integer  and  fraction  were  introduced. 
The  solution  of  quadratic  equations  such  as,  —  2  =  0, 
forced  upon  us  the  irrational  number,  and  led  to  the  study 
of  methods  of  operating  with  radicals,  and  to  the  solution 
of  radical  equations.  Each  new  kind  of  number  has  pre¬ 
sented  itself  as  the  root  of  an  equation  that  we  were  sup¬ 
posed  to  solve,  and  with  the  introduction  of  each  new 
number  the  power  and  generality  of  our  algebraic  method 
was  increased. 

Up  to  the  present  the  square  root  of  a  negative  number 
has  been  avoided,  or  dismissed  with  the  remark  that  it  is  an 
imaginary.  It  is  true  that  we  cannot  imagine  any  length 
that  the  number  V —2  could  measure.  The  positive 
numbers  are  all  that  we  need  for  measurement.  Similarly 
the  person  with  very  simple  mathematical  needs  might 
remark,  that  since  positive  integers  are  adequate  for 
counting,  the  fractions  and  irrational  numbers  are  un¬ 
necessary. 

Just  as  we  have  defined  and  used  the  operations  of 
addition,  subtraction,  multiplication,  and  division  with 
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negative  numbers  (Chapter  III)  and  with  irrational  num¬ 
bers  (Chapter  XXI),  so  now  we  will  define  the  meaning  of 
these  operations  on  the  so-called  imaginaries.  The  intro¬ 
duction  of  these  numbers  enables  us  to  solve  completely 
the  quadratic  equation  for  all  cases.  They  are  frequently 
used  in  many  branches  of  applied  mathematics,  especially 
in  the  theory  of  electricity. 

The  equation  +  1  =  0,  or  =  —  1,  states  that  x  is  a 
number  whose  square  is  —  1.  By  defining  a  new  number, 
V—  1,  as  one  whose  square  is  —  1,  we  obtain  one  root  for 
the  equation  x^  +  1  =0. 

Similarly,  V—  5  is  a  number  whose  square  is  —  5.  And, 
in  general,  V  —  n  is  a  number  whose  square  is  —  n.  Ob¬ 
viously,  V—  5  means  something  very  different  from  a/5, 
and  V  —  n  from  a/ n. 

The  positive  numbers  are  all  multiples  of  the  unit  +  1, 
and  the  negative  numbers  are  all  multiples  of  the  unit  —  1. 
Similarly,  pure  imaginary  numbers  are  real  multiples  of 
the  imaginary  unit  a/—  1,  as  2a/—  1,  —  5a/—  1,  and 
bV~^. 

Furthermore,  V  —  4  =  a/4  •  (—  1)  =  2V  —  1 ;  V  — 

=  A/a2(—  1)  =  aV  —  1 ;  and  V—  5  =  a/5  -a/—  1. 

The  imaginary  unit  a/  —  1  is  often  denoted  by  the  letter 
i ;  that  is,  3  \/  —  1  =  3 

If  a  real  number  be  united  to  a  pure  imaginary  by  a 
plus  sign  or  a  minus  sign,  the  expression  thus  obtained  is 
called  a  complex  number. 

Thus  —  2  +  a/  —  1  and  3  —  2  a/  —  4  are  complex  numbers. 
The  general  form  of  a  complex  number  is  a  +  in  which  a 
and  h  may  be  any  real  numbers. 

Note.  Up  to  the  time  of  Gauss  (1777-1855)  complex  numbers 
were  not  clearly  understood  and  were  usually  thought  of  as  absurd. 
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The  situation  reminds  one  of  the  time  when  negative  numbers  were 
similarly  regarded,  and  the  veil  was  removed  from  both  in  about  the 
same  way.  It  was  found  that  negative  numbers  really  had  a  sig¬ 
nificance  —  that  they  could  be  used  in  problems  that  involve  debt, 
opposite  directions,  and  many  other  everyday  relations.  The  inter¬ 
pretation  of  imaginary  numbers  is  not  quite  so  obvious,  and  is  not 
considered  in  this  text.  But  as  soon  as  it  was  seen  that  an  interpre¬ 
tation  was  possible  the  ice  was  broken,  and  it  needed  only  the  insight 
and  authority  of  a  man  like  Gauss  to  give  complex  numbers  their 
proper  place  in  mathematics. 

ORAL  EXERCISES 

Express  as  multiples  of  V  —  1  or  ^ : 

i 

1.  V—  9.  3.  V—  5.  2\/—  5. 

2.  V—  36.  4.  SV—  2.  6.  5V—  6. 

7.  V6  •  V—  6.  10.  xV  —  y. 

8.  Vs  •  V—  2.  11.  V—  —  4  a  —  4. 

9.  V?  •  V—  28.  12.  V  —  —  12  x  —  36. 

200.  Addition  and  subtraction  of  imaginaries.  The  funda¬ 
mental  operations  of  addition  and  subtraction  are  per¬ 
formed  with  imaginary  and  complex  numbers  as  they  are 
performed  with  rational  numbers  and  ordinary  radicals  of 
similar  form. 

Thus  3V^  +  2  V^  =  5V^, 

and  7V  —  1  — V  —  16=7V  —  1— 4V  —  1  —  sV — 1, 
and  3(  -  1)^  +  5(  -  1)^  -  4  V^  =  4  L 

Also  (2  +  3V31)-^_(5  _  2V^)=  7  H-V^. 

Similarly  (x  +  yi)  -\-{m  ni)  =  m  x  -\- {n  y)L 
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EXERCISES 

Simplify  and  express  results  as  multiples  of  i : 

1.  +  3V^.  4. 

2.  3V^+V^.  5.  V^+V^. 

3.  V-  16  -  6.  (-  27)i  +  (-  18)*. 

7. 

8.  2V  —  36  —  SV  —  49  a^. 

9.  3  +  2V^  +  5  -  6V^. 

10.  SV  —  +  2x  —  5V  —  x\ 

11.  (2  m  +  3  m)  +  (m  —  2  m). 

12.  16  -  +  5  - 

13.  7  -  4V-  16  a2  -  5V  -  36  +  2V-  4^2  +  6. 

14.  30  -  2(-  1)^  +  7(-  16)^  +  5. 

15.  3^^  +  2V^  -  +  4v^^=T8. 

16.  (9  -  W^5)  +  {S  +  2V^), 

17.  \/-  16  a6  +  3  +  2\/'^12  +  5V^=^. 

18.  (2a  +  3  6^)-(5a  -  6  60. 

201.  Multiplication  of  imaginaries.  By  the  definition  of  the 
square  root  of  a  number,  the  square  of  ( —  n)^  is  —  n. 

Therefore  ( )  ^  =  —  1 , 

(V^)3  =  (V'^)2\/^  =-V^^, 

and  (V^)4  =  (V'^)2(\/^)2  =  (-l)(-l)=l. 

To  multiply  V—  3  by  V  —  5,  we  first  write 

V— 3  =  V3-V— 1 


and 


V-  5  =  V5  •  V-  1. 
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Then  =  (VS  •  \/^)(%/5  • 

=  Vl5^V^  .  V-T  =  Vl5{- 1) 

Similarly  =  -  VlS. 

(4V^)(- VSV^)  =  (4V2  ■^^){-V3VtV^) 

=  -  4V42(-  1)  =  +  4V42. 

In  general,  if  V  —  a  and  are  two  imaginaries 

whose  product  is  desired,  they  should  first  be  written  in 
the  form  V a  •  V—  1  and  Vb  •  V—  1  or  Va  i  and  Vb  i 
and  the  multiplication  should  not  be  performed  until  this 
has  been  done.  This  method  will  prevent  many  errors. 

In  this  connection  it  must  be  clearly  understood  that  one  rule 
followed  in  the  multiplication  of  real  radicals  (see  page  313) 
does  not  apply  to  imaginary  numbers. 

In  the  case  of  ordinary  radicals  we  have 

.  \/3  =  =  V6. 

But  the  product  of  two  imaginaries  like  V  —  2  •  V  —  3  does 
not  equal  V(—  2)(—  3),  for  this  equals  V6.  We  have  seen 
above  that  =  V2  •  V3(V-  1)2  =  -Ve. 

In  multiplying  two  complex  numbers,  write  each  ex¬ 
pression  in  the  form  a  ±  bi  and  proceed  as  in  the  following 

Example 

Multiply  3  -f-  V—  2  by  5  —  V  —  5. 

Solution.  3  =  3  +V2V^ 

and  5  —  V  —  5  =  5  —  V5V  —  l. 

Multiplying  (1)  by  (2), 

15  +  5V2V^  -  3V5V^^  -  Vib( 

Rewriting 

15  +V10  4-(5V2  -  3^5)^^. 


(1) 

(2) 


-  1). 
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EXERCISES 

Perform  the  following  indicated  multiplications  and 
simplify  results : 

1.  (-  1)\  4.  (-  1)7.  7.  (V^^)7. 

2.  (-  1)^  5.  8. 

3.  (- 1)«.  6.  (V^y.  9.  (SV^)\ 

$ 

10.  V-  9  •  V-  16.  15.  V-  X  • 

11.  16.  5v'^l0(- 3V^). 

12.  V-  5  (- V-  3).  17.  Va  +  6  •  V-  a  -  6. 

13.  V—  9  •  V  —  15.  18.  (2  +V -  1)(2  —  V—  1). 

14.  3%/—  5  •  5V—  3.  19.  (4  +■'/  —  2)(4  — V  —  2). 

4 

20.  (V5  +V^){Vl  -v^). 

21.  (2  +  V  —  4)(4  —  V  —  2). 

22.  (7  +v'^)(5  +V^). 

23.  (2  -  6«V3)(2  +3*V3). 

24.  (5  +V^)(3  -V771). 


26.  (6  +  2  i)(3  -  2  WZ). 

26.  (m  +  ni){p  +  qi). 

27.  (x  +  hiy. 

28.  (m  +  xi){m  —  xi). 

29.  (  -  i  +  w^y- 

35.  (2  +  2\/^)3  -(2 

36.  (m  +  iVl  —  x^){m 


30.  (-i  -  iV2)2. 

31.  (  -  3  +3V'^)3. 

32.  (  -  3  -  3V^)^ 

33.  (m  —  niy. 

34.  (x  +  yiy  —  (x  —  ^/^y. 

^^/l  —  x^). 


37.  Determine  whether  (a)  the  sum,  and  (6)  the  product, 
of  the  numbers  3  +  4V—  2  and  3  —  4V—  2  are  real. 

38.  Determine  whether  (a)  the  sum,  and  (6)  the  product, 
of  the  numbers  1  +  V  —  5  and  1  —  V  —  5  are  real. 
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202.  Division  of  imaginaries.  One  complex  number  is 
called  the  conjugate  of  another  if  their  product  and  their 
sum  are  real.  Thus  a  +  bi  and  a  —  hi  are  conjugates. 
Conjugate  complex  numbers  are  used  in  division  of- 
imaginary  expressions  as  conjugate  radicals  are  used  in 
division  of  real  radicals. 

In  case  either  the  numerator  or  the  denominator  of  a 
fraction  is  imaginary  or  complex,  the  division  may  be 
performed  as  in  the  following 


Examples 


1.  V-  10  -5- Vs. 


Solution. 


V-  10  ^  V5  V-  10  ^ 

V5  (V5)2  5 

=  V2  i. 


2.  V'27  -4- V  -  3. 


Solution. 


V27  V27-V-3  9i 


V-3  (V-3)2  -3 


=  -  3  1. 


3.  H-V-  5. 


Solution. 


V-  15  ^  Vl5i  ^  ^ 


V  -  5  V5  2 


4.  2  (3+V^). 


Solution. 


2 _  2  3  -  V5  t 


3+V-5  3+v^i  3-V5i 


6  -  2V5f 
9  +  5 
3  -  V5i 


7 
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The  method  of  the  above  examples  is  stated  in  the 

Rule.  Write  the  dividend  over  the  divisor  in  the  form  of 
a  fraction. 

Then  multiply  both  numerator  and  denominator  of  this 
fraction  by  the  simplest  expression  which  will  make  the  new 
denominator  real  and  rational. 

Reduce  the  result  to  its  simplest  form, 

EXERCISES 


Perform  the  indicated  operations : 


1.  V—  6  ^  V2. 

6.  1  -5-V-  7. 

2.  Vis 

7.  V27  V  —  3. 

3.  6V3  3V^. 

8.  (-  25)1  -i-i-  8 

4.  V  —  8  ^  V  —  2. 

d.  Vah  V  —  a. 

5.  2  V-  2. 

1 

> 

1 

> 

• 

o 

11.  (—10  am)^  3  m)2. 

12.  [(-  - 

13.  5  -=-(1 

14.  3-^(2  -f-  —  3). 

15.  3V^  -  3). 

16.  +  3). 

17.  (-  2  +  3V^)--(-  2  -  3V-'2). 

18.  (1  -  3  ^)  -f-  (5  +  7  i). 

19.  a  -^(a  +  hi). 

20.  (x  +  iy)  -7-(m  +  in). 

21.  (2  ^-3^)(^  -  l)--(2  -  5^)(^  +  1). 

22.  Is  f  (1  +V-  3)  a  cube  root  of  -  27? 
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23.  Does  —  4a:  +  16  =  0ifa;  =  2  +  2V—  3? 

24.  Does  —  1  +  2V  —  1  satisfy  a:^  +  2a:+5  =  0? 

25.  Does  X  =  —  %V  —  2,  y  =  -J-V  —  2  satisfy  the  system 

9  —  18  —  27  =  —  10, 

S  —  6  xy  —  15  y‘^  =  —  2? 

203.  Equations  with  imaginary  roots.  The  student  should 
now  be  able  to  solve  and  to  check  the  solution  of  an 
equation  which  has  imaginary  roots. 


EXERCISES 

Solve  the  equations  which  follow,  and  check  the  results : 


1. 

+  2  X  +  4  = 

=  0. 

6. 

+  X  +  1 

=  0. 

2.  x^ 

—  6  X  +  12 

=  0. 

7. 

•  X  +  1 

=  0. 

3.  x^ 

+  5  X  +  9  = 

=  0. 

8.  6  x^ 

-  8  X  +  15  =  0. 

4.  x^ 

-  3  X  +  15 

=  0. 

9.  7  x^ 

+  12  X 

+  8=0. 

5.  2  x^  -f-  3  X  -f“  4 

=  0. 

10.  3  x2 

■-1-  8  X  10  =  0. 

11.  =  1. 

Hint. 

If  = 

1, 

then 

—  1  = 

0, 

and 

(X 

-  I)(x2 

+  X  +  1)  = 

0, 

or 

X  —  1  = 

0, 

and 

+  X  +  1  = 

0. 

12.  X^ 

=  -  1. 

15. 

=  1. 

18.  X® 

=  64. 

13.  X® 

=  27. 

16.  x"* 

=  25. 

19.  X* 

=  125. 

14.  X^ 

=  -  8. 

17.  X« 

=  1. 

20.  X® 

=  -  64. 

21.  How  many  square  roots  has 

any  real 

number  ? 

cube  roots?  fourth  roots? 

sixth  roots? 
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22.  What  do  the  preceding  exercises  suggest  regarding 
the  number  of  wth  roots  which  any  number  has? 

23.  8  -  1  =  0. 

24.  27  X®  +  64  =  0. 

25.  x^  -  4  x^  -  21  =0. 

26.  x^  —  X®  —  3  x^  +  3  X  =  0. 

27.  x‘+5x''-6  =  0.  29.  6x*-7x*-3  =  0. 

28.  3x*  +  10x''+3  =  0.  30.  2x‘  +  5x"+2  =  0. 

31.  15x‘+17xH4  =  0. 

32.  (x“  +  9)  (x^  +  5  X  +  8)  =  0. 

33.  (x“  +  3  x)’'-  2(x"+  3  X)  -  8  =  0. 

34.  (2x"+3xf-41(2x"+3x)  +  378  =  0. 

Note.  Long  before  the  time  of  Gauss,  mathematicians  had  per¬ 
formed  the  operations  of  multiplication  and  division  on  complex  num¬ 
bers  by  the  same  rules  that  they  used  for  real  numbers.  As  early  as 
1545  Cardan  showed  that  the  product  of  5  +  V  —  15  and  5  —V—  15 
was  the  real  number  40.  However,  he  was  not  always  equally  fortu- 
nate  in  obtaining  correct  results,  for  in  another  place  he  sets  ^(  —  V  — ^) 
1  ^  1^ 

Vu  8 

Even  the  rather  complicated  formula  for  extracting  any  root  of 
a  complex  number  was  discovered  in  the  early  part  of  the  eighteenth 
century.  But  all  these  operations  were  purely  formal,  and  seemed 
to  most  mathematicians  a  mere  juggling  with  symbols  until  Gauss 
showed  clearly  the  place  and  usefulness  of  such  numbers. 

Note  on  the  use  of  imaginaries.  We  have  explained  the  laws 
of  addition,  subtraction,  multiplication,  and  division  for  imaginary 
(and  complex)  numbers  and  have  made  some  use  of  them.  It  is 
largely  because  imaginaries  obey  these  laws  that  we  call  them  numbers, 
for  it  must  be  admitted  that  we  cannot  count  objects  with  imaginary 
numbers.  Nor  can  we  state  by  means  of  them  our  age,  our  weight,  or 
the  area  of  the  earth’s  surface.  It  should  be  remembered,  however, 
that  we  can  do  none  of  these  things  with  negative  numbers.  We  may 
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have  a  group  of  objects  —  books,  for  example  —  whose  number  is  5 ; 
but  no  group  of  objects  exists  whose  number  is  —  5,  or  —  3,  or  any 
negative  number  whatever.  If  it  is  asked,  How,  then,  can  negative 
numbers  and  imaginary  numbers  have  any  practical  use  ?  the  answer 
is  this :  They  have  a  practical  use  because  when  they  enter  into  our 
calculations  and  we  have  performed  the  necessary  operations  upon 
them  and  obtained  our  final  result,  that  result  can  frequently  be 
interpreted  as  a  concrete  number  like  those  dealt  with  in  ordinary 
arithmetic.  Moreover,  if  the  result  cannot  be  so  interpreted,  it  is,  in 
applied  mathematics  at  least,  finally  rejected. 

In  that  part  of  electrical  engineering  where  the  theory  and  meas¬ 
urement  of  alternating  currents  are  treated,  complex  numbers  have 
had  extensive  use.  Their  use  in  the  difficult  problems  which  there 
arise  has  given  a  briefer,  a  more  direct,  and  a  more  general  treatment 
than  where  such  numbers  are  not  used. 

In  theoretical  mathematics  complex  numbers  have  been  of  great 
value  in  many  ways.  For  example,  numerous  important  theorems 
about  functions  are  more  easily  proved  under  the  assumption  that 
the  variable  is  complex.  Then,  by  letting  the  imaginary  part  of  the 
complex  number  become  zero,  we  obtain  the  proof  of  the  theorem 
for  real  values  of  the  variable.  Indeed,  the  student  need  not  go  very 
far  beyond  this  point  in  hisjnathem^ical  work  to  learn  that,  if  e  is 
2.7182+  (see  page  528),  is  equal  to  the  real  number 

1.082+.  At  the  same  time  he  will  learn  also  how  such  a  form  arises, 
and  something  of  its  importance.  In  a  way  which  we  cannot  now 
explain,  even  so  involved  an  expression  as  (a  +  has  in  higher 

work  a  meaning  and  a  use.  If  the  student  pursues  his  mathematical 
studies  far  enough,  that  meaning  and  use  and  a  multitude  of  other 
uses  for  complex  numbers  will  become  familiar  to  him.  But  the 
numbers  which  we  have  learned  in  this  book  to  use,  namely  fractions, 
negative  numbers,  irrational  numbers,  and  complex  numbers,  com¬ 
plete  the  number  system  of  ordinary  algebra,  for  it  can  be  proved 
that  from  the  fundamental  operations  no  other  forms  of  number  can 
arise. 


CHAPTER  XXX 


FUNCTIONS  AND  THEIR  GRAPHS 

204.  Functions.  The  notion  of  function  is  one  of  the 
central  concepts  in  modern  mathematics.  The  basic  idea 
involved  is  that  of  the  dependence  of  one  quantity  on  one 
or  more  other  quantities.  Countless  functional  relations 
exist  in  our  everyday  affairs,  most  of  which  are  too 
complicated  for  mathematical  expression.  For  example, 
the  height  of  a  boy  is  a  function  of  his  age,  his  health,  his 
heredity,  and  many  other  elements.  But  it  would  be 
impossible  to  measure  exactly  the  effect  of  health  or 
heredity  on  the  height  of  a  boy.  Hence  this  function  is 
not  one  that  can  be  dealt  with  mathematically.  On  the 
other  hand,  the  distance  that  a  body  falls  from  a  state  of 
rest  under  the  influence  of  the  force  of  gravity  can  be 
measured  and  expressed  by  the  formula  s  =  gt‘^,  in  which 

s  equals  the  distance,  g  equals  82,  and  t  equals  the  elapsed 
time  in  seconds.  In  fact  the  formula  can  be  derived 
theoretically  from  certain  laws  of  nature.  Consequently, 
this  function  is  one  that  can  be  used  mathematically.  In 
general  one  variable  is  a  function  of  another  if  it  depends 
on  the  other  for  its  value.  Thus,  in  ic  =  ^  +  5,  x  is  a 
function  of  y  or  vice  versa. 

In  the  study  of  algebra  we  are  concerned  with  the 
mathematical  formulas  in  terms  of  which  the  physical 
relations  are  expressed,  rather  than  with  the  actual 
phenomena  themselves.  Consequently  in  this  chapter  we 
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shall  content  ourselves  with  a  study  of  the  graphical 
representation  of  equations  that  actually  express  many 
of  the  relationships  which  we  know  in  our  everyday 
life. 

205.  Names  of  functions.  A  function  is  called  linear, 
quadratic,  or  cubic  according  as  its  degree  with  respect  to 
the  unknown  or  unknowns  is  first,  second,  or  third  re¬ 
spectively. 

Thus  3  X  —  5  is  a  linear  function  of  x;  2  —  5  a;  +  8  is  a 

quadratic  function  of  x ;  and  —  2  y  —  10  is  a  cubic 
function  of  y. 

In  the  study  of  functions  the  unknown  is  often  called  the 
variable,  since  from  this  point  of  view  the  problem  is  not  so 
much  the  finding  of  an  unknown  as  it  is  the  study  of  the 
changes  of  a  variable  quantity. 

« 206.  Notations  for  a  function.  After  a  function  of  any 
variable  x  has  once  been  given  it  is  usual  to  refer  to  it 
later  in  the  same  discussion  by  the  symbol  f(x),  which  is 
read  the  function  of  x,  or  more  briefly,  /  of  x. 

207.  Linear  functions.  The  expression  4  x  +  3  is  a  func¬ 
tion  of  X,  and  the  value  of  this  binomial  varies  with  x. 
The  following  table  gives  a  partial  view  of  the  relative 
change  of  values  between  x  and  the  function  4  x  +  3 : 


If  X  = 

-  4 

-  3 

-2 

-  1 

0 

1 

2 

3 

4 

then/(x)  =  4  X  +  3  = 

-  13 

-  9 

-  5 

-  1 

3 

7 

11 

15 

19 

This  relation  can  be  represented  graphically  by  using  the 
same  x-axis  as  before  (section  167)  and  using  the  ^-axis  as 
the  function  axis ;  that  is,  laying  off  values  of  x  horizon¬ 
tally  and  corresponding  values  of  the  function  4  x  +  3 
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vertically.  The  graph  resulting  from  the  above  table  of 
values  is  shown  in  the  accompanying  figure.  It  can  be 
shown  that  the  graph 
of  a  linear  function 
is  always  a  straight 
line. 


EXERCISES 

1.  Construct  the 
graph  of  the  function 
2  cc  “{-  3. 

2.  Construct  the 
graph  of  the  function 
fix  -  1. 

3.  Construct  the  graph  of  the  function  3  x  +  7. 

4.  The  relation  between  the  readings  on  the  Fahrenheit 
thermometer  scale  and  those  on  the  Centigrade  scale  is 
expressed  by  the  equation  F  =  %  C  +  32.  Construct  the 
graph  for  /(C)  =  f  C  +  32.  What  is  the  Fahrenheit 
reading  when  the  temperature  is  fiO°  Centigrade?  0°? 
100°? 

5.  An  automobile  starts  to  ascend  a  grade  at  a  speed  of 
30  miles  per  hour,  but  each  second  slows  up  2  miles  per 
hour.  The  function  of  the  time  which  gives  the  speed  of 
the  car  is  U  =  f{t)  =  SO  —  2  t.  Construct  the  graph  of 
the  function  f{t)  =  SO  —  2  t.  Read  from  the  graph  the 
speed  of  the  car  after  fi  seconds,  after  Ifi  seconds,  after 
20  seconds. 

208.  Quadratic  functions.  The  function  /(x)  =  x^  —  x  —  2 
may  be  represented  graphically  as  follows : 
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If  X  = 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

then/(x)  =  —  X  —  2  = 

18 

10 

4 

0 

-2 

-2 

0 

4 

10 

Plotting  the  points  corre¬ 
sponding  to  the  numbers  in 
the  table  we  obtain  the  ac¬ 
companying  graph. 

The  graph  of  a  quadratic 
function  in  one  variable  is  a 
curve  called  a  parabola.  It 
may  be  sharper  or  flatter  than 
the  accompanying  graph,  but 
is  always  of  the  same  general 
shape. 

EXERCISES 

Construct  the  graphs  of  the 
following : 

1.  /(x)  =  x^  +  2  X  —  5. 

2.  /(x)  =  4  x^  —  3  X  +  1. 

3.  /(x)  =  2  x^  —  2  X  —  3. 

7.  A  body  falling  from  rest  under  the  influence  of 
gravity  follows  the  law  s  =  /(O  =  16  in  which  s  is  the 
distance  fallen  in  feet,  and  t  is  the  time,  in  seconds, 
elapsed  since  the  body  started  falling.  Construct  the 
graph  of  fit)  =  16 

Note.  In  the  study  of  analytical  geometry  one  takes  up  system¬ 
atically  the  curves  which  represent  equations  of  the  various  degrees, 
beginning  with  the  simplest.  It  turns  out,  as  we  have  already  seen, 
that  the  linear  equation  is  represented  by  a  straight  line.  Equa¬ 
tions  of  the  second  degree  in  x  and  y  lead  to  the  so-called  “conic 
sections.” 


4.  fix)  =  x^  —  7  X  +  6. 

6.  fix)  =  3  x^  +  5  X  —  10. 
6.  fix)  =  5  x^  —  3  X  +  5. 
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One  of  the  most  interesting  and  important  aspects  of  the  graphi¬ 
cal  method  is  the  fact  that  the  simplest  equations  correspond  to  the 
most  useful  curves  both  in  pure  science  and  in  nature.  Among  the 
commonest  curves  in  nature  are  the  circle  and  the  parabola.  Their 
equations  are  the  very  simplest  equations  of  the  second  degree. 

209.  Graph  of  a  cubic  function.  The  graph  of  a  cubic 
function  is  obtained  in  the  same  general  way  as  that  of 
a  quadratic  function.  The  function  —  7  x  2  may  be 
represented  graphically  by  proceeding  as  follows : 


If  X  = 

-  4 

-  3 

-  2 

-  1 

0 

1 

2 

3 

4 

then  f{x)  =x^  —  7  x  +  2  = 

-  34 

-  4 

8 

9 

2 

-  4 

-4 

8 

38 

Plotting  the  points  corresponding  to  the  numbers  in 
table  (as  in  the  figure  below),  we  obtain  the  points 
A  (  -  8,  -  4),  H,  C,  A  A 
and  G,  in  the  order  named. 

The  curve  crosses  the  x-axis 
three  times:  once  between  2 
and  3,  again  between  0  and  1, 
and  a  third  time  between  —  2 
and  —  3.  Above  G  the  curve 
rises  indefinitely,  and  below  A 
it  falls  indefinitely.  In  each  case 
it  becomes  more  and  more 
nearly  straight  as  it  recedes  from 
the  x-axis,  never  crossing  either 
axis  again. 

In  forming  a  table  of  values  two  pairs  are  sufficient  for  a 
linear  function,  but  more  are  needed  for  a  quadratic  function 
and  still  more  for  a  cubic  function.  Usually  the  higher  the  de¬ 
gree  of  the  function,  the  more  points  are  needed  in  constructing 
its  graph.  It  should  be  noted  that  in  making  a  good  graph  the 
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number  of  points  is  not  so  important  as  is  their  distribution, 
which  should  be  such  as  faithfully  to  outline  the  entire  curve. 
Where  the  graph  curves  rapidly  or  makes  sharp  turns  the  points 
should  be  close  together.  Such  places  are  difficult  to  locate 
before  the  graph  is  constructed ;  hence  one  should  make  a  table 
of  values  which  appears  to  be  sufficient  and  plot  them.  Then 
inspection  of  the  plotted  points  will  usually  show  where  sharp 
turns  or  rapid  curvature  exists.  The  table  of  values  should  then 
be  properly  extended  and  the  additional  points  located.  Repe¬ 
tition  of  this  last  step  will  enable  one  to  draw  a  graph  which 
accurately  pictures  the  variation  of  the  function. 

It  should  be  observed  here  that  scales  on  the  two  axes  need 
not  be  the  same.  Some  experience  is  required  to  choose  for  the 
two  axes  the  scales  which  are  best  suited  to  bring  out  clearly 
the  shape  of  the  curve.  In  general  the  graph  should  be  drawn 
to  as  large  a  scale,  in  both  directions,  as  the  size  of  the  paper  per¬ 
mits.  What  that  will  be  for  each  axis  can  be  decided  by  inspect¬ 
ing  the  table  of  values.  For  example,  when  the  dimensions  of 
the  preceding  graph  are  once  determined  one  can  see  from  the 
table  that  all  values  of  x  are  easily  represented  but  that  it  may 
be  undesirable  to  try  to  represent  the  values  of  the  function, 
less  than  —  34  or  greater  than  38. 

EXERCISES 

Construct  the  graphs  of  the  following : 

1.  /(x)  =  +  2  X  —  1.  3.  /(x)  =  x^  —  3  X  +  1. 

2.  f{x)  =  x^  —  5  X  —  3.  4.  /(x)  =  x^  —  12  x^  +  24. 

Note.  The  notion  of  a  function  is  one  of  the  three  or  four  most 

fundamental  ideas  in  modern  mathematics.  Only  the  simplest  ex¬ 

amples  are  given  in  this  book,  but  many  others  involving  expressions 
of  the  utmost  complexity  have  been  studied  by  mathematicians  for 
many  years.  An  important  reason  for  the  study  of  functions  is  found 
in  the  fact  that  all  kinds  of  facts  and  principles  which  we  meet  in  the 
study  of  nature  can  be  expressed  symbolically  by  means  of  functions, 
and  the  discovery  of  the  properties  of  such  functions  helps  us  to 
understand  the  meaning  of  the  facts.  A  complete  understanding  of 
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the  laws  of  falling  bodies,  light,  electricity,  or  sound  could  never  be 
reached  without  the  study  of  the  mathematical  functions  which 
these  phenomena  suggest. 

When  the  electrician,  the  architect,  or  the  artillerist  meets  a 
problem,  he  frequently  must  represent  quantities  by  letters.  The  x 
and  the  y  may  represent  the  measures  of  objects  in  nature,  but  the 
solution  has  become  merely  an  operation  of  algebra.  As  students 
of  algebra  we  are  not  concerned  with  the  origin  of  the  function  or 
expression,  but  merely  with  the  numeric  determination  of  some 
unknown  or  the  simplification  of  some  expression. 

210.  Graphical  solution  of  equations  in  one  unknown.  In 
elementary  algebra  one  of  the  most  important  applica¬ 
tions  of  the  preceding  sections  is  their  use  in  solving 
equations  in  one  unknown.  The  ideas  involved  can  be 
made  clear  by  questions  on  the  graphs  of  sections  207, 
208,  and  209. 

ORAL  EXERCISES 

1.  From  the  graph  in  section  207,  determine  the  value  of 
the  function  /(x)  =  4  x  -p  3  at  the  point  where  its  graph 
crosses  the  x-axis. 

2.  Does  the  value  of  x  for  this  point  satisfy  the  equation 
4x  +  3  =  0? 

3.  Solve  4  X  +  3  =  0  without  reference  to  the  graph. 

4.  What  point  on  the  graph  represents  the  root  of 
4x  +  3  =  0? 

6.  From  the  graph  in  section  208,  determine  the  values 
of  the  function  /(x)  =  x^  —  x  —  2  at  the  points  where  its 
graph  crosses  the  x-axis. 

6.  Do  the  values  of  x  for  these  points  satisfy  the  equa¬ 
tion  x^  —  X  —  2  =  0? 

7.  Solve  x^  —  X  —  2  =  0  without  referring  to  the 
graph. 
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8.  What  points  on  the  graph  represent  the  roots  of 

—  X  —  2  =  0? 

9.  From  the  graph  in  section  209,  determine  the  values 
of  the  function  x^  —  7  x  +  2  at  the  points  where  its  graph 
crosses  the  x-axis. 

10.  Do  these  values  of  x  make  the  function  —  7  x  +  2 
equal  zero? 

11.  What  method  could  be  used  to  solve  the  equation 
x^  —  7x+2=0? 

211.  The  process  of  graphical  solution.  From  what  pre¬ 
cedes,  it  is  apparent  that  the  steps  in  the  graphical  solution 
of  an  equation  in  one  unknown  are : 

I.  Transpose  the  terms  so  that  the  right  member  is  zero, 

II.  Graph  the  function  in  the  left  member, 

III.  The  values  of  x  for  the  points  where  the  graph  crosses 
the  x~axis  are  the  real  roots  of  the  equation. 

The  algebraic  solutions  of  a  linear  equation  and  a  quad¬ 
ratic  equation  in  one  unknown  are  so  simple  that  except 
for  the  purpose  of  illustration  their  graphical  solution  is 
comparatively  unimportant.  The  algebraic  solution  of 
cubic  and  higher  equations,  except  in  simple  cases,  is  much 
more  difficult  than  the  solution  of  the  quadratic  and  is 
never  presented  in  an  elementary  course.  For  this  reason 
and  for  the  insight  it  gives  into  equations  in  general,  the 
graphical  solution  of  the  cubic  and  higher  equations  is 
important  and  illuminating.  For  such  equations  if  the 
method  of  factoring  fails,  the  graphical  method  is  the 
only  method  open  to  the  student  at  this  point  in  his 
progress. 
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EXERCISES 

Solve  graphically  obtaining  results  to  the  first  decimal 
place : 

1.  +  2  X  —  1  =  0.  4.  —  6  X  =  0. 

2.  x^  —  10  X  +  5  =  0.  5.  x^  —  3  x^  +  1  =  0. 

3.  x^  —  8  X  —  10  =  0.  6.  x^  —  12  x^  +  15  =  0. 

212.  Imaginary  roots.  An  equation  of  the  second  or  a 
higher  degree  often  has  imaginary  roots.  Such  roots  can¬ 
not  be  obtained  by  the  graphical  methods  so  far  considered. 
A  study  of  the  graphs  which  follow  will  make  clear  why 
this  is  true. 

Consider  the  following  equations : 


x^  +  6  X  +  5  =  0, 

(1) 

x^  +  6  X  -}-  9  =  0, 

(2) 

x2  +  6  X  +  13  =  0. 

(3) 

The  graphs  of  the  func¬ 
tions  in  the  left  members 
of  equations  (1),  (2),  and 
(3)  are  given  in  the  ac¬ 
companying  figure.  The 
three  functions  differ  only 
in  their  constant  terms, 
for  4  added  to  the  con¬ 
stant  term  of  (1)  gives  the 
constant  term  of  (2),  and 
4  added  to  the  constant 
term  of  (2)  gives  the  con¬ 
stant  term  of  (3) .  Appar¬ 
ently,  as  the  constant 
term  is  increased  the  graph  rises  without  change  of  shape 
and  without  motion  to  the  left  or  to  the  right. 
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From  the  graph  the  roots  ofx^  +  Gx  +  S  =  0  are  seen 
to  be  —  5  and  —  1.  These  results  are  obtained  from 
factoring ;  +  6  a:  +  5  =  0,  or  (x  +  5)  (x  +  1)  =  0. 

Whence  x  =  —  5  or  —  1. 

If  we  imagine  curve  (1)  to  move  upward,  the  two  roots 
change  in  value  and  become  the  single  root  of  curve 
(2),  which  touches  the  x-axis  at  a  point  where  x  equals 

—  3.  Solving  x2  +  6x  +  9  =  0  by  factoring  gives 
(x  +  3)  (x  +  3)  =  0.  Whence  x  =  —  3. 

If  we  now  imagine  curve  (1)  to  move  still  farther  upward 
from  its  position  (2),  it  will  no  longer  cut  the  x-axis. 
Therefore,  when  the  curve  reaches  the  position  of  (3),  it 
does  not  cut  the  x-axis  at  all,  and  hence  cannot  be  expected 
to  show  the  values  of  the  roots  of  the  equation  x^  +  6  x 
-f  13  =  0,  as,  in  fact,  it  does  not.  The  graph  does  show, 
however,  that  the  value  of  x^  +  6  x  -f  13  at  the  lowest 
point  of  the  curve  is  4.  This  means  that  for  every  real 
value  of  X,  positive  or  negative,  x^  +  6  x  -f-  13  is  never 
less  than  4.  The  graph  of  (3)  makes  clear  that  no  real 
number  if  substituted  for  x  will  make  x^  -}-  6  x  +  13  equal 
zero. 

It  can  be  shown  by  the  method  of  section  196  that  the 
roots  of  x^  -h  6  X  -f  13  =  0  are  —  3  +  2V  —  1  and  * 

-  3  -  2V^. 

Note.  It  required  the  genius  of  no  less  a  man  than  Sir  Isaac 
Newton  first  to  observe  from  the  graph  of  a  function  that  two  of  its 
roots  become  imaginary  simultaneously.  He  also  saw  that  an  equation 
with  two  of  its  roots  equal  to  each  other  is,  in  a  certain  sense,  the  lim¬ 
iting  case  between  equations  in  which  the  corresponding  roots  appear 
as  two  real  and  distinct  roots  and  those  in  which  they  appear  as  imag¬ 
inary  roots. 

213.  Imaginary  roots  for  a  cubic  equation.  If  we  attempt 
to  solve  x^”-6x-|-9  —  0  graphically,  we  obtain  the 
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f 

graph  of  the  accompanying  figure.  The  curve  crosses  the 
a:-axis  at  x  =  —  3.  This  is  the  only  real  root  the  equa¬ 
tion  has;  the  other  two  are 
imaginary.  The  roots  can  here 
be  obtained  by  factoring ;  thus 
(x  +  3)(x2-3x  +  3)  =  0.  The 
roots  of  — 3x  +  3  =  0, 

— - ,  are  the  two  imagi¬ 

nary  roots  of  the  cuhic  equa¬ 
tion. 

EXERCISES 

As  far  as  possible  solve  graphi¬ 
cally,  finding  roots  to  one  deci¬ 
mal  place : 

1.  x^  —  x^  —  X  —  2  =  0.  2.  x^  +  x^  +  X  +  1  =  0. 

3.  x^  —  7  X  —  6  =  0. 


4.  x3  -  3  x2  +  5  X  -  15  =  0. 

5.  x^  +  2  x2  -  11  x  +  20  =  0. 

6.  x^  +  2  x^  —  1  =  0. 

7.  x^  +  4  x^  —  8  X  +  24  =0. 

8.  x^  -  16  =  0. 


9.  x"^  —  9  x^  +  X  +  8  =  0. 
10.  x^  -  8  x2  +  5  =  0. 


CHAPTER  XXXI 


THEORY  OF  QUADRATIC  EQUATIONS 

214.  Formation  of  equations  with  given  roots.  According 
to  section  80,  the  equation  (x  —  4)  (x  —  1)  =  0  has  the 
roots  4  and  1.  In  general,  the  equation  (x  —  ri)  (x  —  r2)  =  0 
has  the  roots  ri  and  r2,  because  either  of  these  numbers, 
when  substituted  for  x,  satisfies  the  equation.  Hence  we 
can  always  find  an  equation  whose  roots  are  two  given 
numbers  ri  and  r2  by  setting  the  product  of  the  binomials 
X  —  ri  and  x  —  equal  to  zero. 

For  example,  an  equation  whose  roots  are  5  and  8  is 
seen  in  {x  —  5)  (x  —  8)  =  0,  or  —  13  x  +  40  =  0. 

EXERCISES 

Form  equations  whose  roots  are  the  following : 

1.3,4.  3.  2,-1.  6.  3, 

2.  1,  5.  4.  -  3,  -  5.  6.  7,  f . 

7.  -  f,  f.  9.  3  +V2,  3  -V2. 

8.  -  T%,  -  f .  10.  2  ±  V5. 

11.  1  -  1 

12.  -  8  -  8  - 

1  o  JL  vT  X  _ \/x 

1,3.  3  -r  V  3^  3  V  3. 

14  X  J_\/_  X  X  -S- 
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15.  3,  6,  8. 

Hint,  (x  —  3)(x  -  6)(x  —  8)  =  0. 

16.  2,  7,  3. 

17.  2,  -  3,  8. 


19.  V-  3,  -V-  3,  3. 


20.  2  +V5,  2  -V5,  6. 

21.  2,  —  2,  V  —  1,  —  V  —  1. 

22.  Vs  - V5,  V3  +V5,  - V3  - V5,  -V3  +V5. 

215.  Relations  between  roots  and  coefficients  of  +  bx 
+  c  =  0.  By  direct  multiplication  we  obtain  from 


(1) 

(2) 


{x  -  Ti)  (x  -  r2)  =  0 
the  equation  —  (ri  +  r2)x  +  rir2  =  0. 


Since  Vi  and  r2  are  the  roots  of  (1),  it  appears  from  an 
inspection  of  (2)  that  the  quadratic  equation 


x^  bx  c  =  0 


has  the  roots  ri  and  r2,  provided  h  =  —  (ri  +  r2)  and  c  =  TiT^. 

For  example,  we  may  form  at  once  the  equation  whose  roots 
are  3  and  5,  as  follows : 

—  (3  +  5)x  +  3*5  =  0,  or  —  8  x  +  15  =0. 

Similarly  for  the  cubic  equation  x^  +  bx^  +  cx  +  d  =  0, 
roots  are  n,  r2,  and  rs,  we  have  (x  —  ri)(x  —  r2)(x  —  r^)  =  0. 

Then  6  =  —  (ri  +  r2  +  ^3), 


c  =  rir2  +  rifs  +  r2r3, 


and 


d  = 


-  Tinn- 
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EXERCISES 


Form  equations  whose  roots  are  the  following : 


1.  3,  8.  2.  4,  9. 


4.  -  2,  -  3. 

5.  -  8,  -  1. 

6.  2,  3,  -  4. 

7.  1,  -  2,  5. 


8.  V2,  —V2, 

9.  3\/5,  -  3V5. 

10.  2  +  V3,  2  —  V3. 

11.  1  +V7,  1  -V7. 


216.  Relation  between  roots  and  coefficients  of  ax^  +  bx 
+  c  =  0.  We  will  now  show  the  relations  which  exist 
between  the  roots  and  the  coefficients  of  the  general  quad¬ 
ratic  equation  ax^  +  6a:  +  c  =  0.  By  section  196  the  roots 
of  ax^  +  6a:  +  c  =  0  are 

^  -_4_gg  and 

2  a  2  a 


Adding  ri  and  r^,  we  have 


ri  +  r2  = 


—  6+^^6^  —  4ac  —  6  —  Vb^  —  4  ac  ^  —26 

2  a  2  a 


(ri  +  ra)  =  -■ 

a 


Therefore 
Multiplying  ri  by  r2,  we  have 


rir2  = 


—  6  -\-Vh^  —  4  ac  —  h  —  A  ac 


2  a  2  a 

=  6^  —  (6^  —  4  ac)  _  4  ac  ^  c 
4  a2  4  a 


rir2  =  -  - 
a 


6 

a’ 


Therefore 
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These  results  may  be  expressed  verbally  as  follows : 

For  the  equation  ax^  hx  c  =  0, 

I.  The  sum  of  the  roots  with  its  sign  changed  is  -  • 

c  ^ 

II.  The  product  of  the  roots  is  -  • 

a 

These  relations  frequently  afford  the  simplest  means  of 
checking  the  solution  of  a  quadratic  equation,  as  illus¬ 
trated  in  Exercises  18-25,  below. 


EXERCISES 

Form  equations  whose  roots  are  the  following : 


1. 


S 

2‘ 


Solution. 


Hence  the  required  equation  is 

2=0 

or  6  +  a;  —  12  =  0. 


9  8.  JL 
<&.  3,  4. 

3.  .5,  —  .75. 

4.  1%,  —  4^. 

8.  3-  H-a/G,  -g-  a/G. 

10.  Iq^  ±  a/IO. 

11.  ±V-  1  +  2. 

12.  -  b.  I 

2  a  5  a 
3  »  3  * 


5.  4.75,  5.25. 

6.  3  +  2V2,  3  —  2V2. 

7.  9  9  -V^. 

9.  i  +  i  - 


14.  a  +  1,  ct  —  1- 


15. 


m  n  m  —  n 

_ • 

m  —  n  m  -{■  n 


16.  3,  7,  3. 

17.  5,  -  5,  i- 
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Solve  the  following  equations  by  the  use  of  the  formula 
and  check  by  the  use  of  I  and  II  above : 


18.  —  5  X  +  4  =  0. 

19.  —  2  X  —  5  =  0. 

20.  x^  —  X  —  7  =0. 

21.  x^  —  5  X  —  10  =  0. 


22.  x^  +  2  X  +  1  =0. 

23.  x^  +  4  X  +  4  =0. 

24.  x^  +  3  X  +  3  =  0. 

25.  3  x2  -I-  2  X  -  7  =  0. 


Find  the  value  of  the  literal  coefficient  in  the  following : 

26.  x^  —  4  X  +  a  =  0,  if  one  root  is  3. 

Hint.  The  sum  of  the  roots  =  4. 

27.  x^  —  2  X  —  c  =  0,  if  one  root  is  4. 

28.  x^  +  cx  —  15  =  0,  if  one  root  is  5. 

29.  x^  +  2  6x  +  10  =0,  if  one  root  is  —  2. 

30.  x^  +  6  X  +  a  =  0,  if  one  root  is  twice  the  other. 

31.  x^  +  5  X  —  c  =  0,  if  one  root  exceeds  the  other  by  3. 

32.  x^  —  3  X  +  &  =  0,  if  the  difference  between  the  roots 

is  7. 


217.  Character  of  the  roots  of  a  quadratic  equation.  It  is 

often  desirable  to  determine  whether  the  roots  of  a  given 
quadratic  equation  are  real  or  imaginary,  rational  or  irra¬ 
tional,  equal  or  unequal,  without  solving  the  equation. 
This  can  be  accomplished  by  use  of  the  formulas  for  the 
roots  of  the  quadratic  ax^  +  6x  +  c  =  0 : 


^2  = 


—  b  —  —  4  ac 

2  a 


(2) 
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These  expressions  are  seen  to  differ  from  each  other  only 
in  the  sign  preceding  the  radical.  The  expression 

62  —  4  aCf 

which  appears  under  the  radical  sign,  is  called  the  dis¬ 
criminant  of  the  quadratic.  The  only  way  in  which  ri 
or  r2  can  be  a  complex  number  is  for  the  discriminant 
to  be  negative,  since  this  is  the  only  part  of  the  root  under 
a  radical  sign.  If  all  of  the  coefficients  a,  6,  and  c  are 
rational,  ri  or  r2  can  be  rational  only  when  —  4  ac  is 
rational;  that  is,  when  the  discriminant  is  a  perfect 
square. 

Hence  if  a,  h,  and  c  are  rational,  an  inspection  of  (1) 
and  (2)  shows  that  the  following  statements  are  true : 

I.  7/62  —  4  ac  is  positive  and  not  a  perfect  square,  the 
roots  are  real,  unequal,  and  irrational. 

For  example,  inx^— 6aj+2=0  the  discriminant  6^  — 
4  ac  equals  (  —  6)^  —  4  •  1  •  2  =28,  which  is  not  a  perfect 
square.  The  roots  of  the  equation  are  the  real,  unequal,  and 
irrational  numbers  3  =b  V?. 

II.  If  —  4:  ac  is  positive  and  a  perfect  square,  the  roots 
are  real,  unequal,  and  rational. 

For  example,  in  the  equation  3^2  —  5x  +  2=  0  the  dis¬ 
criminant  62  —  4  ac  equals  (  —  5)2  —  4  •  3  •  2  =1,  which  is 
a  perfect  square.  The  roots  are  the  real,  unequal,  rational 
numbers  f  and  1. 

III.  If  62  -  4  ac  is  zero,  the  roots  are  real  and  equal. 

For  example,  in  the  equation  9  x2  —  12  a;  +  4  =  0,  the 
discriminant  62  —  4  ac  equals  (—12)2  —  4.9.4  =  144  — 
144  =  0.  Here  the  only  number  which  satisfies  this  equation 
is  f ,  so  in  one  sense  the  equation  has  only  one  root.  But  since 
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the  left  member  has  two  identical  factors  each  of  which  affords 
the  same  root  of  the  equation,  it  is  customary  to  say  that  the 
equation  has  two  equal  roots. 

IV.  7/6^  —  4  ac  is  negative^  the  roots  are  imaginary. 

For  example,  in  the  equation  Sx^  —  7x-{-5  =  0  the  dis¬ 
criminant  —  4  ac  equals  ( —  7)^  —  4  •  3  •  5  =  49  —  60  = 
—  11.  The  roots  of  the  equation  are  the  conjugate  imaginaries 

7 +V^ni  ,7-V^TT 

— ' - and - 

6  6 


ORAL  EXERCISES 


Through  the  use  of  the 
character  of  the  roots  of  the 

1.  -|-  2  X  -f-  1  =0. 

2.  —  3  X  -f  2  =0. 

3.  2  —  5  a:  —  3  =0. 

4.  4  +  3  X  —  7  =  0. 

5.  7  x^  —  5  X  +  3  =0. 

6.  2  x^  —  2  X  +  1  =0. 

7.  x^  —  X  +  1  =0. 


discriminant  determine  the 
following  equations : 

8.  2  x^  —  5  X  +  7  =0. 

9.  5  x^  +  5  X  —  1  =0. 

10.  3  x^  —  4  X  -t-  5  =  0. 

11.  5  x^  -f-  6  X  —  12  =0. 

12.  18  x2-f-36  x-1-25  =  0. 

13.  6  x2  +  11  X  +  3  =0. 

14.  6  x^  -|-  9  X  —  60  =0. 


EXERCISES 

Determine  the  value  of  k  which  will  make  the  roots  of  the 
following  equations  equal : 

1.  +  kx  +  25  =  0. 

Solution,  a  —  1,  h  =  k,  c  =  25. 

Hence  6^  —  4  ac  =  —  100. 

For  the  roots  to  be  equal  6^  —  4  ac  must  equal  zero. 
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Therefore  —  100  =  0. 

Whence  k  =  zb  10. 

Check.  Substituting  10  for  k  in  the  original  equation, 

+  lOx  +  25  ={x  +  5)2  =  0. 

Whence  a;  =  —  5  only. 

Similarly,  substituting  —  10  for  k, 
we  obtain  —  10  x  +  25  =(x  —  5)^  =  0. 

Whence  x  =  +  5  only. 

2.  x‘^  —  kx  4:  =  0.  4.  4  x2  +  8  X  +  A;  =  0. 

3.  +  16  X  +  A:  =  0.  5.  x^  —  4  A:x  +  64  =  0. 

6.  2  x2  —  A:x  +  2  =0. 

7.  4  x2  +  12  X  +  A:  —  1  =0. 

8.  kx^  +  42  X  +  49  =  0. 

9.  kx^  —  36  X  +  36  =  0. 

10.  36  x^  —  (A:  +  5)x  +  25  =  0. 

11.  (k^  +  13)x2  +  112  X  +  64  =  0. 


CHAPTER  XXXII 


GRAPHS  OF  QUADRATIC  EQUATIONS 
IN  TWO  VARIABLES 

218.  Graph  of  a  quadratic  equation  in  two  variables. 

Before  solving  graphically  a  quadratic  system,  the  method 
of  graphing  one  quadratic  equation  in  two  variables  must 
be  clearly  understood. 

Examples 

1.  Construct  the  graph  of  =  5  ?/. 

Solution.  Solving  for  y,  we  get 


We  now  assign  values  to  x  and  then  compute  the  approxi¬ 
mate  corresponding  values  of  y.  Tabulating  the  results  gives : 


If  X  = 

10 

8 

6 

5 

4 

3 

2 

1 

0 

-2 

-4 

-5 

-6 

-8 

-10 

Then  y  = 

20 

m 

u 

5 

H 

H 

4 

5 

1 

5 

0 

4 

5 

3* 

5 

7L 

‘  5 

12f 

20 

Using  an  x-axis  and  a  y-axis  as  in  graphing  linear  equations, 
plotting  the  points  corresponding  to  the  real  numbers  in  the 
table,  and  drawing  the  curve  determined  by  these  points,  we 
obtain  the  graph  of  the  adjacent  figure.  The  curve  is  called  a 
parabola.  The  parabola,  along  with  certain  other  graphs  treated 
in  this  chapter,  belongs  to  a  family  of  curves  known  as  conic 
sections.  These  will  be  discussed  in  more  detail  later. 
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The  graph  of  any  equation  of  the  form  =  a?/  is  a 
parabola.  This  is  a  special  case  of  the  quadratic  function 
considered  in  section  208. 


2.  Graph  the  equation  +  3  =  0. 

3 

Solution,  Solving  for  ^  - - 

X 


Assigning  values  to  x  as  indicated  in  the  following  table,  we 
then  compute  the  corresponding  values  of  y : 


If  x= 

-10 

-8 

-6 

-4 

-3 

-2 

-1 

4 

1 

—  5 

1 

4 

1 

4 

1 

3 

4 

1 

2 

3 

4 

6 

8 

10 

Then  y= 

^0 

3 

8 

1 

2' 

3 

4 

1 

H 

3 

4 

6 

12 

-12 

-6 

-4 

-3 

-H 

-1 

-i 

_  1 

—  3 
5 

Proceeding  as  before  with  the  numbers  in  the  table,  we  ob¬ 
tain  the  two-branched  curve  of  the  figure  below,  which  does 
not  touch  either  axis.  The  curve  is  called  a  hyperbola. 


The  graph  of  any  equation  of  the  form  xy  =  K  h  a 
hyperbola.  The  curve  for  xy  =  K  (K  =  any  constant)  is 
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always  in  the  same  general  position ;  that  is,  if  K  is  posi¬ 
tive,  one  branch  of  the  curve  lies  in  the  first  quadrant  and 


the  other  branch  in  the  third.  If  K  is  negative,  one  branch 
lies  in  the  second  quadrant  and  the  other  in  the  fourth. 

3.  Graph  the  equation  =  25. 

Solution,  Solving  for  y,  y  =  ±V2b  — 


Assigning  values  to  x  as  indicated  in  the  following  table,  we 
obtain  from  page  330  the  corresponding  values  of  y : 


If  1= 

-6 

-5 

-4 

-3 

-2 

-1 

0 

1 

2 

3 

4 

5 

6 

Then  y  = 

±^--11 

0 

±3 

±4 

±4.58 

±4.90 

±5 

±4.90 

±4.58 

±4 

±3 

0 

±''/-ll 

For  values  of  x  numerically  greater  than  5  it  appears  that 
y  is  imaginary.  The  points  corresponding  to  the  pairs  of  real 
numbers  in  the  table  lie  on  the  circle  in  the  accompanying 
figure.  The  center  of  the  circle  is  at  the  origin,  and  the  radius 
is  5. 

The  graph  of  any  equation  of  the  form  is 

a  circle  whose  radius  is  r.  This  can  be  proved  from  the 
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right  triangle  PKO.  If  P  represents  any  point  on  the 
circle,  OK  equals  the  x-distance  of  P,  KP  equals  the 
^/-distance,  and  OP  equals 


the  radius.  Now  OK  + 


KP'  =  OP^ 


+  y’'  =  r 


that  is, 

It  follows. 


then,  that  the  graphs 
of  +  2/2  =  16  and  x^  -\- 
y^  =  10  are  circles  whose 
centers  are  at  the  origin 
and  whose  radii  are  4 

and  a/IO  respectively. 

Hereafter,  when  it  is  re¬ 
quired  to  graph  an  equa¬ 
tion  of  the  form  x^  +  y^ 

=  r2,  the  student  may 

use  compasses  and,  with  the  origin  as  center  and  with 
the  proper  radius  (the  square  root  of  the  constant  term), 
describe  the  circle  at  once. 

In  all  the  graphical  work  which  follows,  the  student  will 
save  time  by  obtaining  from  the  table  on  page  620  the 
square  roots  or  cube  roots  which  he  may  need. 


~~TT~ 

CIRCLE 
Graph  oi 

T 

1 

I 

X‘ 

2+2/2= 

25 

S 

\ 

-5 

K 

0 

6 

X 

y 

A 

/ 

r 

'f 

1 

4.  Graph  the  equation  9  x^  +  4  2/^  =  36. 


Solution. 


Solving  for  y,  y  =  ± 


=  ±  -  9  x2 

=  ±  |V4  -  x2. 


Proceed  as  in  Example  3 : 


If  X  — 

-  3 

-2 

-  n 

-  1 

_  1 

2 

0 

1 

2 

1 

n 

2 

3 

Then  y  = 

±S^-5 

0 

±1.98 

±2.60 

±2.90 

±3 

±2.90 

±2.60 

±1.98 

0 
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For  any  value  of  x  numerically  greater  than  2,  y  is  imaginary. 
The  points  corresponding  to  the  real  numbers  in  the  table  lie  on 
the  graph  of  the  adja¬ 
cent  figure.  The  curve 
is  called  an  ellipse. 

The  graph  of  any 
equation  of  the  form 
of  ax^  +  =  c  in 

which  a  and  h  are 
unequal  and  of  the 
same  sign  as  c  is  an 
ellipse. 

Note.  These  three 
curves  —  the  ellipse,  the 
hyperbola,  and  the  parab¬ 
ola  —  were  first  studied 
by  the  Greeks,  who  proved 
that  they  are  the  sections 
which  one  obtains  by  cut¬ 
ting  a  cone  by  a  plane. 

Not  for  hundreds  of  years 
afterwards  did  anyone 
imagine  that  these  curves 
actually  appear  in  nature,  for  the  Greeks  regarded  them  merely  as 
geometrical  figures,  and  not  at  all  as  curves  that  have  anything  to 
do  with  our  everyday  life.  One  of  the  most  important  discoveries  of 
astronomy  was  made  by  Kepler  (1571-1630),  who  showed  that  the 
earth  revolves  around  the  sun  in  an  ellipse,  and  stated  the  laws 
which  govern  the  motion.  Those  comets  that  return  to  our  field  of 
vision  periodically  also  have  elliptic  orbits,  while  those  that  appear 
once,  never  to  be  seen  again,  describe  parabolic  or  hyperbolic 
paths. 

The  path  of  a  ball  thrown  through  the  air  in  any  direction,  except 
vertically  upward  or  downward,  is  a  parabola.  The  approximate 
parabola  which  a  projectile  actually  describes  depends  on  the  elevation 
of  the  gun  (the  angle  with  the  horizontal),  the  quality  of  the  powder, 
the  amount  of  the  charge,  the  direction  of  the  wind,  and  various  other 
conditions.  This  makes  gunnery  a  complex  subject. 
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EXERCISES 

Construct  the  graphs  of  the  following  equations,  and 
state  the  name  of  each  curve  obtained  : 


1.  =  6  y. 

2.  +  3  X  =  0. 

3.  x^  +  =  4. 

4.  x^  +  =  15. 

5.  —  y‘^  =  36. 


6.  xy  =  10. 

1.  xy  =  —  8. 

8.  16  x2  +  25  ^2  _  400. 

9.  9  x^  —  4  2/^  =  36. 

10.  16  x2  +  9  2/2  =  144. 


219.  Graphical  Solution  of  Quadratic  Systems.  That  we 
may  solve  a  system  of  two  quadratic  equations  by  a  method 
similar  to  that  employed  in  section  167  for  linear  equations 
appears  from  the 


Examples 


1.  Solve  graphically  I  ^2^ 

[y  +  Sx  =  7 


(1) 

(2) 


Solution.  Constructing 
the  graphs  of  (1)  and 
(2),  we  obtain  the  straight 
line  and  the  parabola 
shown  in  the  adjacent 
figure.  There  are  two 
sets  of  roots  correspond¬ 
ing  to  two  points  of  in¬ 
tersection,  which  are 


and  B 


Note.  If  the  straight  line  in  the  adjacent  figure  were  moved  to 
the  right  in  such  a  way  that  it  always  remained  parallel  to  its  present 
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position,  the  points  A  and  B  would  approach  each  other  and  finally 
coincide.  The  line  would  then  be  tangent  to  the  parabola. 

Were  the  straight  line  moved  still  farther,  it  would  neither  touch 
nor  intersect  the  parabola  and  there  would  be  no  graphical  solution 
(see  page  475). 


2.  Solve  graphically 


f  3  X  +  ^  =  15, 
1 2/2  +  3  X  =  7. 


(1) 

(2) 


Solution,  The  graphs  of  (1)  and  (2)  are  the  straight  line  and 
the  parabola  of  the  adjacent  figure.  These  curves  have  no 


real  points  of  intersection.  There  are,  however,  two  pairs  of 
imaginary  roots,  for  as  will  be  seen  in  the  next  chapters  solving 
(1)  and  (2)  by  substitution  gives 

=-V- + 

L  =  ^ V  —  31.  \.y  =  ■g’  ”  V  —  31. 

The  essential  point  to  be  emphasized  here  is  that  real 
roots  of  a  simultaneous  system  correspond  to  real  inter- 
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sections,  and  imaginary  roots  correspond  to  no  intersec¬ 
tions  of  real  graphs. 

3.  Solve  graphically  (  Z  ^  g 

Solution.  Constructing  the  graphs  of  (1)  and  (2),  we  obtain 
the  hyperbola  and  the  parabola  of  the  adjacent  figure.  There 


are  four  sets  of  roots  corresponding  to  the  four  points  of  inter¬ 
section,  which  are  approximately 


X  =  6.6,  bI^  ~  ~~ 

y  =  4.3.  I  y  =  2.5. 

X  =  6.6,  n ^  ~ 

^  -  4.3.  \y  =-  2.5. 


If  the  two  curves  had  been  so  chosen  as  to  intersect  only  twice, 
their  equations  would  have  had  only  two  sets  of  real  roots. 


4 

Examples  1,  2,  and  3  partially  illustrate  the  truth  of  the 
following  statement ; 


494  NEW  COMPLETE  SCHOOL  ALGEBRA 


If  in  a  system  of  two  equations  in  two  variables  one 
equation  is  of  the  mth  degree  and  one  of  the  ?^th,  there 
are  usually  mn  sets  of  roots  (real  or  imaginary)  and  never 
more  than  mn  such  sets. 


EXERCISES 


If  possible  solve  graphically  each  of  the  following 
systems : 


-  ly^  =  9  X, 

‘  \2x  +  y  =  6, 

^  4, 

y  2  X  =7. 

«  \xy  =  S, 

*  1 2  a:  +  3  ^  =  10. 

+  y^  =  9, 

[x‘^  +  y"^  =  A. 

g  I  +  ^2  ^ 

*  [x  +  y  =  12. 

«  jx^  +  y^  =  25, 
|a:2  -y^  =  16. 


o  jxy  =  9, 

’  l2a:  +  3^  =  4. 

x^  =  9  y, 

4  +  2/^  =4. 

I  +  3  2/  =  15, 

1 X  +  3  2/  =  10. 

+  3  ^  =  15, 
X  +  3  ?/  =  25. 

cc2  +  2/  =  7, 

2/^  +  X  =  4. 

I X  —  yVs  =  0, 

\x^  =  y^  —  16  y. 


\ 

I 

i 


220.  Graphical  presentation  of  numerical  data.  A  great 
variety  of  statistics  can  be  presented  graphically  in  a  very 
striking  manner.  Business  and  commercial  houses  have 
during  the  past  few  years  used  the  method  extensively  not 
only  to  present  facts  but  also  to  aid  in  interpreting  them 
and  in  indicating  their  meaning. 
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The  following  exercises  illustrate  one  of  the  most  strik¬ 
ing  and  important  features  of  the  graphical  presentation 
of  numerical  data. 


EXERCISES 


1.  For  the  year  1918  personal  incomes  between  $4000 
and  $15,000  in  the  United  States  were  grouped  as 
follows : 


Annual  Income 

Number  of 
Persons 

Annual  Income 

Number  of 
Persons 

(thousands) 

(thousands) 

$4,000  to  $5,000 

430  $10,000  to  $11,000 

36 

5,000  to  6,000 

235 

11,000  to  12,000 

28 

6,000  to  7,000 

143 

12,000  to  13,000 

22 

7,000  to'  8,000 

95 

13,000  to  14,000 

18 

8,000  to  9,000 

67 

14,000  to  15,000 

15 

9,000  to  10,000 

48 

Graph  these  figures.  From 

this  curve  estimate  the 

number  of  persons  having  an  income  of  $15,000  to  $16,000 

per  year. 

Hint.  Plot  the  income  on  the  horizontal  axis,  and  the  number  of 

persons  on  the  vertical  axis. 

2.  The  weights  of  1000  men 

chosen  at  random  were 

distributed  as 

follows : 

Weight 

Number  of  Men 

Weight  Number  of  Men 

(Lbs.) 

(Lbs.) 

90  to  100 

13 

150  to  160 

89 

100  to  110 

28 

160  to  170 

46 

110  to  120 

146 

170  to  180 

18 

120  to  130 

245 

180  to  190 

9 

130  to  140 

242 

190  to  200 

3 

140  to  150 

160 

200  to  210 

1 
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Plot  these  figures,  using  the  vertical  axis  for  the  num¬ 
ber  of  men  in  each  weight  group. 


Weight  in  pounds 


Curves  of  this  general  form  are  very  characteristic  of 
certain  classes  of  physical  measurement.  A  few  instances 
are  given  in  the  following  exercises. 

3.  Measurements  were  taken  on  the  lengths  of  pods  of 
a  certain  variety  of  bean.  The  following  figures  were 
obtained  from  this  study. 


Length  of  Pod 
(quarter  inches) 

Number 

Length  of  Pod 
(quarter  inches) 

Number 

12 

2 

18 

85 

13 

7 

19 

81 

14 

25 

20 

56 

15 

40 

21 

13 

16 

63 

22 

4 

17 

92 

23 

1 

Draw  the  length  distribution  curve  for  this  set  of 
figures  and  compare  it  with  the  preceding  curve. 

4.  In  a  certain  college  the  class  marks  in  English  courses 
were  distributed  in  the  following  manner : 
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Class  Mark  Number 

Class  Mark 

Number 

20 

21 

60 

45 

25 

21 

65 

27 

80 

42 

70 

28 

35 

54 

75 

11 

40 

68 

80 

8 

45 

64 

85 

3 

50 

78 

90 

3 

55 

27 

Plot  these  figures,  and  state  whether  they  follow  the 

same  rule 

as  the  figures  of  the  preceding  exercises. 

8.  The 

following  figures  show  the  distribution  of  the 

heights  of  Japanese  soldiers. 

Height 

Number  of  Soldiers 

Height  Number  of  Soldiers 

(inches) 

(inches) 

56 

47 

63 

1,698 

57 

125 

64 

1,328 

58 

316 

65 

839 

59 

640 

66 

442 

60 

1,065 

67 

208 

61 

1,486 

68 

64 

62 

1,730 

69 

12 

Plot  these  figures  as  indicated  in  Exercise  2.  Is  this 
curve  of  the  same  type  as  that  for  Exercise  2?  Is  it 
reasonable  that  height  distribution  should  follow  the 
same  general  law  as  does  weight  distribution  ? 

It  may  appear  accidental  that  the  foregoing  measure¬ 
ments  should  group  themselves  with  any  regularity.  But 
if  the  number  of  measurements  of  this  type  is  large  and 
each  is  made  with  care,  they  obey  a  law  called  the  law  of 
probability.  In  fact  the  graphs  of  the  data  in  Exercises 
4  and  5  are  close  approximations  to  what  is  called  the 
probability  curve. 

The  equation  of  this  curve  is  ^  when  e  =  2.7 

approximately. 
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6.  Construct  the  graph  of  the  equation  y  =  between 
the  values  x  =  —  2  and  x  =  2, 

Hint.  Let  x  =  —  2,  -  —  1,  —  i,  0,  etc. 

\ 

Note.  It  is  well  established  that  physical  characteristics,  such 
as  those  illustrated  by  the  graphs  of  Exercises  2  and  3,  obey  the 
law  of  probability.  The  graph  of  Exercise  4  raises  the  question,  Do 
mental  characteristics  also  obey  this  law  ?  An  interesting  aspect  of  this 
is  given  by  the  fact  that  an  increasing  number  of  high  schools  and 
colleges  assume  that  such  is  the  case,  and  grade,  or  mark,  their  students 
by  a  system  based  on  the  law  of  probability.  Such  a  system  assumes 
that  if  one  hundred  or  more  students  in  any  subject  are  examined,  the 
number  of  students  and  their  degree  of  mastery  of  the  subject  arrange 
themselves  according  to  the  adjacent  probability  curve.  Obviously 
between  very  many  students  the  differences  in  grades  attained  will  be 
small,  between  many  others  they  will  be  moderate,  and  between  only  a 
few  will  they  be  great. 


In  the  statistical  study  of  problems  which  have  their  origin  quite 
remote  from  each  other,  this  curve  frequently  occurs,  and  occupies  a 
central  position  in  the  mathematical  theory  of  statistics. 


CHAPTER  XXXIII 


SYSTEMS  SOLVABLE  BY  QUADRATICS 

221.  Introduction.  The  algebraic  solution  of  the  system 
y  =  1  and  y‘^  x  =  11  leads  to  an  equation  of  the 

fourth  degree.  For  substituting  in  the  second  equation 
the  value  of  y  from  the  first  gives  (7  —  +  x  =  11  or 

—  14  +  X  +  38  =  0.  Similarly,  given  a  pair  of 

equations  each  of  which  is  a  general  equation  of  the 
second  degree  such  as  ax^  +  by^  +  cxy  +  dx  +  ei/  +  /  =  0, 
we  may  regard  one  as  a  quadratic  equation  and  solve  it 
for  X  in  terms  of  y  and  substitute  the  result  in  the  other. 
This  also  gives  an  equation  of  the  fourth  degree  which 
must  then  be  solved  for  y,  and  after  that  is  done  the 
corresponding  values  x  can  be  obtained.  The  algebraic 
solution  of  such  systems  will  not  be  possible  for  the  student 
without  an  advanced  course  in  algebra.  It  should  be 
noted,  however,  that  by  the  methods  of  Chapter  XXXII 
one  can  solve  such  systems  as  the  above  for  real  roots  pro¬ 
vided  the  terms  have  numeric  coefficients.  Moreover,  many 
systems  which  frequently  arise  in  practice  can  be  solved 
algebraically  since  the  result  of  substituting  from  one  into 
the  other  gives  an  equation  which  can  be  solved  by 
quadratics.  Such  systems  will  now  be  studied. 

222.  Linear  and  quadratic  systems.  Every  system  of 
equations  in  two  variables  in  which  one  is  of  the  first  de¬ 
gree  (linear)  and  the  other  is  of  the  second  degree  (quad¬ 
ratic)  can  be  solved  by  the  method  of  substitution. 
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Example 


Solve  the  system 


1 2  —  3  xi/  =  5, 

1 2  X  +  3  2/  =  19. 


Solution.  Solving  (2),  y  =  ^ 


Substituting 

2x2 

From  (4), 
Solving  (5), 


19  -  2  X 


for  y  in  (1), 


^  (19-2  X)  K 

—  3  X  •  - -  =  5. 

3 

4  x2  —  19  X  =  5. 

X  =  5, 


1 


¥• 


Substituting  5  for  x  in  (3),  y  =  ^  =  3. 

3 

19  4-  A 

Substituting  —  ^-for  xin  (3),  ?/  =  — - — -  =  6|-. 

o 

Hence,  for  x  =  5,  y  =  3, 

and  for  x  =  —  y  =  6-J. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 


Check.  Substituting  5  for  x  and  3  for  y  in  (1)  and  (2) : 

50  -  45  =  5,  (10) 

10  +  9  =  19.  (11)' 


Substituting  x  =  —  ^  and  y  =  6^  in  (1)  and  (2), 

i  +  ¥  =  5,  (12) 

-  i  +  ^  =  19.  (13) 

The  student  should  note  that  many  pairs  of  values  of  x  and 
y  can  be  found  which  will  satisfy  either  of  the  two  original  equa¬ 
tions.  Hence  in  checking  it  is  necessary  to  substitute  each  set 
of  roots  in  both  equations  in  order  to  prove  that  the  roots  ob¬ 
tained  are  correct. 


SYSTEMS  SOLVABLE  BY  QUADRATICS  501 


It  will  be  found  that  many  systems  in  two  unknowns  in 
which  one  is  of  the  first  degree  (linear)  and  the  other  is  of 
the  third  or  even  a  higher  degree  can  be  solved  by  the 
method  of  substitution.  Thus,  for  example,  the  system 
_  ^3  _  7  X  —  y  =  S  can  be  solved  by  substitution. 
So  also  can  the  system  =  17  and  x  +  y  = 

Obviously  if  the  result  of  substitution  gives  an  equation  of 
the  third  or  fourth  degree  which  can  be  solved  by  factoring, 
the  algebraic  solution  can  be  completely  carried  out. 

Occasionally  when  neither  equation  is  linear  one  can  be 
solved  for  x  in  terms  of  y  and  the  solution  completed  by 

substitution.  In  the  system  |  ‘^2  ^ ^  ^  ^  ~  ^ 

first  equation  can  be  solved  for  x  in  terms  of  y  and  then 
substitution  in  the  second  can  be  used  to  finish  the  solution. 


EXERCISES 

Solve  the  following  systems,  pair  results,  and  check  each 


set  of  roots. 

1.  =  68, 

X  =  4  2/. 

2.  x^  +  5  ?/  =  29, 

+  2/  =  7. 

3.  X  +  ^  =  9, 

y^  =  41. 

4.  =  5, 

3  s  +  ^  =  11. 

5.  x^  +  x^  =  10, 

X  +  2  ^  =  8. 

Q,  y‘^  —  S  yz  =  0, 

2^  +  2:  =  7. 


7.  2  ?/  +  3  ^2:  =  -  2, 
y  3  2;  =  5. 

8.  2  +  3  ^2:  =  8, 

Sy  +  2z  =  7, 

9.  4  s2  -  3  ^2  =  24, 

2  s  -  3  ^  =  12. 

10.  3  s2  -  4  =  80, 

3  s  -[-  2  i  =  8. 

11.  s2  +  5  ^2  =  24, 

4  s  -  3  ^  =  14. 

12.  s2  +  _  9, 

s  “j“  ^  =  0. 
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13.  5  2/  +  2:2  =3 
y  —  2z  =  0. 

14.  8^  -  St  +  =  84, 

s  t  =  12. 

15.  yz  =  60, 

4  ^  +  3  2:  =  56. 

16.  2  2/  +  5  2:  =  5, 

^2:  +  4  2:  =  —  42. 

17.  Xi  —  10  X2  =  22, 

X1X2  —  6  X2  =  —  6. 


s  2 1  —  8. 


19.  -  -  -  =  4. 

X  z 

Sx  —  5z  =  4. 

20  —  —  y.  —  s 


9 

X 


4 

y 


5 

• 

6 


“‘■f +i-‘' 

3 _ ^  _  1 

y  IS  ~  • 


22.  .8  X  “f~  S  y  = 

V=.l. 

X  5 


23. 


s  "f-  2  _  JL 

<  +  4 
t  s 


s 


24.  X  10  xy  =  19.5, 
X  -L  100  y  =  18. 


25. 


t  +  1  ^ 
s  —  4 
10  .  4 


s  +  1 
%  -3^ 

=  4. 


26.  =  100, 

2/  X 

2  X  —  6  y  =  5. 


27.  -h  t^  -  2  ts  =  100, 
s  —  2  t  =  13. 

28.  x^  —  y^  =  56, 

X  —  ^  =  2. 

29.  v^-hu^-h4  u  —  6  ?;  =  23, 


2  z;  —  5  =  —  14. 


30.  ^ 

9  16 


5  X  ~j~  3  ?/  —  3. 


31.  ^2:4-2  =  2  a‘^  —  2  ac, 

y  —  2z  =  2a-l-2c. 

32.  xy  =  d^, 

X  —  y  =  a. 

a  —  z  y 
2/  +  2  =  c. 


34.  yz  =  a{y  —  2), 

0(2/  -  2)  =  c(2/  +  «)• 
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223.  Homogeneous  equations.  If  both  the  equations  of  a 
system  are  quadratic,  an  attempt  to  solve  it  by  sub¬ 
stitution  gives  an  equation  of  the  fourth  degree.  In  most 
cases  such  an  equation  cannot  be  solved  by  factoring  and 
its  algebraic  solution  by  any  other  method  is  beyond  the 
student  at  present.  With  certain  types  of  systems,  how¬ 
ever,  which  occur  more  or  less  frequently,  we  can  employ 
special  devices  and  avoid  the  solution  of  an  equation  of 
higher  degree  than  a  quadratic.  Among  these  systems  are 
the  so-called  homogeneous  systems. 

An  equation  is  homogeneous  if,  on  being  written  so  that 
one  member  is  zero,  the  terms  in  the  other  member  are  of 
the  same  degree  with  respect  to  the  two  variables. 

Thus  5xy  —  and  x^  S  xy  6  y^  =0  are 

homogeneous  equations  of  the  second  degree.  A  homo¬ 
geneous  equation  of  the  third  degree  is  3  + 

4  xy‘^  =  8  y^. 

The  system  j  ^  =  0  } 

neous  system. 

Systems  like  1^7  ~  ^  often  called 

\2x^  +  Sy^  -  xy  =  4:1 

homogeneous.  As  will  be  seen,  the  method  of  solving  such 
systems  is  about  the  same  as  the  method  of  solving  a 
homogeneous  system.  Hence  they  are  classed  with  homo¬ 
geneous  systems. 

224.  Systems  having  both  equations  quadratic.  Occasion¬ 
ally  when  both  equations  are  quadratic,  the  terms  which 
occur  in  the  two  are  so  related  that  the  elimination  of 
terms  involving  both  variables  or  of  the  constant  terms 
can  be  performed.  The  system  in  the  first  example  below 
is  of  such  a  type. 
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Example 


1.  Solve  the  system 


I  4  —  3  =  18, 

xy  =  15. 


(1) 

(2) 


Solution.  First  eliminate  xy  by  addition  (section  103). 


(2).  3,  3^2  +  3x1/  =45  (3) 

(l)  +  (3),  7x2  =  63.  (4) 

From  (4)  x  =  +  3. 

Substituting  3  for  x  in  (2),  9  +  3  ?/  =  15,  whence  y  =  2. 
Substituting  —  3 for x in  (2),  9  —  Sy  =  15,  whence y  =  —  2. 
Therefore  x  =  3,  —  3, 

and  2/  =  2,  —  2. 

These  values  can  be  checked  as  usual. 


The  method  of  solving  a  system  in  which  every  term  is  of 
the  second  degree  except  the  constant  term  is  as  follows : 


2.  Solve  the  system 


-  xy  +  y^  =  7, 
y‘‘  —  2  xy  =  —  Z. 


(1) 

(2) 


Solution.  First  we  eliminate  the  constant  terms,  7  and  —  3, 
in  order  to  obtain  a  homogeneous  equation. 

(1)  •  3,  3  x2  -  3  XI/  +  3  1/2  =  21. 

(2)  -7,  7  1/2  -  14  XI/  =  -  21. 

(3)  +  (4),  3  x2  -  17  xy  +  10  if  =  0. 

Solving  (5)  for  x  in  terms  oi  y,  x  =  5  i/. 

2y 


X 


(3) 

(4) 

(5) 

(6) 
(7) 


Substituting  x  =  5  y  in  (2), 

1/2  —  10  1/2  =  —  3. 

Solving  (8),  y  =  ±  V-J  =  + 


(8) 

(9) 
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Substituting  from  (9)  in  (6), 

X  =  i  V3. 

(10) 

Substituting  —  for  x  in  (2), 

y2  _ 

I 

CO 

II 

1 

CO 

• 

(11) 

Solving  (11), 

y  =  ±  S. 

(12) 

Substituting  from  (12)  in  (7), 

X  =  ±  2. 

(13) 

When  X  = 

2 

-  2 

|\/3 

-|V3 

Then  y  = 

3 

-  3 

-iV3 

EXERCISES 

Solve,  pair  results,  and  check : 


1.  =  5, 

2x^  +  =  22. 

2.  Sx^  —  2  xy  =8, 

2  +  3  =  14. 

3.  x"^  —  xy  +  y'^  =  7, 
x^  +  xy  —  y^  =  1. 

^.Sxy  —  x^  =  8, 
xy  Sy^  =  20. 

5.2t‘^  +  St  =  5, 
st  s‘^  =  12. 

6.  2  §2  +  ^2  =  41, 

s2  _  4  ^2  ^  _  20. 

7.  2  s2  +  3  ^2  +  2  =  5, 
5  ^2  _  3  g2  _  2  =  3. 

8.  x2  +  2  ^2  =  33^ 
2x2— 3x2/+^2  ^  24. 


9.  x2  —  3  x^  +  2  ^2  =  0, 

3  x2— 2  X?/  +  2/2  =  18. 

Hint.  Solve  the  first  equation 
for  X  in  terms  of  y  and  substitute 
in  the  second. 

10.  xy  —  y^  =  0, 
x2  —  2  X2/  =  1. 

11.  x2  +  2/2  =  125, 

3  x2  +  2  2/^  =  1  xy. 

12.  x2  +  X2/  =  77, 
xy  y^  =  44. 

Hint.  Add  the  two  equations 
and  then  obtain  x  y  =  ±  11,  etc. 

13.  x2  —  X2/  =  24, 

3  X2/  —  4  2/^  =  —  40. 

Hint.  Subtract  the  second 
equation  from  the  first,  etc. 
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14.  -\-  xy  =  52, 

—  xy  y^^  =  84. 

15.  ~t~  =  2  f 

f  st  =  2  a^. 


16.  +  St  =  c, 

-{-  st  =  n. 

17.  xy  —  y"^  =  2  ac, 

x^  —  xy  =  c^. 


225.  Equivalent  systems.  Equivalent  systems  of  equa¬ 
tions  are  systems  which  have  the  same  set  or  sets  of  roots. 


and 


If  the  three  systems 

^  -  y^  =  19,  (1)  ^  [x2+x?/  + 

'  \x  -  y  =  h  (2)  *  \x  -  y  =  1. 

f  x^  —  y^  =  19, 


r 


c. 


x"^  +  xy  +  y^  =  19. 


19,  (3) 

(2) 

(1) 

(3) 


are  solved,  the  values  I  ^  o  ^  obtained  for  each. 

I  ^  =  2,  -  3  j 


Hence  systems  A,  B,  and  C  are  equivalent. 

The  adjacent  graphs  of  the  three  equations  in  the  sys¬ 
tems  A,  H,  and  C  illustrate  the  equivalence  of  the  three 
systems  as  well  as  the  striking  difference  between  them.  In 
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the  graph  the  two  common  points  of  intersection  are  (3,  2) 
and  (—2,  —  3).  This  shows  that  systems  A,  By  and  C 
have  the  same  sets  of  roots  and  hence  are  equivalent. 

In  this  connection  the  student  should  remember  that  the 
equivalence  of  several  systems,  such  as  A,  By  and  C, 
depends  solely  on  the  fact  that  these  systems  have  the 
same  sets  of  roots.  The  form  of  the  individual  curves 
which  go  to  make  up  the  different  systems  does  not  in  any 
degree  determine  whether  the  systems  are  equivalent. 
From  this  it  follows  that  an  unlimited  number  of  equiva¬ 
lent  systems  can  be  set  up  with  the  roots,  (3,  2)  and 
(—2,  —3),  just  as  an  unlimited  number  of  curves  can  be 
drawn  through  the  points  (3,  2)  and  (—2,  —3). 

226.  Symmetric  systems.  A  system  of  equations  in  x  and 
y  is  symmetric  if  the  system  is  not  altered  by  substituting 
X  for  y  and  y  for  x. 

Thus  X  y  =  ^  and  x‘^  xy  -{■  y‘^  =  20  form  a  symmetric 
system,  but  x  +  i/  =  5  and  x"^  xy  —  y"^  =  20  do  not. 

Certain  symmetric  systems  or  systems  which  are  nearly 
so  can  be  easily  solved  by  the  method  of  substitution. 
This  is  true  of  the  following  types : 

(xy  =  12,  fx  ±  3  ^  =  7,  jx  ±  ^  =  5, 

lx  ±  ^  =  3.  Ix^  +  9  2/2  =  37.  Ix^  +  2/^  =  25. 

A  few  other  systems  which  are  symmetric  or  nearly  so 
are  more  easily  solved  by  certain  special  methods.  The 
following  list  contains  typical  systems,  and  the  methods 
applicable  are  outlined  in  Exercises  1,  10,  12,  which 
follow. 

It  should  be  noted  that  many  systems  can  be  solved  by 
substitution  even  though  neither  equation  of  the  system 
is  linear.  This  is  possible  with  the  system  xy  =  6  and 
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4-  ^2  ^  25.  The  solution  of  this  system  and  of  many 
somewhat  similar  systems  can  be  more  easily  carried  out, 
however,  by  the  methods  which  follow. 


EXERCISES 


1.  Solve 


x‘^  45, 

xy  =  18. 


(1) 

(2) 


Hint.  Here  the  second  equation  could  be  solved  for  x  in  terms  of 
y  and  the  solution  completed  by  substitution.  A  simpler  method  is 
to  combine  them  in  such  a  way  as  to  obtain  numeric  values  for  x  +  2/ 


and  X  —  y  as  follows : 

(2)  -2,  2xy  =  36.  (3) 

(1)  +(3),  x2  +  2  X2/  +  2/2  =  81.  (4) 

From  (4),  x  y  =  ±  9.  (5) 

(l)-(3),  x2 -2x2/ +2/2  =  9.  (6) 

From  (6),  x  —  y  =  ±  S,  (7) 


(5)  and  (7)  combined  give  the  four  linear  systems : 


/  X  +  2/  =  9, 

(8) 

r  /a:  +  2/=-9, 

(12) 

\x  —  2/  =  3. 

(9) 

CO 

II 

1 

) 

(13) 

B  /  +  2/  =  9, 

(10) 

Jx+2/=-9, 

(14) 

\x-y  =  -S. 

(11) 

CO 

1 

II 

1 

i 

(15) 

These  four  systems  are  equivalent  to  the  original  one. 

The  solution  of  these  systems  is  left  to  the  student. 

The  pairs  of  roots  found  for  the  four  systems  A,  B,C,  D  will  check 
in  the  original  system. 


2.  y^  =  65, 
xy  =  28. 

3.  4  +  2/2  =  104, 

xy  =  10. 

4.  x2  +  +  2/2  =  19, 

xy  =  6. 


6.  x2  +  9  ?/2  =  244, 
xy  =  40. 

6.  x^  —  xy  +  y"^  =  21, 
xy  =  20. 

7.  x^  —  xy  y^  =  84, 
x2  +  X2/  +  2/2  =  244. 
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8.  +  a:?/  +  4  2/^  =  64, 
xy  =  12. 

9.  4  +  9  2/^  =  72, 

xy  =  6. 


10.  ^  =  5, 


X^ 


—  =  2. 

xy 


Hint.  To  clear  of  fractions  would  merely  increase  the  difficulty 
of  solution.  We  can  combine  the  equations  more  effectively  as  follows : 


Then 

Or 

Similarly 


—  =  4. 

xy 

-  +  —  +  -  =  9. 
a;2  xy  2/2 

i  +  i  =  ±3. 

X  y 
X  y 


Here  as  in  Exercise  1  we  have  four  systems  equivalent  to  the  orig¬ 
inal  one.  These  four  may  be  solved  for  ~  and  -  and  thus  finally  the  four 
sets  of  values  of  x  and  y  obtained.  ^  ^ 


11. 4  +  4  =  13, 


14. 


x^ 


^  +  tL  =  20, 


=  6. 

xy 

12.  ^  ^  =  25, 

1-1  =  1. 

X  y 

Hint.  L  -  A  +  L  =  1. 

a;2  xy  y^ 

Then  —  =  24,  etc. 
xy 

13. 1^  +  1^  =  41, 

1  -j-  1  =  9. 

X  y 


9  x2 

1 


4  2/2 

1 


3  X  2y 


=  -  2. 


15.  1  +  1  =  1, 

X  y  b 

1  +  1  =  0. 
xy  18 

16.  1  ~f“  —  =  d  hf 

X  y 

—  =  ah. 
xy 

17.  4  +  4  =  5  a\ 


x^ 


xy  + 


2  a' 


=  0. 
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227.  Use  of  division  in  systems  of  equations.  Sometimes 
an  equation  simpler  than  one  of  a  given  system  can  be 
derived  by  dividing  the  left  and  right  members  of  one 
equation  by  the  corresponding  members  of  the  other. 
The  system  composed  of  this  derived  equation  and  the 
simpler  of  the  two  given  ones  is  equivalent  to  the  original 
system  and  may  be  more  easily  solved. 

EXERCISES 

Solve,  using  division  where  possible,  pair  results,  and 
check  each  set  of  real  roots : 

1,  4  =  16, 

2  X  —  y  =  S, 

Hint.  Division  gives  the  equivalent  system. 

2x  +  y  =  2, 

2  X  —  y  =  8,  etc. 

2.  =  16, 

X  —  y  =  S. 

3.  25  —  4  =  0, 

5  X  +  2  ^  =  2. 

4.  x^  y^  =  488, 

X  +  y  =  2. 

5.  x^  —  y^  =  468, 

X  —'y  =  12. 

6.  =  296, 

—  uv  =  148. 

7.  xy  +  y'^  =  12, 
x^  +  xy  =  24. 

Hint.  U(E±11  =  12. 
x{x  +  y)  24 

2y  =  X, 


8.  8  +  2/^  =  16, 
2  X  +  2/  =4. 

d.  -  8 =  35, 
s  —  2  t  =  5, 

10. 1  +  1  =  30, 

X  y 

i  -  4  =  300. 

11.  -  St  =  120, 

f  —  St  =  24. 

1 


12.  h 


=  37, 


1-1  =  1. 


u 


V 


or 
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13.  +  x^y^  -h  =  21,  14.  x^  —  =  ah, 

x^  xy  +  y^  =  7.  x  +  y  =  a. 

15.  x^  y^  —  —  8, 

a:  +  ^  =  a  —  2. 

MISCELLANEOUS  EXERCISES 

Solve  by  any  method  and  pair  results.  If  any  system 
cannot  be  solved  by  methods  previously  given,  solve  it 
graphically. 


1.  X  +  ^  =  4, 
xy  =  3. 

2.  =  —  15, 

2  X  —  ^  =  14. 

3.  x^  +  X?/  +  =  7, 

2  X  +  3  ^  =  0. 

4.  x^  +  2/  =  38, 

X  +  5  2/  =  4. 

5.  f  =  24, 

s  -J-  2  ^  =  3. 

6.  x^  +  =  100, 

xy  =  48. 

7.  x^  y^  =  5, 

X  —  2/  =  5. 

8. 2^^  +  2;^  =  35, 
u  V  =  b, 

9.  '^x  — 'v^  =  1, 

X  —  ^  =  19. 

10.  yz  z  =  20, 

yz  +  y  =  18. 


11.  x^  —  y^  =  152, 

X^  +  X2/  +  =  19. 

12.  h‘^  —  hk  =  160, 
hk  -k‘^  =  96. 

13.  y  —  xy  =  72, 

3  X  +  X2/  =  —  50. 

14.  s2  _^^2  ^  100, 

-f-  =  28. 

15.  Xi^  +  X1X2  =  200, 

X1X2  +  X2^  =  —  100. 

16.  X  +  ^  =  1.7, 
xy  =  .52. 

17.  .1  s  “f"  .1  ^  —  .015, 

.2  +  .2  =  .0025. 

18.  X  +  .2  ^  =  .94, 

.2  x^  —  X2/  =  —  .742. 

19.  X  +  2/  =  2  a, 

xy  =  —  h^. 

20.  x^  xy  y^  =3 
x^  +  X2/  =  2  a^. 
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21.  rrfi  +  =  13, 

—  40. 

22.  4  =  84, 

u  —  2  V  =  12>. 


23.  —  uv  =  104, 
uv  v‘^  —  —  15. 

24.  4  -  -4  = 


25. 


1 

X 

1 

x^ 


-  i  =  9. 
y 

-  4  =  19' 


=  90. 
xy 

26.  4  -  4  =  152, 

i  -  -  =  8. 

X  y 

27.  —  2/“^  =  20, 

—  y-^  —  2. 


28.  =  1. 

X2/  +  1  19 

X  y  _ 

a:?/  —  1  17 

2^,  2  V  =  ^  uv  —  12, 
2  w  —  i;  =  0. 


30.  z;  +  =  —  40, 

u  uv  =  —  28. 

31.  =  64, 

x‘^y  =  8. 

32.  3  +  5  —  2  z/2  =  0, 

+  2  xz/  =  175. 

33.  x^  +  =  189, 

x^  —  xz/  +  z/2  =  21. 

34.  2  x^  — x^  —  =  0, 

9  x^  —  9  =  5. 

35.  x^  +  =  126, 

x^z/  +  x^2.  =  30. 


PROBLEMS 

(Reject  all  results  which  do  not  satisfy  the  conditions  of 
the  problem.) 

1.  Find  two  numbers  whose  difference  is  5  and  whose 
product  is  14. 

2.  Find  two  numbers  whose  sum  is  30  and  the  difference 
of  whose  squares  is  300. 

3.  Find  two  numbers  whose  product  plus  their  difference 
is  28  and  whose  quotient  is  5. 
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4.  The  area  of  a  right  triangle  is  120  and  its  hypotenuse 
is  26.  Find  the  other  two  sides. 

5.  It  requires  52  rods  of  fence  to  inclose  a  rectangular 
lot  whose  area  is  one  acre.  Find  the  dimensions  of  the  lot. 

6.  The  area  of  a  field  containing  9.6  acres  is  doubled  by 
adding  16  rods  to  the  length  and  the  breadth.  Find  the 
dimensions. 

7.  The  area  of  a  rectangular  field  is  30  acres  and  one 
diagonal  is  100  rods.  Find  the  dimensions. 

8.  If  a  number  containing  two  digits  is  divided  by  the 
product  of  the  digits,  the  quotient  is  2.  If  the  number 
formed  by  reversing  the  digits  is  divided  by  their  sum,  the 
quotient  is  7.  Find  the  number. 

9.  Two  numbers  are  formed  of  the  same  two  digits  in 
reverse  order.  The  sum  of  their  squares  is  2340.  The 
smaller  divided  by  the  larger  is  y-  Find  the  numbers. 

10.  The  difference  in  volume  of  two  cubes  is  386  cubic 
inches  and  the  difference  of  their  edges  is  2  inches.  Find 
the  edges. 

11.  A  walks  14  miles  in  ^  hour  less  time  than  B.  The 
latter  walks  -J-  mile  per  hour  slower  than  A.  Find  the  speed 
of  each. 

12.  The  value  of  a  fraction  is  decreased  ^  when  1  is 
added  to  the  numerator  and  3  to  the  denominator  and  it  is 
increased  y  if  1  is  subtracted  from  the  numerator  and  2 
from  the  denominator.  Find  the  fraction.  . 

13.  If  the  usual  speed  of  a  motor  bus  is  increased  5  miles 
per  hour,  16  minutes  will  be  saved  in  making  a  certain  run. 
Twenty-four  minutes  more  will  be  required  on  the  same 
run  if  the  rate  is  decreased  5  miles  per  hour.  Find  the 
length  of  the  run  and  the  usual  speed  of  the  bus. 
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14.  The  sum  of  the  squares  of  the  digits  of  a  two-digit 
number  is  9  more  than  the  number.  Twice  the  product 
of  the  digits  equals  the  number.  Find  the  number. 

15.  A  certain  sum  at  simple  interest  amounts  to  $834  in 
one  year.  If  the  rate  were  If  per  cent  greater  and  the 
sum  were  $100  more,  the  amount  would  be  $954.  Find  the 
sum  and  the  rate. 

16.  A  grocer  spent  six  dollars  for  oranges.  Had  they  cost 
four  cents  a  dozen  less  he  would  have  received  five  dozen 
more  for  the  same  sum.  How  many  dozen  did  he  buy  and 
what  was  the  price  per  dozen  ? 

17.  A  bicyclist  leaves  A  and  travels  north.  At  the  same 
time  a  second  bicyclist  leaves  a  point  3  miles  east  of  A 
and  travels  east.  One  and  one-third  hours  after  starting, 
the  shortest  distance  between  them  is  17  miles.  Three 
and  one-third  hours  later  it  is  53  miles.  Find  the  speed  of 
each. 


18.  Divide  365  into  two  parts  so  that  they  will  be 
squares  of  consecutive  integers. 

19.  The  sum  of  the  radii  of  two  circles  is  36  inches  and 
the  difference  of  their  areas  is  144  tt  square  inches.  Find 
the  radii. 
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20.  The  sum  of  one  number  and  the  reciprocal  of  another 
equals  10.25.  The  sum  of  the  second  and  the  reciprocal  of 
the  first  equals  4.1.  Find  the  two  numbers. 

21.  A  starts  out  from  P  to  Q  at  the  same  time  B  leaves 
Q  for  P.  When  they  meet,  A  has  gone  40  miles  more  than 
B.  A  then  finishes  the  journey  to  Q  in  2  hours  and  B  the 
journey  to  P  in  8  hours.  Find  the  speeds  of  A  and  B  and 
the  distance  from  P  to  Q. 

22.  A  leaves  P  for  Q  at  the  same  time  that  B  leaves  Q  on 
his  way  to  P.  From  the  time  the  two  meet,  it  requires  6f 
hours  for  A  to  reach  Q  and  15  hours  for  B  to  reach  P. 
Find  the  speed  of  each  if  the  distance  from  P  to  Q  is  300 
miles. 

GEOMETRICAL  PROBLEMS 

1.  The  sides  of  a  triangle  are  9,  10,  and  17.  Find  the 
altitude  on  the  side  9. 

Hint.  From  the  adjacent  figure 

4-  2/2  _  ;[Q() 

(x  +  9)2  +  2/2  =  289 

2.  The  sides  of  a  triangle  are 
7,  15,  20.  Find  the  altitude  on  the  side  7  and  the  area  of 
the  triangle. 

3.  What  property  of  a  triangle  can  be  used  to  find  the 
other  two  altitudes  in  Exercises  1  and  2?  Find  the  other 
two  altitudes  for  the  triangle  in  Exercise  2  by  this  method. 

4.  The  sides  of  a  triangle  are  18,  24,  and  30.  Find  the 
shortest  altitude  of  the  triangle. 

6.  The  sides  of  a  triangle  are  10,  17,  and  21.  Find  the 
altitude  on  the  greatest  side. 
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6.  The  sides  of  a  triangle  are  25,  33,  and  52.  Find  the 
altitude  on  the 
side  33. 

7.  The  paral¬ 
lel  sides  of  a 
trapezoid  are  25 
and  36  respec¬ 
tively.  The  non¬ 
parallel  sides  are  respectively  13  and  20.  Find  the  altitude 
of  the  trapezoid. 

Hints.  =  169, 

(11  +  xY  +1/2=  400. 

8.  The  two  parallel  sides  of  a  trapezoid  are  30  and  51 
respectively.  The  other  two  sides  are  10  and  17  respec¬ 
tively.  Find  the  altitude  of  the  trapezoid  and  its  area. 

9.  The  sides  of  a  trapezoid  are  20,  30,  37,  and  81  re¬ 
spectively.  The  sides  30  and  81  are  parallel.  Find  the 
altitude  of  the  trapezoid  and  its  area. 

10.  The  sides  of  a  trapezoid  are  14,  18,  40,  and  48.  The 
sides  18  and  48  are  the  bases.  Find  the  altitude  and  the 
area  of  the  trapezoid. 

11.  The  sides  of  a  trapezoid  are  45,  53,  90,  and  x.  The 
latter  is  perpendicular  to  the  sides  45  and  90.  Find  x  and 
the  area  of  the  trapezoid. 

12.  The  hypotenuse  of  a  right  triangle  is  125  and  its 
area  is  2574.  Find  the  other  two  sides. 

13.  The  area  of  a  right  triangle  is  96.  The  difference 
between  the  sum  of  the  smaller  sides  and  the  hypotenuse 
is  8.  Find  the  three  sides. 
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14.  A  rectangular  tank  is  8  feet  6  inches  long  and  6  feet 
8  inches  wide.  A  board  10  inches  wide  is  laid  diagonally 
on  the  floor.  What 
two  equations  must 
be  solved  to  deter¬ 
mine  the  length  of 
the  longest  board 
that  can  be  thus 
laid? 

Hint.  Let  DR  =  x 
and  DK  =  y.  The  tri¬ 
angle  DKR  is  similar 
to  the  triangle  AKL. 

If  the  student  desires 
to  find  the  length  of  ^  ^ 

the  board,  he  must  solve  the  system  obtained  graphically.  This  is 
because  an  attempt  to  use  the  other  methods  presented  in  this  chapter 
leads  to  an  equation  of  the  fourth  degree  which  cannot  be  solved  by 
factoring  or  any  simple  method.  If  the  student  studies  advanced  alge¬ 
bra,  he  will  learn  to  solve  such  equations  readily  by  Horner’s  method. 


CHAPTER  XXXIV 


THE  BINOMIAL  THEOREM 

228.  Powers  of  binomials.  The  following  identities  are 
easily  obtained  by  actual  multiplication : 

(a  +  6)^  =  +  2  a6  +  6^  (1) 

(a  +  6)^  =  +  3  a^b  +  3  +  ¥  (2) 

(a  +  6)^  =  a'^  +  4  a^h  +  6  a‘^b‘^  +  4  a6^  +  ¥  (3) 

(a  +  &)^  =  +  5  a^6  +  10  +  10  -\-ba¥  ¥  (4) 

If  a  +  6  is  replaced  by  a  —  6,  the  even-numbered  terms 
in  each  of  the  preceding  expressions  will  then  be  negative 
and  the  odd-numbered  terms  will  be  positive. 

229.  The  expansion  of  (a  -f  6)".  The  form  of  the  expan¬ 
sion  for  the  case  where  n  is  an  integer  is  as  follows : 

The  first  term  is  a“  and  the  last  is  b“. 

The  second  term  is  -f-  na““^b. 

The  exponents  of  a  decrease  by  1  in  each  term  after  the 
first. 

The  exponents  of  b  increase  by  1  in  each  term  after  the 
second. 

The  product  of  the  coefficient  in  any  term  and  the  exponent 
of  a  in  that  term,  divided  by  the  exponent  of  b  increased  by  1, 
gives  the  coefficient  of  the  next  term. 

The  sign  of  each  term  is  +  z/  a  and  b  are  positive;  the  sign 
of  each  even-numbered  term  is  —  2/  b  alone  is  negative* 
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According  to  the  above  statement  we  have 

{a  +  hY  =  -f  )■) 

1  1*2 

n(72  —  1)  (n  —  2)  ^„_3^3 

1*2*3 

This  expresses  in  symbols  the  law  known  as  the  binomial 
theorem.  The  theorem  holds  for  all  positive  values  of  n 
and  also,  with  certain  limitations,  for  negative  values. 

Note.  The  coefficients  of  the  various  terms  in  the  binomial 
expansion  are  displayed  in  a  most  elegant  form  as  follows : 

1 

1  1 
12  1 
13  3  1 
1  4  6  4  1 


In  this  arrangement  each  row  may  be  derived  from  the  one  above 
it  by  observing  that  each  number  is  equal  to  the  sum  of  the  two 
numbers,  one  to  the  right  and  the  other  to  the  left  of  it,  in  the  line 
above.  Thus  4  =  1  +  3,  6  ==  3  -[-  3,  etc.  The  next  line  is  1  5  10  10 
6  1.  The  successive  lines  of  this  table  give  the  coefficients  for  the 
expansions  of  {a  +5)”  for  the  various  values  of  n.  The  numbers  in 
the  lowest  line  of  the  triangle  are  seen  to  be  the  coefficients  when 
w  =  4 ;  the  next  line  would  give  those  for  w  =  5.  This  array  is  known 
as  Pascal’s  triangle  and  was  published  in  1665.  It  was  probably 
known  to  Tartaglia  nearly  a  hundred  years  before  its  discovery  by 
Pascal. 


EXERCISES 

Expand  by  the  rule : 

1.  (a  +  by.  4.  (a  —  1)^. 

2.  (a  —  c)^.  5.  (a  +  2)®. 

3.  (a  +  ly,  6.  (a  +  3)^ 


7.  (3  d)®. 

8.  (4  —  ay. 

9.  (5  -  ay. 
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Obtain  the  first  four  terms  of : 

10.  (a  +  hy^.  12.  (a  +  hy^,  14.  (a  —  2)^^. 

11.  {a  -  byK  13.  (a  +  iy\  15.  (a  -  by^. 

Expand : 

16.  (a2  4-  3  cy. 

Hints.  To  avoid  errors  in  the  exponents  write 
(a2)5  +  (a2)4(3  c)  +  (o2)3(3  c)2+  (a2)2(3  cf  +  (a2)(3  cY  +  (3  cY 

Then  in  the  spaces  left  for  them  put  in  the  coefficients  of  the  terms 
according  to  the  binomial  theorem.  Finally  simplify  each  term. 

17.  (a^  +  cy.  18.  (a^  +  3)L  19.  (a^  —  2  c^y. 


Obtain  in  simplest  form  the  first  four  terms  of : 

12 

22.  (a  +  5  c)^®.  23.  ^  .  24.  (a^  —  2  c)^^. 


31.  Write  the  first  six  terms  of  the  expansion  of  {a  +  by, 
and  evaluate  it  for  =  1,  n  =  2,  n  =  S,  n  =  4.  How 
does  the  number  of  terms  compare  with  ?^?  What  is 
the  value  of  each  coefficient  after  the  {n  +  l)th?  Why 
does  not  the  ^expansion  extend  to  more  than  five  terms 
when  n  =  41 
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\  nJ 

Compute  the  following  to  two  decimal  places : 


34.  (2.1)8. 


37.  (.97)10. 


Hint.  (2.1)s  =(2  -}-  .1)8,  etc.  Hint.  (.97)1°  =  (1  -  .03)i°, 


35.  (4.2)10. 


38.  (5.8)12. 


36.  (1.04)7. 

230.  Expansion  in  series.  The  expansion  of  section  229 
can  be  proved  for  small  integral  values  of  n  by  direct  multi¬ 
plication.  The  theorem  holds,  however,  for  any  integral 
value  of  n.  The  proof  of  this  fact  is  not  difficult,  but  it  re¬ 
quires  a  knowledge  of  mathematical  induction  which  usually 
comes  in  an  advanced  course.  For  positive  integral  values 
of  n  the  number  of  terms  is  always  n  +  1.  For  fractional 
and  negative  values  of  n  this  is  not  the  case.  The  reason 
is  that  the  factors  in  the  coefficients  n,  n  —  1,  n  —  2,  etc., 
cannot  become  zero  for  fractional  or  negative  values  of 
and  hence  the  expansion  has  no  final  term  and  it  becomes 
an  infinite  series.  The  expansion  is  still  valid  if  a  is  greater 
than  h  and  is  useful  for  two  purposes,  the  expansion  in 
series  and  the  extraction  of  roots. 

For  example 

(a  +  6)^  =  +  -I  oT^h  —  ^  _j_  ^  .  ^"^53  _f_  ...^ 

By  giving  n  the  values  ^  or  one  can  compute  the 
square  root  or  the  cube  root  of  a  number  to  any  required 
degree  of  accuracy. 

In  such  computations  it  is  desirable  to  let  the  number 
which  corresponds  to  a  in  the  binomial  exceed  the  one 
corresponding  to  h  by  as  much  as  possible  and  at  the  same 
time  to  have  a  an  integer. 
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As  will  be  seen,  many  simple  expansions  with  fractional 
and  negative  exponents  can  be  easily  verified.  That  the 
binomial  theorem  holds  for  all  fractional  and  negative 
values  of  n  when  a  is  greater  than  h  has  been  proved. 

Note.  The  process  of  extracting  the  square  root  and  even  the 
cube  root  by  means  of  the  binominal  expansion  was  familiar  to  the 
Hindus  more  than  a  thousand  years  ago.  The  German  Stifel  (1486- 
1567)  stated  the  binomial  theorem  for  all  powers  up  to  the  seven¬ 
teenth,  and  also  extracted  roots  of  numbers  by  this  method. 

EXERCISES 

Find  the  first  five  terms  of : 

1.  (1  +  x)-\ 

2.  Obtain  the  result  of  Exercise  1  by  actual  division. 

Hint.  (1  +  x)-^  =  ,  etc. 

3.  (1  +  0:)“^ 

4.  Obtain  the  result  of  Exercise  3  by  division. 

5.  (28)^. 

Solution. 

28^  =(25  +  3)^ 

=  (25)^  +  i(25)-^(3)  -  i(25)"(3)2  +  xV(25)~^(3)^  ... 

=  5  +  .3  -  .009  +  .00054  -  =  5.29154. 

It  is  proved  in  more  advanced  books  that  when  the  terms  of 
an  infinite  series  are  alternately  plus  and  minus,  and  each  term 
is  numerically  less  than  the  preceding  one,  the  value  of  the 
entire  sum  from  a  given  term  on  cannot  exceed  that  term.  This 
fact  renders  these  so-called  “alternating  series”  especially 
convenient  for  computation,  since  a  definite  limit  of  error  is 
known  at  each  stage  of  the  computation.  In  this  example  the 
error  cannot  exceed  .00054. 
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6.  Check  the  result  of  Exercise  5  by  extracting  the 
square  root  by  the  method  of  §  64. 

7.  Show  that  (65)^  =  4.0207. 


Find  to  three  decimals  by  the  binomial  theorem : 


8.  (26)^.  10.  (38)^. 

9.  (27)L  11.  (83)i 

12.  (62)i 


Hint.  (62)^  =  (64  -  2)i. 

Here  (64  —  2)^  yields  more  accurate  results  with  fewer  terms  than 
(49  +  13)^* 


13.  (28)L  14.  (61)  L  15.  (29)i 

16.  (520)^.  17.  (17)"i 

18.  Check  the  result  of  Exercise  17  by  finding  the  value 

of  -i=  by  the  ordinary  method  of  square  root.  Here 
Vl7 


Expand  to  five  terms : 

19.  (1  +  x)^.  20.  (2  —  x)^.  21.  (3  +  x)L 

22.  (2  +  x)“L  24.  (1  —  x)^. 

23.  (8  —  x)“^.  25.  (1  +  x)“L 

231.  The  factorial  notation.  The  notation  5 !  or  sig¬ 
nifies  1  •  2  •  3  •  4  •  5,  or  120.  Also  4 !  =  1  •  2  •  3  •  4  =  24. 
In  general,  nl  =  1  •  2  •  3  •  4  •••  (w  —  2)(w  —  l)n. 

The  symbol  !  or  is  read  factorial  n” 
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In  the  factorial  notation  the  denominators  of  the  fourth 
and  fifth  terms  of  the  expansion  of  (a  +  &)”  become  3 1  and  4 ! 
respectively  (see  formula,  p.  519). 

EXERCISES 

Evaluate : 

1.7!.  3.  6! -41.  5.  5! -(41)2. 

2.  5 !  •  3 !.  4.  7 !  -^  4 !.  6.  8 !  ~  6 !. 

7.  n  1  -h  {n  —  1) !.  9.  (2 1^) !  -j-  (^n  —  3)  I. 

8.  {n  —  2) !.  10.  (n  +  3) !  -i-  (?z  —  1) !. 

11.  Evaluate  i  when 

(r  -  1)  1 

7^  =  6,  r  =  4 ;  =  12,  r  =  9 ;  =  20,  r  =  14 ;  =  18, 

r  =  12. 

232.  The  rth  term  of  (a  -}-  &)".  According  to  the  bi¬ 
nomial  theorem  the  fifth  term  of  the  expansion  on  page  519 
is 

I  n(n  —  l)(n  —  2)(n  —  3)a”“^6^ 

"*■  4! 

If  we  note  carefully  this  term  and  the  directions  on  page 
518,  we  can  write  down,  from  the  considerations  that 
follow,  any  required  term  without  writing  other  terms  of 
the  expansion. 

The  denominator  of  the  coefficient  of  the  fifth  term  is 
4 !.  From  the  law  of  formation  the  denominator  of  the 
sixth  term  would  be  5 !,  of  the  seventh  term  6 1,  etc.  Con¬ 
sequently  in  the  rth  term  the  denominator  of  the  coefficient 
would  be  (r  —  1) !. 

The  numerator  of  the  coefficient  of  the  fifth  term  contains 
the  product  of  the  four  factors  n{n  —  l){n  —  2){n  —  3). 
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The  numerator  of  the  sixth  term  would  contain  these  four 
and  the  additional  factor  —  4.  Similarly,  the  last 
factor  in  the  numerator  of  the  seventh  term  would  be 

—  5,  etc.  Hence  the  last  factor  in  the  rth  term  would 
be  ri  —  (r  —  2),  and  the  numerator  of  the  coefficient  of  the 
rth  term  is  {n  —  l){n  —  2){n  —  3)  •••  {n  —  r  2). 

The  exponent  of  a  in  the  fifth  term  is  —  4,  and  in  the 
sixth  term  it  would  be  —  5,  etc.  Therefore  in  the  rth 
term  the  exponent  of  a  is  —  (r  —  1),  or  —  r  +  1. 

The  exponent  of  b  in  the  fifth  term  is  4,  in  the  sixth  term 
5,  etc.  Therefore  in  the  rth  term  the  exponent  of  h  is 
r  —  1. 

The  sign  of  any  term  of  the  expansion  (if  is  a  positive 
integer)  is  plus  if  the  binomial  is  a  H-  6.  If  the  binomial 
is  a  —  6,  the  terms  containing  the  odd  powers  of  b  will  be 
negative.  In  other  words  the  sign  in  such  cases  depends 
upon  whether  the  exponent  r  —  1  is  even  or  odd,  being 
+  if  r  —  1  is  even,  and  —  if  r  —  1  is  odd. 

Hence  the  rth  term  (r  not  equal  to  1)  of  (a  +  b)^  equals 

/  _  n(n-l){n-2)(n-S)  -  (n-r+2) 

(r  —  1) ! 

If  we  wanted  the  twelfth  term,  we  would  in  using  (1) 
substitute  12  for  r. 

EXERCISES 


Find  the  required  term : 

1.  The  sixth  term  of  (a  +  6)^^. 

Solution,  Substituting  12  for  n  and  6  for  r  in  the  formula 
(1)  gives 


+ 


12  •  11  •  10  •  9  •  8 


•  a^b^ 


5  •  4  •  3  •  2 
=  -h  792  a^b^ 
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2.  Fifth  term  of  (a  +  by^. 

3.  Sixth  term  of  (a  +  hy^. 

4.  Seventh  term  of  (a  —  by^. 

5.  Eighth  term  of  (a  —  by^. 

6.  Fourth  term  of  (a^  —  2 


\c  a  J 

9.  Eighth  term  of  —  x^y^. 


10.  Fourth  term  of 


11.  Find  the  middle  term  of  (o:^  —  x‘^y^. 


Find  the  coefficient  of : 

12.  x^  in  (1  +  14.  in  (x^  —  1)^^ 

13.  x^°  in  (x^  +  1)20.  15^  ^5  in  (x^  —  X“2)i5^ 


Note.  The  binomial  theorem  occupies  a  remarkable  place  in  the 
history  of  mathematics.  By  means  of  it  Napier  was  led  to  the  dis¬ 
covery  of  logarithms,  and  its  use  was  of  the  greatest  assistance  to 
Newton  in  making  his  most  wonderful  mathematical  discoveries. 
But  to-day  the  results  of  Newton  and  of  Napier  are  explained  without 
even  so  much  as  a  mention  of  the  binomial  theorem,  for  simpler 
methods  of  obtaining  these  results  have  been  discovered. 

It  was  Newton  who  first  recognized  the  truth  of  the  theorem,  not 
only  for  the  case  where  n  is  a  positive  integer,  which  had  long  been 
familiar,  but  for  fractional  and  negative  values  as  well.  He  did  not 
give  a  demonstration  of  the  general  validity  of  the  binomial  develop¬ 
ment,  and  none  even  passably  satisfactory  was  given  until  that  of 
Euler  (1707-1783).  The  first  entirely  satisfactory  proof  of  this 
difficult  theorem  was  given  by  the  brilliant  young  Norwegian  Abel 
(1802-1829). 


CHAPTER  XXXV 

LOGARITHMS 

233.  Introduction.  Logarithms  were  invented  to  shorten 
the  work  of  extended  numeric  computations  which  in¬ 
volve  one  or  more  of  the  operations  of  multiplication, 
division,  involution,  and  evolution.  Their  use  has  de¬ 
creased  the  labor  of  computing  to  such  an  extent  that 
many  calculations  which  would  require  hours  without  the 
use  of  logarithms  can  be  performed  with  their  aid  in  a 
small  fraction  of  that  time. 

234.  Definition  of  logarithm  and  base.  If  we  write  the 
equation 

n  =  (1) 

we  express  therein  the  essential  relation  between  a  number, 
Uj  and  its  logarithm,  Z,  for  a  given  base,  h.  In  the  notation 
of  logarithms  this  is  written 

logbU  =  Z,  (2) 

and  it  is  read  **  the  logarithm  of  n  to  the  base  h  equals  L” 

We  can  define  verbally  in  one  statement  both  logarithm 
and  base  as  follows : 

The  logarithm  of  a  given  number  is  the  'power  to  which 
another  number ,  called  the  base,  must  be  raised  in  order  to 
equal  the  given  number. 

It  is  important  to  realize  that  equations  (1)  and  (2)  are 
merely  two  different  ways  of  expressing  precisely  the  same 
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relations,  one  the  exponential  way,  the  other  the  loga¬ 
rithmic.  Above  all  it  is  necessary  to  keep  in  mind  the  fact 
that  a  logarithm  is  an  exponent. 

Thus  in  81  =  3^,  the  given  number  is  81,  the  base  is  3, 
and  the  logarithm  is  4 ;  that  is,  logs  81  =  4. 

235.  Systems  of  logarithms.  The  base  of  the  common,  or 
Briggs,  system  of  logarithms  is  10.  Hence  a  table  of  com¬ 
mon  logarithms  is  really  a  table  of  exponents  of  the  number 
10.  Since  the  greater  portion  of  these  exponents  are  ap¬ 
proximate  values  of  irrational  numbers,  it  follows  that 
computations  by  means  of  logarithms  give  only  approxi¬ 
mate  results.  Tables  exist,  however,  in  which  each 
logarithm  is  given  to  twenty  or  more  decimals;  hence 
practically  any  desired  degree  of  accuracy  can  be  obtained 
by  using  the  proper  table.  The  common  system  is  used  in 
numerical  work  almost  exclusively.  The  table  on  page  534 
is  a  table  of  common  logarithms  carried  to  four  decimal 
places. 

The  only  other  system  of  logarithms  used  in  computa¬ 
tions  is  called  the  natural  system.  It  has  for  its  base  the 
irrational  number  2.7182 +,  which  is  usually  denoted  by 
the  letter  e  and  is  used  mainly  for  theoretical  purposes. 

It  can  be  proved  that  the  laws  given  on  pages  401-402, 
governing  the  use  of  rational  exponents,  hold  for  irrational 
exponents.  In  the  work  on  logarithms  this  fact  will  be 
assumed. 

ORAL  EXERCISES 

,  1.  If  16  =  2"",  X  =  ?  log2  16  ==  ? 

2.  If  625  =  5^  X  =  ?  logs  625  =  ? 

3.  Log4  64  =  ?  log2  32  =  ?  logs  243  =  ? 

4.  If  10000  =  10-,  x  =  ?  logio  10000  =  ? 
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5.  logio 

100  =  ? 

logio  1000  =  ? 

logio  10  =  ? 

@10  1  =  ? 

6.  40  = 

?  log4 1 

=  ?  logs  1  =  ?  logn 

1  = 

? 

• 

Number  Base 

Logarithm 

Number 

Base 

Logarithm 

7.  25 

5 

? 

• 

22.  ? 

10 

2 

8.  81 

3 

? 

• 

23.  ? 

10 

1 

9.  81 

9 

? 

• 

24.  ? 

10 

0 

10.  64 

2 

? 

• 

25.  ? 

10 

3 

11.  125 

5 

? 

• 

26.  ? 

10 

-  1 

12.  216 

6 

? 

• 

27.  ? 

10 

-  2 

13.  343 

7 

? 

28.  ? 

10 

-  3 

14.  27 

? 

3 

29.  4 

? 

e 

1 

2 

15.  8 

? 

• 

3 

30.  8 

? 

• 

1 

3 

16.  128 

? 

• 

7 

31.  27 

? 

• 

3 

2 

17.  625 

? 

• 

3 

32.  5 

25 

? 

• 

18. 1024 

? 

• 

5 

33.  6 

216 

? 

• 

19.  ? 

4 

4 

34.  16 

? 

• 

3 

4 

20.  ? 

3 

5 

35.  81 

? 

• 

3 

4 

21.  ? 

5 

3 

36.  25 

? 

• 

3 

2 

Read  in  the  notation  of  logarithms : 

37. 73  = 

101.863^ 

44.  165  = 

=  102 

.2175 

• 

38.  50  = 

101-69. 

■ 

45o  16.5  = 

=  10^ 

L.2175 

• 

39.  1  = 

109. 

46.  1.65  = 

=  10 

,2175 

• 

40.  .1  = 

10-1. 

47.  .165  = 

=  10 

-1+.2175 

• 

41.  .2  = 

10-.699, 

48.  .0165 

==  10-2+-2175 

42.  .089  =  10-i  '’5.  49.  200  =  10^  301. 

43.  1650  =  103-3116.  60.  20  =  10i-3oi. 
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Read  in  exponential  notation,  with  the  base  10 : 

61.  log  3  =  .4771.  52.  log  40  =  1.6021. 

53.  log  .0983  =  -  2  +  .9926. 

54.  log  100^  =  6. 

Find  the  numeric  value  of  the  following  sums : 

65.  logio  10  +  logic  100  +  logic  1000. 

66.  logic  100  +  logic  1  +  logic  -1. 

57.  logs  9  +  log4  16  +  logs  125. 

68.  log7  49  +  logs  512  +  log2  4. 

69.  log2  8  +  logs  27  +  log4  64. 

60.  logge  6  +  log25  5  +  logs  25. 

Biographical  Note.  John  Napier.  Although  many  scientists 
have  been  honored  with  titles  on  account  of  their  discoveries,  very 
few  of  the  titled  aristocracy  have  become  distinguished  for  their 
mathematical  achievements.  A  notable  exception  to  this  rule  is  found 
in  John  Napier,  Lord  of  Merchiston  (1550-1617),  who  devoted  most 
of  his  life  to  the  problem  of  simplifying  arithmetic  operations.  Na¬ 
pier  was  a  man  of  wide  intellectual  interests  and  great  activity.  In 
connection  with  the  management  of  his  estate  he  applied  himself 
most  seriously  to  the  study  of  agriculture,  and  experimented  with 
various  kinds  of  fertilizers  in  a  somewhat  scientific  manner,  in  order 
to  find  the  most  effective  means  of  reclaiming  soil.  He  spent  several 
years  in  theological  writing.  When  the  danger  of  an  invasion  by 
Philip  of  Spain  was  imminent,  he  invented  several  devices  of  war. 
Among  these  were  powerful  burning  mirrors,  and  a  sort  of  round 
musket-proof  chariot,  the  motion  of  which  was  controlled  by  those 
within,  and  from  which  guns  could  be  discharged  through  little  port¬ 
holes. 

But  by  far  the  most  serious  activity  of  Napier’s  life  was  the  effort 
to  shorten  the  more  tedious  arithmetic  operations.  He  invented 
the  first  approximation  to  a  computing  machine,  and  also  devised 
a  set  of  rods,  often  called  Napier’s  bones,  which  were  of  assistance  in  . 
multiplication.  His  crowning  achievement,  however,  was  the  inven¬ 
tion  of  logarithms,  to  which  he  devoted  fully  twenty  years  of  his  life. 


yohn  ^T^pier 
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236.  Steps  preceding  computation.  Before  computation 
by  means  of  the  table  can  be  taken  up,  two  processes 
requiring  considerable  explanation  and  practice  must  be 
mastered. 

I.  To  find  from  the  table  the  logarithm  of  a  given  number. 

II.  To  find  from  the  table  the  number  corresponding  to  a 
^  given  logarithm. 

« 

237.  Characteristic  and  mantissa.  Unless  a  number  is  an 
exact  power  of  10,  its  logarithm  consists  of  an  integer  and 
a  decimal. 

This  fact  is  illustrated  in  Exercises  37-50,  page  529. 

The  integral  part  of  a  logarithm  is  called  its  character¬ 
istic. 

The  decimal  part  of  a  logarithm  is  called  its  mantissa. 

Log  800  =  2.903.  Here  2  is  the  characteristic  and  .903 
is  the  mantissa. 

The  characteristic  of  any  number  is  obtained  not  from  a 
table  of  logarithms  but  by  an  inspection  of  the  number 
itself,  according  to  rules  which  will  now  be  derived. 

104  10,000 ;  that  is,  the  log  10,000  =  4. 

10^  =  1000 ;  that  is,  the  log  1000  =  3. 

10^  =  100 ;  that  is,  the  log  100  =  2. 

104  =  10 ;  that  is,  the  log  10  =  1. 

10*4  =  I that  is,  the  log  1=0. 

10“4  =  .1 ;  that  is,  log  .1  =  —  1. 

10-2  ^  is,  the  log  ,01  =  —  2. 

10-3  =  .001 ;  that  is,  the  log  .001  =  —  3. 

The  preceding  statement  indicates  between  what  two 
integers  the  logarithm  of  a  number  less  than  10,000  lies. 
This  determines  the  characteristic. 


532  NEW  COMPLETE  SCHOOL  ALGEBRA 


Since  347  lies  between  100  and  1000  (that  is,  between 
10^  and  10^),  log  347  must  lie  between  2  and  3  and  must 
equal  2  (characteristic)  plus  a  decimal  (mantissa).  Man¬ 
tissas  are  always  obtained  from  a  table  like  that  on  page 
244. 

And  since  .0037  lies  between  .001  and  .01  (that  is, 
10~^  and  10“^),  log  .0037  =  —  3  plus  a  positive  decimal  or 
—  2  plus  a  negative  decimal. 

For  the  determination  of  the  characteristic  of  a  positive 
number  we  have  the  following  rules : 

I.  The  characteristic  of  a  number  greater  than  1  is  one 
less  than  the  number  of  digits  to  the  left  of  the  decimal  point. 

II.  The  characteristic  of  a  number  less  than  1  is  negative 
and  numerically  one  greater  than  the  number  of  zeros  between 
the  decimal  point  and  the  first  significant  figure. 

Accordingly  the  characteristic  of  2874  is  3 ;  of  8  is  0 ; 
of  .3  is  -  1 ;  of  .046  is  -  2 ;  of  .0078  is  -  3. 

ORAL  EXERCISES 

What  is  the  characteristic  of : 


1.  418. 

5.  7300. 

9.  .73. 

2.  7863. 

6.  730. 

10.  .073. 

3.  79. 

7.  73. 

11.  .0073. 

4.  8. 

8.  7.3. 

12.  .00073. 

13.  71.067.  15.  .60000. 

14.  .000091.  16.  .348. 


The  table  on  pages  534-535  gives  the  mantissa  of  num¬ 
bers  from  100  to  999.  Before  each  mantissa  a  decimal  point 
is  understood. 
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The  numbers  7860,  786,  78.6,  7.86,  .0786,  and  .00786  are 
spoken  of  as  composed  of  the  same  significant  digits  in  the 
same  order.  They  differ  only  in  the  position  of  the  decimal 
point,  and  consequently  their  logarithms  to  the  base  10 
will  have  different  characteristics,  but  they  will  have  the 
same  mantissa. 

The  last  two  points  are  easily  illustrated  by  any  two 
numbers  which  have  the  same  significant  digits  in  the 
same  order. 

8.26  =  10-917,  that  is,  log  8.26  =  .917 
8.26  •  102  _  326  =  10  917 . 10^  =  102-917 
or  log  826  =  2.917. 

The  property  just  explained  does  not  belong  to  a  system 
of  logarithms  in  which  the  base  is  any  number  other  than 
10.  Thus,  if  the  base  is  100,  the  most  convenient  number 
after  10,  the  logarithms  of  7860,  786,  78.6,  and  7.86  are 
respectively  1.9477,  1.4477,  .9477,  and  .4477.  While  a 
certain  regularity  in  characteristic  and  mantissa  can  be 
seen  here,  it  is  obvious  that  the  rules  for  obtaining  them 
would  not  be  so  simple  as  they  are  for  the  base  10.  More¬ 
over,  it  can  be  seen  from  the  illustration  just  given  that 
tables  of  a  given  accuracy  are  far  shorter  with  the  base  10 
than  they  would  be  with  any  other  base. 

238.  Use  of  the  table.  The  table  on  page  534  gives  the 
mantissas  of  all  numbers  containing  one,  two,  or  three 
significant  digits.  To  obtain  the  logarithms  of  a  number 
containing  three  or  fewer  significant  digits  we  have  the 

Rule.  Determine  the  characteristic  by  inspection.  Find  in 
column  “  N  ”  the  first  two  significant  figures  of  the  given  number. 
In  the  row  with  these  and  in  the  column  headed  by  the  third 
figure  of  the  number,  find  the  required  mantissa. 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D 

10 

.0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 

42 

11 

0414 

0453 

0492 

0531 

0569 

0607 

0645 

0682 

0719 

0755 

38 

12 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

35 

13 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

32 

14 

1461 

1492 

1523 

;L553 

1584 

1614 

1644 

1673 

1703 

1732 

30 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

28 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

26 

17 

2304 

2330 

2355 

2380 

2405 

2430 

2455 

2480 

2504 

2529 

25 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

2765 

24 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

22 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

21 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

20 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

3560 

3579 

3598 

19 

23 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

18 

24 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

3927 

3945 

3962 

18 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

17 

26 

4150 

4166 

4183 

4200 

4216 

4232 

4249 

4265 

4281 

4298 

16 

27 

4314 

4330 

4346 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

16 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

15 

29 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

15 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

14 

31 

4914 

4928 

4942 

4955 

4969 

4983 

4997 

5011 

5024 

5038 

14 

32 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

13 

33 

5185 

5198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

13 

34 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

13 

35 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

12 

36 

5563 

5575 

5587 

5599 

5611 

5623 

5635 

5647 

5658 

5670 

12 

37 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 

5786 

12 

38 

5798 

5809 

5821 

5832 

5843 

5855 

5866 

5877 

5888 

5899 

11 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

11 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

11 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

10 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

10 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 

6405 

6415 

6425 

10 

44 

6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

10 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

10 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

9 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

9 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

9 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 

6972 

6981 

9 

50 

6990 

6998 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

9 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

8 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

8 

53 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

8 

54 

7324 

7332 

7340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 

8 
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N 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

D 

65 

7404 

7412 

7419 

7427 

7435 

7443 

7451 

7459 

7466 

7474 

8 

56 

7482 

7490 

7497 

7505 

7513 

7520 

7528 

7536 

7543 

7551 

8 

57 

7559 

7566 

7574 

7582 

7589 

7597 

7604 

7612 

7619 

7627 

8 

58 

7634 

7642 

7649 

7657 

7664 

7672 

7679 

7686 

7694 

7701 

7 

59 

7709 

7716 

7723 

7731 

7738 

7745 

7752 

7760 

7767 

7774 

7 

60 

7782 

7789 

7796 

7803 

7810 

7818 

7825 

7832 

7839 

7846 

7 

61 

7853 

7860 

7868 

7875 

7882 

7889 

7896 

7903 

7910 

7917 

7 

62 

7924 

7931 

7938 

7945 

7952 

7959 

7966 

7973 

7980 

7987 

7 

63 

7993 

8000 

8007 

8014 

8021 

8028 

8035 

8041 

8048 

8055 

7 

64 

8062 

8069 

8075 

8082 

8089 

8096 

8102 

8109 

8116 

8122 

7 

65 

8129 

8136 

8142 

8149 

8156 

8162 

8169 

8176 

8182 

8189 

7 

66 

8195 

8202 

8209 

8215 

8222 

8228 

8235 

8241 

8248 

8254 

7 

67 

8261 

8267 

8274 

8280 

8287 

8293 

8299 

8306 

8312 

8319 

6 

68 

8325 

8331 

8338 

8344 

8351 

8357 

8363 

8370 

8376 

8382 

6 

69 

8388 

8395 

8401 

8407 

8414 

8420 

8426 

8432 

8439 

8445 

6 

70 

8451 

8457 

8463 

8470 

8476 

8482 

8488 

8494 

8500 

8506 

6 

71 

8513 

8519 

8525 

8531 

8537 

8543 

8549 

8555 

8561 

8567 

6 

72 

8573 

8579 

8585 

8591 

8597 

8603 

8609 

8615 

8621 

8627 

6 

73 

8633 

8639 

8645 

8651 

8657 

8663 

8669 

8675 

8681 

8686 

6 

74 

8692 

8698 

8704 

8710 

8716 

8722 

8727 

8733 

8739 

8745 

6 

75 

8751 

8756 

8762 

8768 

8774 

8779 

8785 

8791 

8797 

8802 

6 

76 

8808 

8814 

8820 

8825 

8831 

8837 

8842 

8848 

8854 

8859 

6 

77 

8865 

8871 

8876 

8882 

8887 

8893 

8899 

8904 

8910 

8915 

6 

78 

8921 

8927 

8932 

8938 

8943 

8949 

8954 

8960 

8965 

8971 

6 

79 

8976 

8982 

8987 

8993 

8998 

9004 

9009 

9015 

9020 

9025 

5 

80 

9031 

9036 

9042 

9047 

9053 

9058 

9063 

9069 

9074 

9079 

5 

•81 

9085 

9090 

9096 

9101 

9106 

9112 

9117 

9122 

9128 

9133 

5 

82 

9138 

9143 

9149 

9154 

9159 

9165 

9170 

9175 

9180 

9186 

5 

83 

9191 

9196 

9201 

9206 

9212 

9217 

9222 

9227 

9232 

9238 

5 

84 

9243 

9248 

9253 

9258 

9263 

9269 

9274 

9279 

9284 

9289 

5 

85 

9294 

9299 

9304 

9309 

9315 

9320 

9325 

9330 

9335 

9340 

5 

86 

9345 

9350 

9355 

9360 

9365 

9370 

9375 

9380 

9385 

9390 

5 

87 

9395 

9400 

9405 

9410 

9415 

9420 

9425 

9430 

9435 

9440 

5 

88 

9445 

9450 

9455 

9460 

9465 

9469 

9474 

9479 

9484 

9489 

5 

89 

9494 

9499 

9504 

9509 

9513 

9518 

9523 

9528 

9533 

9538 

5 

90 

9542 

9547 

9552 

9557 

9562 

9566 

9571 

9576 

9581 

9586 

5 

91 

9590 

9595 

9600  9605 

9609 

9614 

9619 

9624 

9628 

9633 

5 

92 

9638 

9643 

9647 

9652 

9657 

9661 

9666 

9671 

9675 

9680 

5 

93 

9685 

9689 

9694 

9699 

9703 

9708 

9713 

9717 

9722 

9727 

5 

94 

9731 

9736 

9741 

9745 

9750 

9754 

9759 

9763 

9768 

9773 

5 

95 

9777 

9782 

9786 

9791 

9795 

9800 

9805 

9809 

9814 

9818 

5 

96 

9823 

9827 

9832 

9836 

9841 

9845 

9850 

9854 

9859 

9863 

5 

97 

9868 

9872 

9877 

9881 

9886 

9890 

9894 

9899 

9903 

9908 

4 

98 

9912 

9917 

9921 

9926 

9930 

9934 

9939 

9943 

9948 

9952 

4 

99 

9956 

9961 

9965 

9969 

9974 

9978 

9983 

9987 

9991 

9996 

4 
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ORAL  EXERCISES 


Find  the  logarithm  of : 

1.  74. 

6.  63. 

9.  500. 

2.  381. 

6.  21. 

10.  97. 

3.  485. 

7.  5. 

11.  738. 

4.  739. 

8.  50. 

12.  .487. 

Solution.  The  characteristic  of  .487  is  —  1  and  the  man¬ 
tissa  is  .6875.  Hence  log  .487  =  —  +  .6875.  This  is  often 

written  in  the  abbreviated  form,  1.6875.  The  mantissa  is 
always  kept  positive  in  order  to  avoid  the  addition  and  sub¬ 
traction  of  both  positive  and  negative  decimals,  which  in 
ordinary  practice  contain  from  three  to  five  figures.  Negative 
characteristics,  being  integers,  are  comparatively  easy  to  take 
care  of.  (The  student  should  note  that  log  .487  is  really  nega¬ 
tive,  being  -  1  4-  .6875,  or  —  .3125.) 


13.  .638.  17.  63800. 

14.  .0782.  18.  27000. 


15.  .00964.  19.  3.75. 

16.  .0307.  20.  .784. 

239.  Interpolation.  If  a  number  contains  four  or  more 
significant  digits,  its  mantissa  is  not  given  in  the  table  on 
page  534.  It  is  possible,  however,  to  calculate  the  mantissas 
of  four-  and  five-digit  numbers  from  mantissas  which  are 
given  in  the  table.  This  process  or  the  reverse  of  it  is 
called  interpolation. 

If  we  desire  the  logarithm  of  a  number  not  in  the  table, 
say  3575,  we  know  that  it  lies  between  the  logarithms  of 
3570  and  3580,  which  are  given  in  the  table.  Since  3575 
is  halfway  between  3570  and  3580,  we  assume,  though  it  is 
only  approximately  true,  that  the  required  logarithm  is 
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halfway  between  their  logarithms,  3.5527  and  3.5539. 
In  order  to  find  log  3575  we  first  look  up  log  3570  and 
log  3580  and  then  take  half  (or  .5)  their  difference  (this 
difference  may  usually  be  taken  from  the  column  headed 
D)  and  add  it  to  log  3570.  This  gives 

log  3575  =  3.5527  +  .5  X  .0012  =  3.5533 

Were  we  finding  log  3578  we  should  take  .8  of  the  dif¬ 
ference  between  log  3570  and  log  3580  and  add  it  to 
log  3570  as  follows : 

log  3578  =  3.5527  +  .8  X  .0012 
=  3.5527  +  .00096 
=  3.5527  -f  .0010 
=  3.5537 

Observe  that  in  using  four-place  tables  one  should  not 
carry  results  to  five  figures.  If  the  fifth  figure  of  the  log¬ 
arithm  is  5,  6,  7,  8,  or  9,  omit  it  and  increase  the  fourth 
figure  by  1 ;  that  is,  obtain  results  to  the  nearest  figure  in 
the  fourth  place. 

For  finding  the  logarithm  of  a  number  not  given  in  the 
table  we  have  the 

Rule.  Prefix  the  proper  characteristic  to  the  mantissa  of  the 
first  three  significant  figures. 

Then  multiply  the  difference  between  this  mantissa  and  the 
next  greater  mantissa  in  the  table  {called  the  tabular  difference) 
by  the  remaining  figures  of  the  number  preceded  by  a  decimal 
point. 

Add  the  product  to  the  logarithm  of  the  first  three  figures, 
taking  the  nearest  decimal  in  the  fourth  place. 

In  this  method  of  interpolation  we  have  assumed  that 
the  increase  in  the  logarithm  is  directly  proportional  to  the 
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increase  in  the  number.  As  has  been  said,  this  is  not 
strictly  true,  yet  the  results  thus  obtained  are  nearly 
always  correct  to  the  fourth  decimal  place. 


EXERCISES 


Find  the  logarithm  of : 


1.  4785. 

2.  6334. 

3.  42.67. 

4.  96.42. 


5.  3.528. 

6.  981.6. 

7.  42.83. 

8.  8731. 


9.  46.209. 

10.  .01877. 

11.  .0004444. 

12.  .034567. 


13.  3.1416.  15.  3468000. 

14.  2.1782.  16.  19635. 


240.  Antilogarithms.  An  antilogarithm  is  the  number 
corresponding  to  a  given  logarithm.  Thus  antilog  3  equals 
1000. 

If  we  desire  the  antilogarithm  of  a  given  logarithm,  say 
4.5132,  we  proceed  as  follows:  The  mantissa  .5132  is 
found  in  the  row  which  has  32  in  column  N  and  in  the 
column  which  has  6  at  the  top.  Hence  the  first  three  signifi¬ 
cant  figures  of  the  antilogarithm  are  326.  Since  the  char¬ 
acteristic  is  4,  the  number  must  have  five  digits  to  the  left 
of  the  decimal  point.  Thus  antilog  4.5132  =  32600. 

Therefore,  if  the  mantissa  of  a  given  logarithm  is  found 
in  the  table,  its  antilogarithm  is  obtained  by  the 

Rule.  Find  the  row  and  the  column  in  which  the  given 
mantissa  lies.  In  the  row  found  take  the  two  figures  which  are 
in  column  “  N  ”  for  the  first  two  significant  figures  of  the 
antilogarithm  and  for  the  third  figure  the  number  at  the  top 
of  the  column  in  which  the  mantissa  stands. 

Place  the  decimal  point  as  indicated  by  the  characteristic. 
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ORAL  EXERCISES 


Find  the  antilogarithm  of : 


1.  2.9304.* 
‘2.  1.7839. 


3.  .5635. 

4.  1.6284. 


5.  2.4502. 

6.  5.8904. 


7.  8.6222  -  10. 
Hint.  8.6222  -  10  =  -  2  +  .6222. 


8.  7.8261  -  10. 

9.  6.5877. 


10.  4.1335  -  7. 

11.  —  3  -|-  .6304. 


12.  .9053. 


13.  7.9961  -  10. 


14.  9.7443  -  10. 


If  the  mantissa  of  a  given  logarithm,  as  in  1.4571,  is  not 
given  in  the  table,  the  antilogarithm  is  obtained  by  inter¬ 
polation  as  follows : 

The  mantissa  .4571  lies  between 

j 

.4564,  the  mantissa  of  the  sequence  286, 
and  .4579,  the  mantissa  of  the  sequence  287. 

Therefore  the  antilogarithm  of  1.4571  lies  between  28.6 
and  28.7.  Since  the  tabular  difference  is  15  and  the  dif¬ 
ference  between  .4564  and  .4571  is  7,  the  mantissa  .4571 
lies  of  the  way  from  .4564  to  .4579.  Therefore  the 
required  antilogarithm  lies  of  the  way  from  28.6  to  28.7. 


antilog  1.4571  =  28.6  +  i^(.l) 
28.6  +  .046  =  28.65. 


Then 


and 


Therefore  to  find  the  number  corresponding  to  a  given 
mantissa  when  the  mantissa  is  not  found  in  the  table  we 
have  the 
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Rule.  Write  the  number  of  three  figures  corresponding  to 
the  lesser  of  two  mantissas  between  which  the  given  mantissa 
lies. 

Subtract  the  less  mantissa  from  the  given  one  and  divide 
the  remainder  by  the  tabular  difference  to  two  decimal  places. 
If  the  second  digit  is  5  or  more,  increase  the  first  digit  by  1; 
if  less  than  5,  omit  it. 

Annex  the  resulting  digit  to  the  three  already  found  and  place  the 
decimal  point  where  indicated  by  the  characteristic. 

EXERCISES 

Find  the  antilogarithms  of : 


1.  1.4860. 

5. 1.3626. 

9.  .6187. 

2.  2.4796. 

6.  9.8448  -  10. 

10.  7.5257  - 

10. 

3.  4.9481. 

7.  6.0748  -  9. 

11.  8.4230. 

4.  0.3727. 

8.  5.8153  -  10. 

12.  8.6510  - 

10. 

241.  Multiplication.  Multiplication  by  logarithms 

de- 

pends  on  the 

Theorem. 

The  logarithm  of  the  product  of  two  numbers  is 

the  sum  of  the  logarithms  of  the  numbers. 

That  is,  for  the  numbers  x  and  z 

log6(x  •  z)  =  logft  X  +  log6 

z. 

Proof.  Let 

log5X  =  h 

(1) 

and 

l0g6  Z  =  I2. 

' 

(2) 

From  (1), 

X  =  6^1. 

(3) 

From  (2), 

z  =  hK 

(4) 

(3)  X(4), 

XZ  = 

(5) 

Therefore, 

l0g6  XZ  = 

=  log6  X  +  logb  z. 
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It  follows  from  this  theorem  that  the  logarithm  of  the  prod¬ 
uct  of  more  than  two  numbers  is  the  sum  of  the  logarithms 
of  the  factors.  Thus  log  (x  •  y  •  z)  =  log  x  log  y  +  log  z. 


EXERCISES 

Perform  the  indicated  operation  by  logarithms : 
1.  16  X  35. 


Solution, 

Adding, 

Antilog 


log  16  =  1.2041 
log  35  =  1.5441 
log  (16  X  35)  =  2.7482 

2.7482  =  560 


4.  318  X  7.  6.  231  X  47. 

5.  7.6  X  4.91.  7.  873  X  67. 

11.  2600  X  318. 

9.  7860  X  1325.  12.  3718  X  5694. 

10.  64.37  X  3.142.  13.  3470  X  .0485. 


2.  27  X  38. 

3.  65  X  79. 

8.  769  X  257. 


Solution,  log  (3470  X  .0485)  =  3.5403  +  8.6857  -  10 

=  12.2260  -  10  =  2.2260 

Antilog  2.2260  =  168.3. 

Since  the  mantissa  is  always  positive,  any  number  carried 
over  from  the  tenths’  column  to  the  units’  column  is  positive. 
This  occurs  in  the  preceding  solution,  where  .6  +  .5  =  1.+, 
giving  +  1  to  be  added  to  the  sum  of  the  characteristics  +  3 
and  —  2,  in  the  units’  column.  Mistakes  in  such  cases  will  be 
less  frequent  if  the  logarithms  with  negative  characteristics  be 
written  as  in  the  8-10  notation. 

14.  438  X  .725. 

15.  637  X  .0354. 


c 


16.  91.7  X  .00637. 

17.  .00842  X  .6071. 
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18.  (4316)  (-  3.81) 

Hint.  Determine  by  inspection  the  sign  of  the  product.  Then 
calculate  as  if  all  signs  were  positive  and  give  to  the  result  the  proper 
sign. 

« 

19.  23(-  284).  21.  4.83  X  2.36  X  .971. 

20.  4.2  X  96  X  7.1.  22.  57(-  28) (-  3.65). 

242.  Division.  Division  by  logarithms  depends  on  the 

Theorem.  The  logarithm  of  the  quotient  of  two  numbers  is 
the  logarithm  of  the  dividend  minus  the  logarithm  of  the  divisor. 

That  is,  for  the  numbers  x  and  z 

logi,  -  logb  X  —  logft  2:. 


2: 

Proof.  Let  log6  x  =  h  (1) 

and  logb  z  =  k-  (2) 

From  (1),  X  =  Z>^i.  (3) 

From  (2),  z  =  bK  (4) 


(3)  (4),  -  = 

/y 

Therefore,  logb  -  =  h  —  k 

z 

=  log?,  X  —  log6  2:. 

It  follows  from  the  multiplication  and  the  division  theo¬ 
rems  that  if  the  product  of  two  or  more  numbers  is  divided 
by  the  product  of  two  or  more  others,  the  logarithm  of  the 
resulting  quotient  is  the  sum  of  the  logarithms  of  the  fac¬ 
tors  of  the  dividend  minus  the  sum  of  the  logarithms  of  the 
factors  of  the  divisor.  Thus 

log  —  =  log  a  +  log  b  +  log  c  —  (log  X  +  log  y  +  log  z). 
xyz 
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EXERCISES 

Using  logarithms,  perform  the  indicated  operations : 

1.  765  -J-  34. 

Solution.  .  log  765  =  2.8837 

log  34  ==  1.5315 
Subtracting,  log  (765  34)=  1.3522 

antilog  1.3522  =  22.5 

2.  625  --  25.  3.  784  37.  4.  563  --  4.27. 

5.  4380  74.3.  7.  468.4  47.2. 

6.  79.43  3.25.  8.  3754  2869. 

9.  4.38  .0735. 

Solution,  log  4.38  =  .6415  =  10.6415  -  10 
_ log  .0735  = _ 8.8663  -  10 

log  (4.38  ^  .0735)  =  1.7752 

Antilog  ‘  1.7752  =  59.6 


10.  3.76  .0759. 

11.  4.23  .687. 

12.  25.37  -r-  .00786. 

13.  .738  .0381. 

14.  .0156  -f-  .492. 

15.  .0864  73.52. 

16.  .0693  42.86. 


17.  43  X  728  ~  35.24. 

18.  87.2  X  43.9  28.46. 

468  X  75.34 
*  381  X  27 
497(.7852), 

‘  3.142 

439(-  8.64)3056 
(-  75.3)  (-  8.61)* 


243.  Raising  to  a  power  by  means  of  logarithms.  Rais¬ 
ing  to  a  power  by  means  of  logarithms  depends  on  the 

Theorem.  The  logarithm  of  the  xth  power  of  a  number  is  r 
times  the  logarithm  of  the  number. 
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That  is,  for  the  numbers  r  and  x,  logb  x’*  =  r  logb  x. 


Proof.  Let  log6  x  =  1.  (1) 

Then  x  =  ¥.  (2) 

Raising  both  members  of  (2)  to  the  rth  power, 

x^  =  (3) 

Therefore  log6  a;’’  =  rl.  (4) 

From  (1)  and  (4)  log^a;^,  =  r  log6  x. 


EXERCISES 

Compute,  using  logarithms : 

1.  (3.42)4. 

Solution.  log  3.42  =  .5340. 

log  (3.42)4  ==  4(.5340)  =  2.1360. 
Therefore  (3.42)4  ^  antilog  2.1360  =  136.8. 


2.  (4.59)3.  4.  (3.812)4. 

3.  (47.91)2  5^  (.0738)3. 

Solution.  log  .0738  =  2.8681  =  8.8681  -  10 

log  (.0738)3  =  3(2.8681)=  3(8.8681-  10) 
=  4.6043  =  26.6043  -  30. 

Therefore  (.0738)3  =  antilog  4.6043  =  .0004021. 


6.  (.0874)4.  7,  (.007495)2.  8.  (.9284)3. 

9.6984(842)2.  (43)2(8381)3 

10.  482(31.54)2.  ‘  (.097)2(435)^ 

12.  .967  (.0723)5. 


244.  Extracting  a  root  by  means  of  logarithms.  Extracting 
a  root  by  means  of  logarithms  depends  on  the 
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Theorem.  The  logarithm  of  the  real  rth  root  of  a  number  is 
the  logarithm  of  the  number  divided  by  r. 

That  is,  for  the  real  numbers  r  and  n,  logb  =  -  \ogb  n, 

r 

Proof.  Let  log6  n  =  1.  (1) 

Then  n  =  hK  (2) 

Extracting  the  rth  root  of  both  members  of  (2), 


1  1  i 

(ny  =i¥y  =  h\  (3) 


Therefore 

1  1 
logs  {ny  =  - 
r 

EXERCISES 

Compute, 

using  logarithms : 

1.  V495. 

Solution. 

log  495  =  2.6946. 

log  ^495  =  i(2.6946)  =  .8982. 

Therefore 

^495  =  antilog  .8982  =  7.91. 

2.  V876. 

4.  ^1732. 

3.  V1925. 

5.  ^.0785. 

Solution. 

log  .0785  =  2.8949. 

If  one  divided  2.8949  as  it  stands  by  3,  he  would  be  likely  to 

confuse  the  negative  characteristic  and  the  positive  mantissa. 
This  and  other  difficulties  may  be  easily  avoided  by  adding  to 
the  characteristic  and  subtracting  from  the  resulting  logarithm 
any  integral  multiple  of  the  index  of  the  root  which  will  make 
the  characteristic  positive. 

Thus  log  .0785  =  7.8949  -  9. 

Dividing  by  3, 

logV.0786  =  2.6316  -  3. 

Therefore  "V^.OISS  =  antilog  1.6316  =  .4282. 
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6.  V.0853.  8.  ^.005937.  lo.  (5.37)*. 

7.  ^.0007625.  9.  11.  (5.368)*. 

12.  (-  7.953)*.  15.  VMi. 

13.  V49.5(7.38)2.  *6- 

14.  ^(.0395)2.  17.  H  • 

18.  Determine  the  logarithms  of  4267,  426.7,  42.67,  and 

4.267  to  the  base  10  and  to  the  base  100.  Compare  the 
results.  What  fact  about  logarithms  do  these  results 
emphasize  ? 

Note.  The  preceding  four-place  table  will  usually  give  results 
correct  to  one  half  of  one  per  cent.  Five-place  tables  give  the  man¬ 
tissa  to  five  decimal  places  of  the  numbers  from  1  to  9999  and,  by 
interpolation,  the  mantissa  of  numbers  from  1  to  99,999.  Such  tables 
give  results  correct  to  one  twentieth  of  one  per  cent,  a  degree  of 
accuracy  which  is  sufficient  for  most  engineering  work. 

Six-place  tables  give  the  mantissa  to  six  decimals  for  the  same 
range  of  numbers  as  a  five-place  table,  but  the  labor  of  using  a  six- 
place  table  is  much  greater  than  that  of  using  a  five-place  one. 

Seven-place  tables  contain  the  mantissas  of  the  numbers  from  1 
to  99,999.  Such  tables  are  needed  in  certain  kinds  of  engineering 
work  and  are  of  constant  use  in  astronomy. 

In  place  of  a  table  of  logarithms  engineers  often  use  an  instrument 
called  a  slide  rule.  This  is  really  a  mechanical  table  of  logarithms 
arranged  ingeniously  for  rapid  practical  use.  Results  can  be  obtained 
with  such  an  instrument  far  more  quickly  than  with  an  ordinary  table 
of  logarithms,  and  that  without  recording  or  even  thinking  of  a  single 
logarithm.  A  slide  rule  ten  inches  long  usually  gives  results  correct 
to  three  figures.  For  work  requiring  greater  precision  larger  and  more 
elaborate  instruments  which  give  a  ten-figure  accuracy  are  used. 

245.  Exponential  equations.  An  exponential  equation  is 
an  equation  in  which  the  unknown  occurs  in  an  exponent. 

Many  exponential  equations  are  readily  solved  by  means 
of  logarithms,  since  \oga^  ==  x  log  a. 
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Thus  let  =  c. 
log  c  log  a. 


Then  x  log  a  =  log  c. 
Example 


Whence  x  = 


Solve  for  X :  7^  =  283. 


Solution. 

or 

Whence 


log  7-^  =  log  283 
a:  log  7  =  log  283. 

log  283  _  2.4518  _ 
log  7  .8451 


2.901. 


EXERCISES 

Solve  for  x : 

1.  4"  =  31.  2.  7"  =  5.  3.  182-  =  43. 

4.  9^+1  =  43.  6.  52--1  =  81. 

5.3=1.05".  7.  (.75)"  =  52. 

Solution.  X  log  .75  =  log  52. 
j.  _  log  52  _  1.7160  _  1.7160  _  1.7160  _  . 

^  log  .75  1.8751  -  1  +.8751  -  .1249 

8.  (.0863)"  =  .284.  10.  (.0073)  "+i  =(.084)1 

9.  (242)1-"  =  500.  11.  (72)2--3  =(28)". 


MISCELLANEOUS  EXERCISES 

1.  Prove  log  ah  =  log  a  +  log  h. 

2.  Prove  log  7  =  log  a  -  log  6. 

0 

3.  Prove  log  {ay  =  n  log  a. 

4.  Prove  log  y/a  =  ~  log  a. 

n 

6.  Does  the  logarithm  of  a  negative  number  to  a  posi¬ 
tive  base  exist?  Explain. 
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Find,  without  using  the  table,  the  numeric  values  of : 

6.  logs  4.  9.  logs  27. 

7.  logs  25.  10.  4  logs  125. 

8.  2  logs  27.  11.  log4  8  +  logs  4. 

12.  logs  16+4  logis  8. 

13.  4  log27  81  +  5  logsi  27. 

14.  4  logs  125  —  3  logss  5  +  2  logs  25. 

15.  5  logs  (2)  +  3  log4  (^)  +  7  logs  4. 

Simplify : 

16.  log  f  +  log  f|.  17.  log  ^  -  log 

18.  log  +  log  if  -  log  2%. 

19.  3  log  5  +  5  log  3. 

20.  2  log  9+3  log  5  —  7  log  15. 

Show  that 

21.  log  Va2  -  =  -J  log  (a  +  x)  +  -J-  log  (a  -  x), 

22.  log  --  ^  ■  =  log  (a  +  x)  +  log  (a^  —  ax  +  x^)  —  log  a. 

a 

23.  log  Js(s  -  6)(s  -  c)  ^ 

^  s  —  a 

i[log  s  +  log  (s  -  6)  +  log  (s  -  c)  -  log  (s  -  a)]. 

In  the  following  obtain  results  to  four  figures : 

24.  The  circumference  of  a  circle  is  2  irR.  (tt  =  3.1416.) 
Find  the  circumference  of  a  circle  whose  radius  is  23.15. 

25.  The  area  of  a  circle  is  Find  the  area  of  a  circle 
whose  diameter  is  18.76  inches. 
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26.  The  volume  of  a  sphere  is  wR^.  Find  the  volume 
of  a  sphere  whose  diameter  is  .7854. 

27.  The  area  of  the  surface  of  a  sphere  is  4  tR^.  Find 
the  area  of  the  earth’s  surface,  the  radius  being  3959 
miles. 

If  two  sides  of  a  right  triangle  are  given  and  one  of  the 
two  is  the  hypotenuse,  the  other  side  can  be  computed 
by  logarithms.  Let  c  be  the  hypote¬ 
nuse  and  a  the  other  given  side,  then 
if  X  is  the  unknown  side, 

or  a:  =  V =V{c  a){c  —  a) 
or \ogx  =  ^ log  (c  +  a)  + log  (c  -  a) . 

28.  The  hypotenuse  of  a  right  triangle  is  435  and  one 
other  side  is  347.  Find  the  third  side. 


29.  Find  the  number  of  digits  in :  (a)  2^^ ;  (b)  (3)  2®®. 

30.  In  how  many  years  will  one  dollar  double  itself  at 
four  per  cent  compound  interest  ? 


Solution.  At  the  end  of  one  year  the  amount  of  one  dollar 
at  four  per  cent  is  one  dollar  and  four  cents ;  at  the  end  of  two 
years  it  is  (1.04) (1.04),  or  (1.04)^ ;  at  the  end  of  three  years  it 
is  (1.04)^,  and  at  the  end  of  x  years  it  is  (1.04)*. 

If  X  is  the  number  of  years  required,  (1.04)*  =  2. 

Taking  the  logarithms  of  both  members  of  the  equation, 

X  log  1.04  =  log  2 


Solving, 


-  log  ^  _  >3010  _  1 7  7A 
log  1.04  .0170 


In  making  computations  of  this  nature  by  the  aid  of  loga¬ 
rithms,  care  must  be  exercised  not  to  retain  more  significant 
figures  in  the  result  than  are  given  with  accuracy  by  the 
process. 
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31.  In  how  many  years  will  one  dollar  double  itself  at 
five  per  cent  interest  compounded  annually  ? 

32.  In  how  many  years  will  any  sum  of  money  treble 
itself  at  four  and  one  fom^th  per  cent  interest  compounded 
annually? 

33.  About  300  years  ago  the  Dutch  paid  twenty-four 
dollars  for  the  island  of  Manhattan.  At  four  per  cent 
interest  compounded  annually,  what  would  this  payment 
amount  to  at  the  present  time  ? 

34.  In  how  many  years  will  one  dollar  double  itself  at 
four  per  cent  interest  compounded  semi-annually  ? 

35.  What  will  two  thousand  five  hundred  dollars  amount 
to  in  12  years  at  4  per  cent  interest  compounded  quarterly? 

36.  Show  that  the  amount  of  P  dollars  in  t  years  at  r 
per  cent  interest  compounded  annually  is  P(l+r)^; 


compounded  semi-annually 


compounded 


quarterly  is  P^l  -f-0  ;  and  compounded  monthly  is 


Solve  for  x : 


37. 

38. 

39. 


42.  3*  •  2x  =  6. 


40.  A  =  P(1  -f-  ry. 


41.  =  n. 


1 


43.  -f  8  =  6 

44.  =  6  —  6 

45.  Show  that  =  x. 

46.  Show  that  e  ^  ^2  _  3 
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Note.  It  is  not  a  little  remarkable  that  just  at  the  time  when 
Galileo  and  Kepler  were  turning  their  attention  to  the  laborious 
computation  of  the  orbits  of  planets,  Napier  should  be  devising  a 
method  which  simplifies  these  processes.  It  was  said  a  hundred  years 
ago,  before  astronomical  computations  became  so  complex  as  they 
now  are,  that  the  invention  of  logarithms,  by  shortening  the  labors, 
doubled  the  effective  life  of  the  astronomer.  To-day  the  remark  is  well 
inside  the  truth. 

In  the  presentation  of  the  subject  in  modern  textbooks  a  logarithm 
is  defined  as  an  exponent.  But  it  was  not  from  this  point  of  view  that 
they  were  first  considered  by  Napier.  In  fact  it  was  not  till  long  after 
his  time  that  the  theory  of  exponents  was  understood  clearly  enough 
to  admit  of  such  application.  This  relation  was  noticed  by  the  math¬ 
ematician  Euler,  about  one  hundred  and  fifty  years  after  logarithms 
were  invented. 

It  was  by  a  comparison  of  the  terms  of  certain  arithmetical  and 
geometric  progressions  that  Napier  derived  his  logarithms.  They 
were  not  exactly  like  those  used  commonly  to-day,  for  the  base  which 
Napier  used  was  not  10.  Soon  after  the  publication  (1614)  of  Napier’s 
work,  Henry  Briggs,  an  English  professor,  was  so  much  impressed  with 
its  importance  that  he  journeyed  to  Scotland  to  confer  with  Napier 
about  the  discovery.  It  is  probable  that  they  both  saw  the  necessity 
of  constructing  a  table  for  the  base  10,  and  to  this  enormous  task 
Briggs  applied  himself.  With  the  exception  of  one  gap,  which  was 
filled  in  by  another  computer,  Briggs’s  tables  form  the  basis  for  all  the 
common  logarithms  which  have  appeared  from  that  day  to  this. 


CHAPTER  XXXVI 


TRIGONOMETRY 

246.  Introduction.  In  surveying,  astronomy,  and  in 
countless  other  applications  of  science  it  is  necessary  to 
solve  triangles.  A  triangle  has  six  parts,  three  sides  and 
three  angles.  When  three  of  these  parts,  of  which  one  at 
least  must  be  a  side,  have  been  given  or  have  been  meas¬ 
ured,  the  other  three  can  be  computed  by  the  methods  of 
trigonometry.  In  developing  the  principles  of  trigonom¬ 
etry  it  is  simplest  to  begin  with  the  right  triangle. 

In  order  to  attack  the  prob¬ 
lem  stated  above  it  is  neces¬ 
sary  to  denote  the  ratios  of  the 
sides  of  a  right  triangle  by 
certain  names. 

Let  ABC  be  any  right  tri-  ^ 
angle  with  the  right  angle  at  C, 

The  sine  of  the  angle  A  =  ®  =  side  oposite. 

c  hypotenuse 

The  cosine  of  the  angle  A  =  ^  =  side  adjacent. 

c  hypotenuse 

The  tangent  of  the  angle  A  =  ^  =  opposite  ^ 

0  side  adjacent 

The  cotangent  of  angle  A  =  -  =  gide  adjacent^ 

a  side  opposite 


B 
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These  definitions  are  abbreviated  as  follows : 

sin  A  =-,  cos  A  =  tan  A  =  ^,  cot  A  =  -  • 
c  c  0  a 

The  values  of  the  trigonometric  ratios  for  all  angles  have 
been  computed  to  many  decimal  places.  The  table  on 
page  555  gives  the  values  of  the  sine,  the  cosine,  and  the 
tangent  correct  to  four  decimal  places  for  every  degree 
from  zero  to  ninety  degrees. 


EXERCISES 


1.  Read  from  the  table : 


sin  31°  sin  68°  cos  18°  cos  72° 

tan  27°  tan  82°  cot  40°  cot  73° 

2.  From  the  table  determine  the  number  of  degrees  in 
angle  x  if : 


(а)  sin  X  —  .9962. 

(б)  sin  X  =  .5150. 

(c)  cos  X  =  .9135. 

(d)  cos  X  =  .4848. 

(e)  tan  x  =  3.7321. 

(/)  tan  X  —  .5774. 


(g)  cot  X  =  1.8807. 

(h)  cot  X  =  .6009. 

(i)  cos  X  =  .8572. 

(j)  sin  X  =  .9994. 

(k)  cot  X  =  57.290. 


3.  In  the  right  triangle  ABC, 
side  c  =  350  and  angle  A  =  38°. 
Find  the  other  parts. 

Hint,  sin  A  =  -• 
c 

sin  38°  = 

350 

a  =  350(sin  38°) 

=  350(.6157)  =  215.5. 
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Find  the  missing  parts  in  the  following  right  triangles. 
Perform  the  multiplications  and  divisions  as  in  Exercise  3 
above,  or  by  logarithms  if  the  teacher  prefers. 


a 

b 

c 

A 

B 

4. 

? 

• 

? 

• 

300 

18° 

? 

• 

5. 

120 

? 

• 

? 

• 

? 

• 

56° 

6. 

? 

• 

225 

? 

• 

67° 

? 

• 

7. 

? 

• 

86.6 

100 

? 

• 

? 

• 

8. 

707.1 

? 

• 

1000 

? 

• 

? 

• 

9. 

40 

20.38 

? 

• 

? 

• 

? 

• 

10. 

376.8 

500 

? 

• 

? 

• 

? 

• 

11. 

17.05 

? 

• 

25 

? 

• 

? 

• 

12. 

? 

• 

73.08 

80 

? 

• 

? 

• 

13. 

606 

1500 

? 

• 

? 

• 

? 

• 

14. 

125 

50.5 

? 

• 

? 

• 

? 

• 

15. 

? 

• 

67.84 

80 

? 

• 

? 

• 

16. 

1386 

? 

• 

? 

« 

78° 

9 

• 

17. 

? 

• 

214 

? 

• 

? 

• 

53° 

18. 

10.45 

99.45 

? 

• 

? 

• 

? 

• 

247.  Interpolation.  The  word  “interpolation’^  means 
literally  a  placing  between.  The  process  consists  in  finding 
from  the  numbers  in  a  given  table  a  number  not  listed 
there.  It  applies  to  any  table,  one  of  square  roots,  cube 
roots,  or  logarithms,  or  a  trigonometric  table,  such  as  that 
given  on  page  555. 

There  are  two  problems  of  interpolation  in  a  trigono¬ 
metric  table : 

(a)  Given  an  angle  not  in  the  table,  to  find  the  corresponding 
sine,  cosine,  tangent,  or  cotangent. 

(h)  Given  the  value  of  a  sine,  cosine,  tangent,  or  cotangent 
not  in  the  table,  to  find  the  corresponding  angle. 
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Four-place  Trigonometric  Table 


Angle 

sin 

cos 

tan 

cot 

Angle 

sin 

cos 

tan 

cot 

0° 

.0000 

1.0000 

.0000 

00 

45° 

.7071 

.7071 

1.0000 

1.0000 

1° 

.0175 

.9998 

.0175 

57.290 

46° 

.7193 

.6947 

1.0355 

.9657 

2° 

.0349 

.9994 

.0349 

28.636 

47° 

.7314 

.6820 

1.0724 

.9325 

3° 

.0523 

.9986 

.0524 

19.081 

48° 

.7431 

.6691 

1.1106 

.9004 

4° 

.0698 

.9976 

.0699 

14.300 

49° 

.7547 

.6561 

1.1504 

.8693 

S° 

.0872 

.9962 

.0875 

11.430 

50° 

.7660 

.6428 

1.1918 

.8391 

6° 

.1045 

.9945 

.1051 

9.5144 

51° 

.7771 

.6293 

1.2349 

.8098 

JO 

.1219 

.9925 

.1228 

8.1443 

52° 

.7880 

.6157 

1.2799 

.7813 

8° 

.1392 

.9903 

.1405 

7.1154 

53° 

.7986 

.6018 

1.3270 

.7536 

9° 

.1564 

.9877 

.1584 

6.3138 

54° 

.8090 

.5878 

1.3764 

.7265 

10° 

.1736 

.9848 

.1763 

5.6713 

55° 

.8192 

.5736 

1.4281 

.7002 

11° 

.1908 

.9816 

.1944 

5.1446 

56° 

.8290 

.5592 

1.4826 

.6745 

12° 

.2079 

.9781 

.2126 

4.7046 

57° 

.8387 

.5446 

1.5399 

.6494 

13° 

.2250 

.9744 

.2309 

4.3315 

58° 

.8480 

.5299 

1.6003 

.6249 

14° 

.2419 

.9703 

.2493 

4.0108 

59° 

.8572 

.5150 

1.6643 

.6009 

15° 

.2588 

.9659 

.2679 

3.7321 

60° 

.8660 

.5000 

1.7321 

.5774 

16° 

.2756 

.9613 

.2867 

3.4874 

61° 

.8746 

.4848 

1.8040 

.5543 

17° 

.2924 

.9563 

.3057 

3.2709 

62° 

.8829 

.4695 

1.8807 

.5317 

18° 

.3090 

.9511 

.3249 

3.0777 

63° 

.8910 

.4540 

1.9626 

.5095 

19° 

.3256 

.9455 

.3443 

2.9042 

64° 

.8988 

.4384 

2.0503 

.4877 

20° 

.3420 

.9397 

.3640 

2.7475 

65° 

.9063 

.4226 

2.1445 

.4663 

21° 

.3584 

.9336 

.3839 

2.6051 

66° 

.9135 

.4067 

2.2460 

.4452 

22° 

.3746 

.9272 

.4040 

2.4751 

67° 

.9205 

.3907 

2.3559 

.4245 

23° 

.3907 

.9205 

.4245 

2.3559 

68° 

.9272 

.3746 

2.4751 

.4040 

24° 

.4067 

.9135 

.4452 

2.2460 

69° 

.9336 

.3584 

2.6051 

.3839 

25° 

.4226 

.9063 

.4663 

2.1445 

70° 

.9397 

.3420 

2.7475 

.3640 

26° 

.4384 

.8988 

.4877 

2.0503 

71° 

.9455 

.3256 

2.9042 

.3443 

27° 

.4540 

.8910 

.5095 

1.9626 

72° 

.9511 

.3090 

3.0777 

.3249 

28° 

.4695 

.8829 

.5317 

1.8807 

73° 

.9563 

.2924 

3.2709 

.3057 

29° 

.4848 

.8746 

.5543 

1.8040 

74° 

.9613 

.2756 

3.4874 

.2867 

30° 

.5000 

.8660 

.5774 

1.7321 

75° 

.9659 

.2588 

3.7321 

.2679 

31° 

.5150 

.8572 

.6009 

1.6643 

76° 

.9703 

.2419 

4.0108 

.2493 

32° 

.5299 

.8480 

.6249 

1.6003 

77° 

.9744 

.2250 

4.3315 

.2309 

33° 

.5446 

.8387 

.6494 

1.5399 

78° 

.9781 

.2079 

4.7046 

.2126 

34° 

.5592 

.8290 

.6745 

1.4826 

79° 

.9816 

.1908 

5.1446 

.1944 

35° 

.5736 

.8192 

.7002 

1.4281 

80° 

.9848 

.1736 

5.6713 

.1763 

36° 

.5878 

.8090 

.7265 

1.3764 

81° 

.9877 

.1564 

6.3138 

.1584 

37° 

.6018 

.7986 

.7536 

1.3270 

82° 

.9903 

.1392 

7.1154 

.1405 

38° 

.6157 

.7880 

.7813 

1.2799 

83° 

.9925 

.1219 

8.1443 

.1228 

39° 

.6293 

.7771 

.8098 

1.2349 

84° 

.9945 

.1045 

9.5144 

.1051 

40° 

.6428 

.7660 

.8391 

1.1918 

85° 

.9962 

.0872 

11.430 

.0875 

41° 

.6561 

.7547 

.8693 

1.1504 

86° 

.9976 

.0698 

14.300 

.0699 

42° 

.6691 

.7431 

.9004 

1.1106 

87° 

.9986 

.0523 

19.081 

.0524 

43° 

.6820 

.7314 

.9325 

1.0724 

88° 

.9994 

.0349 

28.636 

.0349 

44° 

.6947 

.7193 

.9657 

1.0355 

89° 

.9998 

.0175 

57.290 

.0175 

45° 

.7071 

.7071 

1.0000 

1.0000 

90° 

1.0000 

.0000 

00 

.0000 
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The  process  of  interpolation  depends  on  the  assumption 
that  a  small  change  in  the  ratio  is  proportional  to  the 
change  in  the  corresponding  angle  for  the  degree  intervals. 


EXERCISES 

1.  Find  sin  26°  30'  and  sin  26°  20'. 

Solution.  From  the  table  sin  26°  =  .4384  and  sin  27°  = 
.4540.  Sin  26°  30'  lies  halfway  between  these  two  numbers 
or  at  .4462.  Sin  26°  20'  would  be  one  third  of  the  way  from 
.4384  to  .4540  or  at  .4436. 


2.  Find  A  if  sin  A  =  .3365. 

Solution.  Reference  to  the  table  shows  that  .3365  lies 
between  .3256  and  .3420.  Hence  A  must  lie  between  19°  and 
20*.  The  entire  difference  between  .3420  and  .3256  is  .0164, 
which  corresponds  to  a  change  of  one  degree  or  60  minutes. 
But  .3365  is  .0109  greater  than  .3256.  Hence  .0109  corresponds 
to  FH  X  60  or  40  minutes  of  the  difference  between  19°  and 
20°.  Therefore  angle  A  =  19°  40'. 


3.  Find  the  value  of  the  function  for : 


(а)  sin  27°  20'. 

(б)  sin  43°  50'. 

(c)  sin  69°  10'. 

4.  Find  the  angle  A  if : 

(а)  sin  A  =  .4924. 

(б)  sin  A  =  .9304. 

(c)  sin  A  =  .3638. 

(d)  sin  A  =  .7030. 

(e)  tan  A  =  .8355. 

(f)  tan  A  =  .8591. 


(g)  sin  71°  24'. 

(h)  tan  18°  18'. 

(i)  sin  24°  24'. 


(g)  tan  A  =  .7046. 

(h)  tan  A  =  .4417. 
(z)  sin  A  =  .2108. 
O’)  sin  A  =  .9652. 

(k)  tan  A  =  .0787. 

(l)  tan  A  =  2.1775. 


(d)  tan  18°  40'. 

(e)  tan  82°  20'. 
If)  tan  64°  48'. 
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Note.  The  sine  and  the  tangent  increase  as  the  angle  increases, 
while  the  cosine  and  the  cotangent  decrease  as  the  angle  increases. 
A  moment’s  inspection  of  the  definitions  and  the  triangle  of  §  246  will 
verify  this  extremely  important  fact,  and  a  glance  at  the  table  on 
page  555  will  further  confirm  it.  Hence  it  is  important  to  observe  that 
while  the  process  of  interpolation  is  similar  in  the  two  cases  it  is  not 
identical. 

5.  Find  cos  18°  40'. 

Solution.  From  the  table  cos  18°  =  .9511  and  cos  19° 
=  .9455.  But  40'  corresponds  to  of  .0056  =  .0037.  There¬ 
fore  cos  18°  40'  =  .9511  minus  .0037  =  .9474. 


6.  Find  A  if  cot  A  =  1.1237. 

Solution.  Reference  to  the  table  shows  that  1.1237  lies 
between  1.1504  the  cot  41°  and  1.1106  the  cot  42°.  The  differ¬ 
ence  between  these  two  cotangents  is  .0398.  The  difference 
between  1.1504  and  1.1237  is  .0267  and  of  60'  =  40'. 
Therefore  angle  A  =  41°  40'. 


7.  Find  the  value  of  the  function  for : 

(а)  cos  32°  40'.  (d)  cot  35°  10'. 

(б)  cos  23°  20'.  (e)  cos  41°  50'. 

(c)  cot  27°  40'.  (/)  cos  54°  18'. 


8.  Find  the  angle  if : 

(a)  cos  A  =  .8689. 
(&)  cos  A  =  .9717. 

(c)  cos  A  =  .2193. 

(d)  cos  A  =  .8732. 

(e)  cot  A  =  1.7090. 
(/)  cot  A  =  2.3945. 

(g)  cot  A  =  1. 

(h)  cos  A  =  0. 

(^)  sin  A  =  0. 


(g)  cot  67°  20'. 

(h)  cot  38°  50'. 

(i)  cos  25°  10'. 


(j)  tan  A  =  0. 

(k)  tan  A  =  1. 

(Z)  cos  A  =  .8465. 

(m)  cos  A  =  .3886. 

(n)  cos  A  =  .8355. 

(o)  cos  A  =  .8021. 

(p)  cot  A  =  1.5900. 

(q)  cot  A  =  .9217. 

(r)  cos  A  =  .7790. 


c 
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Find  the  missing  parts  in  the  following  right  triangles, 
using  logarithms  in  the  computation  if  the  teacher  prefers. 


a 

h 

c 

A 

B 

9. 

24 

? 

• 

? 

• 

18°  40' 

? 

• 

10. 

? 

# 

625 

? 

• 

? 

• 

40°  20' 

11. 

? 

• 

? 

• 

1200 

51°  20' 

? 

• 

12. 

3 

4 

? 

• 

? 

• 

? 

• 

13. 

12 

5 

? 

• 

? 

• 

? 

• 

14. 

28 

45 

? 

• 

? 

• 

? 

• 

15. 

? 

• 

55 

73 

? 

• 

? 

• 

16. 

136 

? 

• 

305 

? 

• 

? 

• 

17. 

1236 

? 

• 

? 

• 

81°  40' 

? 

• 

18. 

4380 

? 

• 

? 

• 

27°  50' 

? 

• 

248.  Logarithms  of  the  trigonometric  functions.  Since  the 
solution  of  triangles  and  other  uses  of  trigonometry  also 
require  both  multiplication  and  division,  the  actual  labor 
involved  is  much  shortened  by  using  a  table  of  the  loga¬ 
rithms  of  the  functions  instead  of  the  functions  themselves. 
Such  a  table  is  given  on  page  560.  Interpolation  with 
such  a  table  is  precisely  the  same  as  with  a  table  of 
natural  functions. 

In  using  the  tables  on  page  560  it  is  important  to  note 
that  the  sines  and  cosines  of  all  angles  from  zero  to  ninety 
degrees  are  less  than  one  except  cosine  0°  and  sin  90°. 
Also  the  tangents  of  all  angles  less  than  45°  and  the 
cotangents  of  all  angles  greater  than  45°  are  less  than  one. 
Hence  the  logarithms  of  these  functions  will  be  negative, 
and  minus  10  is  understood  after  each  in  the  table. 

On  the  other  hand,  the  tangents  of  angles  greater  than 
45°  and  the  cotangents  of  angles  less  than  45°  are  greater 
than  one,  and  hence  their  logarithms  are  positive  and  are 
printed  in  full. 
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The  foregoing  can  be  reduced  to  one  simple  statement : 

Minus  10  is  understood  after  all  logarithms  in  the  table 
except  those  in  the  column  at  the  top  of  which  is  the  abbrevi¬ 
ation  ‘‘COTr 

EXERCISES 

Solve  the  following,  using  the  logarithmic  tables  on 
page  560  : 

1.  In  the  right  triangle  ABC  side  AC  =  9.86  and  ZA 
=  34°  20'.  Solve  the  triangle. 


,  Solution,  tan  A  = 

b 

a  =  b  tan  A. 

Hence  log  a  =  log  b  +  log  tan  A 

=  log  9.86  +  log  tan  34°  20'. 
log  9.86  =  .9939. 
log  tan  34°  20^  =  9.8344  -  10 
log  a  =  .8283 
a  =  6.734. 

sin  A  =  ^ 
c 

a 

or  c  =  - — -. 

sin  A 

log  c  =  log  a  —  log  sin  A,  etc. 


Compute  the 
angles. 


missing  parts  in 


the  following  right  tri- 


a 

b 

c 

A 

2. 

187 

? 

• 

? 

• 

41°  40' 

3. 

? 

• 

64.9 

? 

• 

19°  20' 

4. 

? 

• 

? 

• 

.0785 

? 

• 

5. 

154 

? 

• 

200 

? 

• 

6. 

609 

481 

? 

• 

? 

• 

B 

? 

? 

35°  20' 
? 

? 
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o 

SIN 

COS 

TAN 

COT 

o 

SIN 

COS 

TAN 

COT 

0° 

—  oc 

10.0000 

—  oc 

oc 

90° 

11° 

9.2806 

9.9919 

9.2887 

0.7113 

79° 

15' 

7.6398 

.0000 

7.6398 

2.3602 

45' 

15' 

.2902 

.9916 

.2987 

.7013 

45' 

30' 

.9408 

.0000 

.9409 

.0591 

30' 

30' 

.2997 

.9912 

.3085 

.6915 

30' 

45' 

8.1169 

.0000 

8.1170 

1.8830 

15' 

45' 

.3089 

.9908 

.3181 

.6819 

15' 

1° 

8.2419 

9.9999 

8.2419 

1.7581 

89° 

12° 

9.3179 

9.9904 

9.3275 

0.6725 

78° 

15' 

.3388 

.9999 

.3389 

.6611 

45' 

15' 

.3267 

.9900 

.3367 

.6633 

45' 

30' 

.4179 

.9999 

.4181 

.5819 

30' 

30' 

.3353 

.9896 

.3458 

.6542 

30' 

45' 

.4848 

.9998 

.4851 

.5149 

15' 

45' 

.3438 

.9892 

.3546 

.6454 

15' 

2° 

8.5428 

9.9997 

8.5431 

1.4569 

88° 

13° 

9.3521 

9.9887 

9.3634 

0.6366 

77° 

15' 

.5939 

.9997 

.5943 

.4057 

45' 

15' 

.3602 

.9883 

.3719 

.6281 

45' 

30' 

.6397 

.9996 

.6401 

.3599 

30' 

30' 

.3682 

.9878 

.3804 

.6196 

30' 

45' 

.6810 

.9995 

.6815 

.3185 

15' 

45' 

.3760 

.9874 

.3886 

.6114 

15' 

3° 

8.7188 

9.9994 

8.7194 

1.2806 

87° 

14° 

9.3837 

9.9869 

9.3968 

0.6032 

76° 

15' 

.7535 

.9993 

.7542 

.2458 

45' 

15' 

.3912 

.9864 

.4048 

.5952 

45' 

30' 

.7857 

.9992 

.7865 

.2135 

30' 

30' 

.3986 

.9859 

.4127 

.5873 

30' 

45' 

.8156 

.9991 

.8165 

.1835 

15' 

45' 

.4059 

.9855 

.4204 

.5796 

15' 

4° 

8.8436 

9.9989 

8.8446 

1.1554 

86° 

15° 

9.4130 

9.9849 

9.4281 

0.5719 

75° 

15' 

.8699 

.9988 

.8711 

.1289 

45' 

15' 

.4200 

.9844 

.4356 

.5644 

45' 

30' 

.8946 

.9987 

.8960 

.1040 

30' 

30' 

.4269 

.9839 

.4430 

.5570 

30' 

45' 

.9181 

.9985 

.9196 

.0804 

15' 

45' 

.4337 

.9834 

.4503 

.5497 

15' 

6° 

8.9403 

9.9983 

8.9420 

1.0580 

85° 

16° 

9.4403 

9.9828 

9.4575 

0.5425 

74° 

15' 

.9614 

.9982 

.9633 

.0367 

45' 

15' 

.4469 

.9823 

.4646 

.5354 

45' 

30' 

.9816 

.9980 

.9836 

.0164 

30' 

30' 

.4533 

.9817 

.4716 

.5284 

30' 

45' 

9.0008 

.9978 

9.0030 

0.9970 

15' 

45' 

.4597 

.9812 

.4785 

.5215 

15' 

6° 

9.0192 

9.9976 

9.0216 

0.9784 

84° 

17° 

9.4659 

9.9806 

9.4853 

0.5147 

73° 

15' 

.0369 

.9974 

.0395 

.9605 

45' 

15' 

.4721 

.9800 

.4921 

.5079 

45' 

30' 

.0539 

.9972 

.0567 

.9433 

30' 

30' 

.4781 

.9794 

.4987 

.5013 

30' 

45' 

.0702 

.9970 

.0732 

.9268 

15' 

45' 

.4841 

.9788 

.5053 

.4947 

15' 

7° 

9.0859 

9.9968 

9.0891 

0.9109 

83° 

18° 

9.4900 

9.9782 

9.5118 

0.4882 

72° 

15' 

.1011 

.9961 

.1045 

.8955 

45' 

15' 

.4958 

.9776 

.5182 

.4818 

45' 

30' 

.1157 

.9963 

.1194 

.8806 

30' 

30' 

.5015 

.9770 

.5245 

.4755 

30' 

45' 

.1299 

.9960 

.1338 

.8662 

15' 

45' 

.5071 

'  .9763 

.5308 

.4692 

15' 

8° 

9.1436 

9.9958 

9.1478 

0.8522 

82° 

19° 

9.5126 

9.9757 

9.5370 

0.4630 

71° 

15' 

.1568 

.9955 

.1614 

.8387 

45' 

15' 

.5181 

.9750 

.5431 

.4569 

45' 

30' 

.1697 

.9952 

.1745 

.8255 

30' 

30' 

.5235 

.9743 

.5491 

.4509 

30' 

45' 

.1822 

.9949 

.1873 

.8127 

15' 

45' 

.5288 

.9737 

.5551 

.4449 

15' 

9° 

9.1943 

9.9946 

9.1997 

0.8003 

81° 

20° 

9.5341 

9.9730 

9.5611 

0.4389 

70° 

15' 

.2061 

.9943 

.2118 

.7882 

45' 

15' 

.5392 

.9723 

.5669 

.4331 

45' 

30' 

.2176 

.9940 

.2236 

.7764 

30' 

30' 

.5443 

.9716 

.5727 

.4273 

30' 

45' 

.2288 

.9937 

.2351 

.7649 

15' 

45' 

.5494 

.9709 

.5785 

.4215 

15' 

10° 

9.2397 

9.9934 

9.2463 

0.7537 

80° 

21° 

9.5543 

9.9702 

9.5842 

0.4158 

69° 

15' 

.2503 

.9930 

.2573 

.7427 

45' 

15' 

.5592 

.9694 

.5898 

.4102 

45' 

30' 

.2606 

.9927 

.2680 

.7320 

30' 

30' 

.5641 

.9687 

.5954 

.4046 

30' 

45' 

.2707 

.9923 

.2784 

.7216 

15' 

45' 

.5689 

.9679 

.6009 

.3991 

15' 

COS 

SIN 

COT 

TAN 

0 

COS 

SIN 

COT 

TAN 

O 
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o 

SIN 

COS 

TAN 

COT 

O 

SIN 

COS 

TAN 

COT 

22° 

9.5736 

9.9672 

9.6064 

0.3936 

68° 

34° 

9.7476 

9.9186 

9.8290 

0.1710 

56° 

15' 

.5782 

.9664 

.6118 

.3882 

45' 

15' 

.7504 

.9173 

.8331 

.1669 

45' 

30' 

.5828 

.9656 

.6172 

.3828 

30' 

30' 

.7531 

.9160 

.8371 

.1629 

30' 

45' 

.5874 

.9648 

.6226 

.3774 

15' 

45' 

.7559 

.9147 

.8412 

.1588 

15' 

23° 

9.5919 

9.9640 

9.6279 

0.3721 

67° 

35° 

9.7586 

9.9134 

9.8452 

0.1548 

55° 

15' 

.5963 

.9632 

.6331 

.3669 

45' 

15' 

.7613 

.9120 

.8493 

.1507 

45' 

30' 

.6007 

.9624 

.6383 

.3617 

30' 

30' 

.7640 

.9107 

.8533 

.1467 

30' 

45' 

.6050 

.9616 

.6435 

.3565 

15' 

45' 

.7666 

.9093 

.8573 

.1427 

15' 

24° 

9.6093 

9.9607 

9.6486 

0.3514 

66° 

36° 

9.7692 

9.9080 

9.8613 

0.1387 

54° 

15' 

.6135 

.9599 

.6537 

.3463 

45' 

15' 

.7718 

.9066 

.8652 

.1348 

45' 

30' 

.6177 

.9590 

.6587 

.3413 

30' 

30' 

.7744 

.9052 

.8692 

.1308 

30' 

45' 

.6219 

.9582 

.6637 

.3363 

15' 

45' 

.7769 

.9038 

.8732 

.1268 

15' 

25° 

9.6259 

9.9573 

9.6687 

0.3313 

65° 

37° 

9.7795 

9.9023 

9.8771 

0.1229 

53° 

15' 

.6300 

.9564 

.6736 

.3264 

45' 

15' 

.7820 

.9009 

.8811 

.1189 

45' 

30' 

.6340 

.9555 

.6785 

.3215 

30' 

30' 

.7844 

.8995 

.8850 

.1150 

30' 

45' 

.6379 

.9546 

.6834 

.3166 

15' 

45' 

.7869 

.8980 

.8889 

.1111 

15' 

26° 

9.6418 

9.9537 

9.6882 

0.3118 

64° 

38° 

9.7893 

9.8965 

9.8928 

0.1072 

52° 

15' 

.6457 

.9527 

.6930 

.3070 

45' 

15' 

.7918 

.8950 

.8967 

.1033 

45' 

30' 

.6495 

.9518 

.6977 

.3023 

30' 

30' 

.7941 

.8935 

.9006 

.0994 

30' 

45' 

.6533 

.9508 

.7025 

.2975 

15' 

45' 

.7965 

.8920 

.9045 

.0955 

15' 

27° 

9.6570 

9.9499 

9.7072 

0.2928 

63° 

39° 

9.7989 

9.8905 

9.9084 

0.0916 

51° 

15' 

.6607 

.9489 

.7118 

.2882 

45' 

15' 

.8012 

.8890 

.9122 

.0878 

45' 

30' 

.6644 

.9479 

.7165 

.2835 

30' 

30' 

.8035 

.8874 

.9161 

.0839 

30' 

45' 

.6680 

.9469 

.7211 

.2789 

15' 

45' 

.8058 

.8858 

.9200 

.0800 

15' 

28° 

9.6716 

9.9459 

9.7257 

0.2743 

62° 

40° 

9.8081 

9.8843 

9.9238 

0.0762 

50° 

15' 

.6752 

.9449 

.7302 

.2698 

45' 

15' 

.8103 

.8827 

.9277 

.0723 

45' 

30' 

.6787 

.9439 

.7348 

.2652 

30' 

30' 

.8125 

.8810 

.9315 

.0685 

30' 

45' 

.6821 

.9429 

.7393 

.2607 

15' 

45' 

.8148 

.8794 

.9353 

.0647 

15' 

29° 

9.6856 

9.9418 

9.7438 

0.2562 

61° 

41° 

9.8169 

9.8778 

9.9392 

0.0608 

49° 

15' 

.6890 

.9408 

.7482 

.2518 

45' 

15' 

.8191 

.8761 

.9430 

.0570 

45' 

30' 

.6923 

.9397 

.7526 

.2474 

30' 

30' 

.8213 

.8745 

.9468 

.0532 

30' 

45' 

.6957 

.9386 

.7571 

.2429 

15' 

45' 

.8234 

.8728 

.9506 

.0494 

15' 

30° 

9.6990 

9.9375 

9.7614 

0.2386 

60° 

42° 

9.8255 

9.8711 

9.9544 

0.0456 

48° 

15' 

.7022 

.9364 

.7658 

.2342 

45' 

15' 

.8276 

.8694 

.9582 

.0418 

45' 

30' 

.7055 

.9353 

.7701 

.2299 

30' 

30' 

.8297 

.8676 

.9621 

.0379 

30' 

45' 

.7087 

.9342 

.7745 

.2255 

15' 

45' 

.8317 

.8659 

.9659 

.0341 

15' 

31° 

9.7118 

9.9331 

9.7788 

0.2212 

59° 

43° 

9.8338 

9.8641 

9.9697 

0.0303 

47° 

15' 

.7150 

.9319 

.7831 

.2169 

45' 

15' 

.8358 

.8624 

.9735 

.0265 

45' 

30' 

.7181 

.9308 

.7873 

.2127 

30' 

30' 

.8378 

.8606 

.9772 

.0228 

30' 

45' 

.7212 

.9296 

.7916 

.2084 

15' 

45' 

.8398 

.8588 

.9810 

.0190 

15' 

32° 

9.7242 

9.9284 

9.7958 

0.2042 

58° 

44° 

9.8418 

9.8569 

9.9848 

0.0152 

46° 

15' 

.7272 

.9272 

.8000 

.2000 

45' 

15' 

.8437 

.8551 

.9886 

.0114 

45' 

30' 

.7302 

.9260 

.8042 

.1958 

30' 

30' 

.8457 

.8532 

.9924 

.0076 

30' 

45' 

.7332 

.9248 

.8084 

.1916 

15' 

45' 

.8476 

.8514 

.9962 

.0038 

15' 

33° 

9.7361 

9.9236 

9.8125 

0.1875 

57° 

45° 

9.8495 

9.8495 

0.0000 

0.0000 

45° 

15' 

.7390 

.9224 

.8167 

.1833 

45' 

30' 

.7419 

.9211 

.8208 

.1792 

30' 

45' 

.7447 

.9198 

.8249 

.1751 

15' 

COS 

SIN 

COT 

1 

TAN 

O 

COS 

SIN 

COT 

TAN 

O 
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7.  From  a  point  on  a  level  with  the  base  of  a  light¬ 
house  a  line  to  its  top  makes  an  angle  of  21°  with  the 
horizontal.  The  dis¬ 
tance  of  the  point 
from  the  base  of  the 
lighthouse  is  300  feet. 

How  high  is  the  light¬ 
house  ? 

8.  A  line  from  a  point  A  on  the  ground  to  the  top  of  a 
flag  pole  makes  an  angle  of  61°  with  the  vertical.  The 
distance  to  the  flag  pole  from  A  is  320  feet.  Find  the 
height  of  the  flag  pole  above  A. 

9.  A  tree  casts  a  shadow  120  feet  long  when  the  sun  is 
42°  20'  above  the  horizon.  Find  the  height  of  the  tree. 

10.  The  length  of  a  kite  string  is  1200  yards  and  the 
average  angle  it  makes  with  the  horizontal  is  39°.  How 
high  is  the  kite  ? 

11.  Two  observers  facing  each  other  on  a  level  field 
noted  the  elevation  of  a  balloon  to  be  72°  and  31°  40' 


respectively.  If  the  distance  between  the  observers  is  1-|- 
miles,  find  the  height  of  the  balloon. 
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12.  Two  sides  of  a 
triangle  are  348  and 
252  and  their  included 
angle  is  33°  40'.  Find 
the  altitude  of  the  tri¬ 
angle  and  its  area. 

13.  Show  that  in 
any  triangle  the  alti¬ 
tude  BD  =  a  sin  C  and 

.  1  ah  sin  C 

the  area  =  — - —  or 

he  sin  A 

-  • 

2 


14.  Show  that  the  area  of  a 
right  triangle  is  he  sin  A, 

h^  tan  A,  or  ^  tan  B. 

15.  A  and  B  are  two  chan¬ 
nel  markers  in  White  Lake.  ^ 

C  is  a  point  on  the  shore,  in  the 
line  of  ABf  and  CD,  1000  feet  long,  is  perpendicular  to  AC. 
The  angle  BDC  is  48°  and  CD  A  =  75°.  Find  the  distance 


B 


CHAPTER  XXXVII 


PROGRESSIONS 

249.  A  sequence  of  numbers.  In  all  fields  of  mathe¬ 
matics  we  frequently  encounter  groups  of  three  or  more 
numbers,  selected  according  to  some  law  and  arranged 
in  a  definite  order,  whose  relations  to  each  other  and  to 
other  numbers  we  wish  to  study. 

There  is  an  unlimited  variety  of  such  groups,  or  suc¬ 
cessions,  of  numbers.  Only  two  simple  types  will  be  con¬ 
sidered  here. 

250.  Arithmetic  progression.  An  arithmetic  progression 
is  a  succession  of  terms  in  which  each  term  after  the  first 
is  formed  by  adding  the  same  number  to  each  preceding 
number. 

Thus,  if  a  denotes  the  first  term  and  d  the  common  number 
added,  any  arithmetic  progression  is  represented  by 

a,  a  +  d,  a  +  2  d,  a  +  3  d,  a  +  4  d,  •••. 

This  common  number  d  is  called  the  common  difference 
and  may  be  any  number,  positive  or  negative.  It  may  be 
found  for  any  given  arithmetic  progression  by  subtracting 
any  term  from  the  term  which  follows  it. 

The  numbers  4,  7,  10, 13,  •••  form  an  arithmetic  progression, 
since  any  term,  after  the  first,  minus  the  preceding  one  gives 
3.  Similarly,  11,  7,  3,  —  1,  —  5,  •••  is  an  arithmetic  progres¬ 
sion,  since  any  term,  after  the  first,  minus  the  preceding  one 
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gives  the  common  difference  —  4.  In  like  manner  f ,  4,  5f,  •••  is 
an  arithmetic  progression  whose  common  difference  is  If. 


ORAL  EXERCISES 


State  the  first  four  terms 
L  a  =  3,  d  =  4. 

2.  a  =  lOf  d  =  7. 

3.  a  =  4,  cZ  =  5. 

4.  a  =  15,  c?  =  6. 

5.  a  =  40,  c?  =  —  1. 


of  the  arithmetic  progressions : 

6.  a  =  80,  c?  =  —  4. 

7.  a  =  —  5,  d  =  —  2. 

8.  a  =  40  m,  c?  —  —  2m. 
d.  a  =  m,  d  =  2  m  —  1. 

10.  a  =  —  5,  d  =  —  2. 


Which  of  the  following  are  arithmetic  progressions : 


11. 1,  7,  12. 

12.  3,  5,  7. 

13.  20,  16,  11. 

14.  8,  6,  4. 

15.  3  m,  4  m  —  2,  5  m 


4. 


16.  63,  Of,  lls. 

17.  14,  3,  -  8. 

18.  5  m,  4  m  +  2,  3  m  +  4. 

19.  2,  4,  8. 

20.  2  m  —  1,  m,  1,  2  —  x. 


21.  Give  a  verbal  definition  of  an  arithmetic  progression. 

22.  Give  a  symbolic  definition  of  an  arithmetic  progres¬ 
sion. 


251.  The  last  or  nth  term  of  an  arithmetic  progression. 
In  the  symbolic  definition  of  an  arithmetic  progression 

a,  a  d,  a  2  d,  a  +  Z  d,  a  +  4  d,  ••• 

the  coefficient  of  d  in  the  second  term  is  1,  in  the  third  term 
it  is  2,  in  the  fourth  term  it  is  3,  etc. ;  that  is,  in  each  term 
it  is  one  less  than  the  number  of  the  term.  Hence,  in  the 
72th,  or  general,  term,  the  coefficient  of  d  is  w  —  1.  Hence, 
if  I  denotes  the  nth  term,  we  have 

/  =  a  +  (n  —  l)d. 
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EXERCISES 

Find  the  required  terms  in  the  following  arithmetic 
progressions : 

1.  The  tenth  term  of  2,  5,  and  8. 

Solution.  Here  a  ==  2,  d  ^  S  and  n  =  10. 

Hence  Z  =  a  +(n  ~  l)d 

becomes  ?  =  2  +(10  —  1)3  =  29. 

2.  The  ninth  term  of  3,  7,  11, 

3.  The  fourteenth  term  of  8,  6,  4,  •••. 

4.  The  twentieth  term  of  m,  5  m,  9  m,  •••. 

5.  The  thirtieth  term  of  —  10,  —  8^,  —  6f,  •••. 

6.  The  fifteenth  term  of  f,  f,  0, 

7.  The  twentieth  term  of  m,  2  m  +  1,  3  +  2,  •••. 

8.  The  nth.  term  of  2,  4,  6,  ••*. 

9.  Determine  a  general  form  for  any  even  number. 

10.  The  ?^th  term  of  1,  3,  5,  ••*. 

11.  Determine  a  general  form  for  any  odd  number. 

12.  The  nth  term  of  7,  9,  11,  •••. 

13.  n  —  1st  term  of  the  series  in  Exercises  8,  10,  12. 

14.  The  nth  term  of  the  series  8,  10,  12,  •••. 

10.  The  «th  term  of  t  ~ 

c  c  c 

16.  Find  the  amount  of  seventy-five  dollars  at  six  per 
cent  simple  interest  for  four  years. 

17.  Find  the  amount  of  P  dollars  for  n  years  at  r  per 
cent  simple  interest. 
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18.  What  does  the  expression  in  Problem  17  become 
when  7^  =  l?  2?  3?  Are  these  three  results  in  arithmetic 
progression  ? 

19.  A  body  falls  16  feet  the  first  second,  48  feet  the  next, 
80  feet  the  next,  and  so  on.  How  far  does  it  fall  during 
the  tenth  second  ?  the  twentieth  ?  the  nth  ?  ^ 

20.  The  digits  of  a  certain  three-digit  number  are  in 
arithmetic  progression.  The  sum  of  the  digits  is  15  and 
the  sum  of  their  squares  is  93.  Find  the  number. 

21.  If  an  arithmetic  progression  has  an  odd  number  of 
terms,  show  that  the  middle  term  is  half  the  sum  of  the 
first  and  last  terms. 

22.  In  an  arithmetic  progression  find  the  9th  term  from 
the  beginning ;  the  9th  term  from  the  end. 

23.  The  pairs  of  numbers  (1,  f),  (2,  f),  (3,  f),  (4,  3), 
(5,  ^),  (6,  —  f)  are  respectively  the  x  and  y  of  coordi¬ 
nates  of  six  points.  Show  that  the  distances  of  the  points 
from  the  origin  are  in  arithmetic  progression. 

24.  Find  the  rth  term  from  the  beginning  of  an  arith¬ 
metic  progression  and  the  rth  term  from  the  end.  Show 
that  the  arithmetic  average  of  these  two  terms  is  the  middle 
term  of  the  progression  if  it  has  an  odd  number  of  terms. 

25.  The  velocity  of  a  body  falling  from  rest  increases 
uniformly  32  feet  per  second  each  second.  Find  the 
velocity  at  the  end  of  the  10th  second.  Find  the  average 
velocity  during  the  first  second,  during  the  third  second, 
during  the  nth  second. 

252.  Arithmetic  means.  The  arithmetic  mean  between 
two  numbers  is  a  number  which  forms  with  the  two  given 
ones  as  the  first  and  last  terms  an  arithmetical  progression. 
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One  important  special  case  of  arithmetic  means  is  the 
arithmetic  mean  between  two  numbers  h  and  k.  This  is 
h  A-  k 

— or  merely  the  average  of  the  two  numbers. 

Proof.  There  would  be  three  terms  in  the  progression,  h 
being  the  filst  and  k  the  last. 

Then  I  =  a  -\-{n  —  l)d 

becomes  k  =  h  -\-{S  —  l)d. 

Hence  d  =  - - -• 

2 

Therefore  the  series  is  h,  h  k 

■t  h  k  7 

or  h,  — — ,  k, 

2 

EXERCISES 

1.  Insert  five  arithmetic  means  between  8  and  92. 

Solution.  There  will  be  seven  terms  in  all. 

Therefore  I  =  a  -\-{n  —  l)d 
becomes  92  =  8  +(7  —  l)d  =  8  +  6  d 

Hence  d  =  14. 

Therefore  the  series  is  8,  22,  36,  50,  64,  78,  92. 

2.  Insert  4  arithmetic  means  between  100  and  200. 

3.  Insert  10  arithmetic  means  between  11  and  99. 

4.  Insert  6  arithmetic  means  between  70  and  800. 

Find  the  arithmetic  mean  between : 

6.  18,  60.  S.  X,  X  —  2  y. 

6.  30,  400.  9.  X,  —  X. 

7.  a,  c.  10.  a  +  h  and  a  —  b. 
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11.  What  is  the  arithmetic  mean  of  the  odd  numbers 
from  23  to  37  inclusive? 

12.  An  automobile  starting  from  rest  increased  its 
speed  in  18  seconds  to  66  feet  per  second.  What  was  its 
final  rate  in  miles  per  hour?  What  was  its  average  rate 
in  miles  per  hour  during  the  time  its  speed  was  in¬ 
creasing  ? 

263.  The  sum  of  a  series.  The  indicated  sum  of  several 
terms  of  an  arithmetic  progression  is  called  an  arithmetic 
series.  The  formula  for  the  sum  of  n  terms  of  an  arith¬ 
metic  series  is  derived  as  follows : 

=  Cb  “h  (ct  {cl  -f"  2  d)  -j-  •  •  •  [ci  —  3)d]  -h 

[ci-  ~\~{n  —  2)d]  -j-  [u  ~\~{ji  —  1)^]  (1) 

Writing  (1)  again  and  reversing  the  order  of  the  terms 
in  the  right  member  gives : 

>8^  =  +(^  —  l)c^]  +  [a  —  2)d\ 

—  3)d]-l-  •*•  {d  -|-  2  d) -f- (d  d) d  (2) 

Adding  (1)  and  (2)  gives 

2  Sn  —  [2  d  +(w  —  l)d]  -f-  [2  d  H-(w  —  V)d  ]+  [2  a 
-\-{u  —  l)d]  -f-  •••[2  d  -\-{7i  —  l)d]  [2  d  {u  —  l)d] 

+  [2  d  +  {n  —  l)d]  (3) 

Since  there  are  n  terms  in  the  right  members  of  (1)  and 
(2),  there  are  n  brackets  in  (3) ;  therefore 

2Sn  =  n[2  d  +{n  —  l)d]  or 

Sn  =  g[2  a  +(n  -  1)£?] 
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EXERCISES 

Find  the  sum  in  the  following  arithmetic  progressions  : 

1.  The  first  18  terms  of  3,  5,  7. 

Solution.  Here  a  =  3,  d  =  2,  and  n  =  18. 

Hence  s  =  ~[2  a  +(n  —  l)d] 

2 

becomes  s  =  ^-[2  •  3 +  (18 —1)2]  =9(6+34)  =360. 

2.  The  first  50  terms  of  1  +  2  +  3  +  ••*. 

3.  The  first  8  terms  of  60  +  57  +  54  +  •••. 

4.  The  first  10  terms  of  1  +  l-J-  +  2  +  •••. 

5.  All  the  even  numbers  less  than  101. 

6.  All  the  odd  numbers  between  100  and  200. 

7.  The  sum  of  the  first  ten  thousand  integers. 

8.  The  sum  of  the  20  terms  of  2  +  2.2  +  2.4  +  •••. 

9.  Find  the  sum  of  the  integers  between  200  and  600 
which  are  exact  multiples  of  7. 

10.  Find  the  sum  of  the  numbers  less  than  100  which 
are  exact  multiples  of  11. 

11.  The  sum  of  15  terms  of  (3  +  V2)+  3  +(3  —  V2) 

+  •  •  • 

12.  The  sum  of  10  terms  of  -  +  ^  ~  ^  +  •••. 

c  c  •  c 

13.  The  sum  of  n  terms  of  (a  —  c)  +  a  +  (a  +  c)  +  •••. 

14.  The  sum  of  n  terms  of  3  c  +  c  —  c  •••. 

16.  The  sum  of  n  terms  of  4-J-  +  3^  +  2-J-  + 

16.  The  sum  of  n  terms  of  1  +  3  +  5  +  •••. 

17.  The  sum  of  n  terms  of  2  +  4  +  6  +  •••. 
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18.  Find  the  sum  of  the  first  n  integers  which  are  exact 
multiples  of  13. 

19.  How  many  terms  of  1  +  5  +  9  +  •••  will  amount 
to  630  ? 


the  equation  for  n. 

20.  How  many 
amount  to  15  ? 

terms 

of 

15  -{-  12"^  “h  10  ”1“ 

will 

21.  How  many 
amount  to  —  54  ? 

terms 

of 

-  12  -  10|  -  9  - 

will 

22.  How  many 

terms 

of 

16  +  15|  +  15i  +  - 

will 

amount  to  216  ? 


23.  The  first  term  of  an  arithmetic  progression  is  7  and 
the  6th  term  is  12.  Find  the  sum  of  the  first  100  terms. 

24.  Assuming  that  a  heavy  iron  ball  is  not  retarded  by 
the  air,  determine  the  number  of  seconds  it  would  take  to 
fall  if  it  is  dropped  from  a  point  on  the  Eiffel  Tov/er  980 
feet  above  the  ground.  {S  =  16 1^.) 

25.  A  ball  shot  vertically  upward  returned  to  the  point 
it  started  from  18  seconds  later.  How  high  did  it  rise  ? 

26.  By  Exercise  25,  page  567,  it  is  seen  that  a  falling 
body  obeys  the  law  of  an  arithmetic  progression.  Show 
from  the  data  of  that  exercise  that  the  general  formula 


S  =  |[2  a  +{n  -  l)d] 

becomes  the  special  one,  S  =  ^  used  in  physics  for  such 
problems. 


27.  A  passenger  in  an  aeroplane  drops  a  rock  and 
observes  that  it  strikes  the  ground  11  seconds  later.  How 
high  was  the  plane  at  the  time  ? 


572  NEW  COMPLETE  SCHOOL  ALGEBRA 


28.  A  man  deposits  in  a  bank  18  dollars  on  the  first  of 
each  month  from  January  1,  1924,  to  December  1,  1925. 
What  is  the  amount  of  his  deposit  at  that  time? 

29.  The  bank  in  Exercise  28  pays  three  per  cent  interest, 
compounded  monthly,  on  deposits.  What  will  the  interest 
amount  to  by  January  1,  1925  ? 

30.  A  man  buys  a  piano  for  $900  by  paying  $200  cash 
and  the  remainder  in  monthly  instalments  of  $100  and 
interest  at  six  per  cent  on  the  unpaid  balance.  What  was 
his  total  payment  ? 

Hint.  The  monthly  balances  are  respectively  $700,  $600,  $500, 
etc.  The  corresponding  interest  payments  are  $3.50,  $3.00,  $2.50,  etc. 

31.  A  man  bought  a  house  for  $11,500,  paying  $1500 
cash  and  giving  a  first  mortgage  for  $6000  and  a  second 
mortgage  for  $4000,  each  bearing  6%  interest.  Payments 
of  $200  plus  the  accrued  interest  were  made  every  four 
months  on  the  second  mortgage.  Find  the  sum  of  all 
interest  payments  on  the  second  mortgage. 

32.  Two  men  2010  feet  apart  start  at  the  same  time  and 
move  toward  each  other.  One  moves  8  feet  the  first 
second,  13  feet  the  second,  and  18  feet  the  third,  etc. 
The  other  moves  7  feet  the  first  second,  11  the  second, 
15  the  third,  and  so  on.  In  how  many  seconds  will  they 
meet? 

33.  A  pyramid  of  balls  all  of  the  same  size  stands  on  an 
equilateral  triangle,  twelve  balls  on  a  side.  How  many 
balls  are  there  in  each  layer  ?  in  the  whole  pyramid  ? 

34.  A  and  B  set  out  from  the  same  place  at  the  same  time 
and  travel  in  the  same  direction.  A  travels  20  miles  per 
hour.  B  goes  32  miles  the  first  hour,  28  the  second,  24 
the  third,  and  so  on.  When  will  they  be  together  again  ? 
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35.  A  man  leaves  a  certain  place  and  travels  16  miles 
the  first  hour,  18  the  second,  20  the  third,  and  so  on.  One 
hour  and  twenty  minutes  later  a  second  man  leaves  the 
same  place  and  travels  the  same  road  at  a  constant  rate 
of  30  miles  per  hour.  When  are  the  two  together  ? 

36.  The  successive  intervals  between  a  number  of  stones 
placed  in  a  straight  line  on  the  ground  is  1  rod,  3  rods, 
5  rods,  etc.  'A  boy  collects  the  stones  one  by  one  and 
places  them  in  a  box  located  at  the  first  stone.  How  far 
will  he  travel  in  handling  the  7th  stone? 

37.  In  Exercise  36  determine  how  far  the  boy  will  travel 
for  the  ntYi  stone ;  the  n  +  1st  stone ;  the  n  —  1st  stone. 

38.  From  the  results  of  Exercise  37  determine  the  series 
which  represents  the  total  distance  the  boy  must  travel 
in  collecting  the  first  n  stones.  Can  this  series  be  summed 
by  any  formula  developed  thus  far? 

Note.  In  the  earliest  mathematical  work  known  a  problem  is  found 
which  involves  the  idea  of  an  arithmetic  progression.  In  the  papyrus 
of  the  Egyptian  priest  Ahmes,  who  lived  nearly  two  thousand  years 
before  Christ,  we  read  in  essence,  “  Divide  40  loaves  among  5  persons 
so  that  the  number  of  loaves  that  they  receive  shall  form  an  arith¬ 
metic  progression,  and  so  that  the  two  who  receive  the  least  bread 
shall  together  have  one  seventh  as  much  as  the  others.”  From  that 
time  to  this,  the  subject  has  been  a  favorite  one  with  mathematical 
writers,  and  has  been  extended  so  widely  that  it  would  require  many 
volumes  to  record  all  of  the  discoveries  regarding  the  various  kinds  of 
series. 

254.  Geometric  progression.  A  geometric  progression  is 
a  succession  of  terms  in  which  each  term  after  the  first  is 
obtained  from  the  preceding  one  by  multiplying  it  by  the 
same  number. 

If  a  denotes  the  first  term  and  r  the  common  multiplier, 
the  progression  is  represented  by  a,  ar,  ar^,  ar^,  ar^,  — . 
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The  common  multiplier  is  called  the  ratio.  It  is  evident 
from  the  definition  that  the  ratio  is  obtained  by  dividing 
any  term  except  the  first  by  the  preceding  one. 

The  numbers  2,  6,  18,  54,  •••  form  a  geometrical  pro¬ 
gression  since  any  term  after  the  first  divided  by  the  pre¬ 
ceding  one  gives_  the  same  number  3.  Similarly,  the 
numbers  4,  —  4V5,  20,  —  20 V5,  —  since  from  the  second 
term  on  each  term  divided  by  the  preceding  one  gives  the 
common  ratio  —  V5. 


ORAL  EXERCISES 


Determine  which  of  the  following  are  geometric  pro¬ 
gressions  and  the  ratio : 


1.  1,  4,  8,  16, 

2.  3,  9,  27,  •••, 
8.  2,  4,  6,  8,  •••. 

4.  2,  1,  -J,  — . 

5.  6,  2,  •••. 


6.  3,  iV3,  iV3,  — . 

1  V2 


7. 


V8^^  2 


-  2  ••• 


8.  5  10  a^x,  20  aVj 

9.  10,  6, 

10.  ax^,  4  a^,  16  x^,  — . 


11.  Find  the  condition  under  which  a,  6,  and  c  form  a 
geometric  progression. 


State  in  order  the  first  four  terms  of  a  geometric  pro¬ 
gression  in  which  the  ratio  r  and  the  first  term  a  are  given : 

12.  a  =  5,  and  r  =  2.  15.  a  =  6,  and  r  =  ^. 

13.  a  =  7,  and  r  =  3.  16.  a  =  f,  and  r  =  - 

14.  a  =  10,  and  r  =  —  2.  17.  a  =  7,  and  r  =  V2. 

255.  The  nth  term  of  a  geometric  progression.  In  the 
symbolic  definition  of  a  geometrical  progression 

a,  ar,  ar^,  ar^,  ar^. 


•  •  • 
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the  exponent  of  r  in  the  second  term  is  1,  in  the  third  term 
2,  in  the  fourth  term  3,  etc. ;  that  is,  in  each  term  it  is  one 
less  than  the  number  of  the  term.  Therefore  the  7zth  or 
general  term  is 

tn  =  ar”-i 
EXERCISES 

1.  Find  the  sixth  term  of  3,  6,  12,  •••. 

Solution.  Here  a  =  3,  r  =  2,  and  n  =  6. 

Therefore  in  =  ar^~'^ 

becomes  =  3  •  2^  =  3  •  32  =  96. 

2.  Find  the  seventh  term  of  2,  4,  8,  — . 

3.  Find  the  eighth  term  of  1,  -g^,  — . 

4.  Find  the  tenth  term  of  5,  —  10,  20,  — . 

5.  Find  the  U  of  12,  —  4,  . 

6.  Find  the  ^lo  of  24  18  a^,  ^  . 

2 

7.  Find  4  of  9  V3,  9,  3V3,  •••. 

8.  Find  of  -J,  •••. 

9.  The  number  .23232323  is  the  sum  of  four  terms  in 
geometric  progression.  What  are  these  terms  ? 

10.  The  amount.  A,  of  P  dollars  at  r  per  cent  interest 
compounded  annually  for  n  years  is  expressed  by  the 
formula  A  =  P(1  +  r)”.  Derive  this  formula. 

11.  Find  the  amount  of  $500  at  four  per  cent  interest 
compounded  annually  for  4  years. 

12.  The  first  two  terms  of  a  geometrical  progression  are 
a  and  h.  Find  the  third  term. 
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13.  Find  the  amount  of  100  dollars  at  5-J%  compounded 
annually  for  3  years. 

14.  What  is  the  {n  —  l)st  term  of  a  geometric  progres¬ 
sion?  the  {n  —  2)d?  the  {n  —  3)d?  the  {n  +  l)st? 

15.  The  sum  of  the  digits  of  a  three-digit  number  is  14 
and  the  digits  are  in  geometric  progression.  If  594  is  added 
to  the  number,  the  result  is  expressed  by  the  digits  in 
reverse  order.  Find  the  number. 

16.  Show  that  the  distances  of  the  following  points  from 
the  origin  are  in  geometric  progression :  (1,  3),  (V2,  3  V2)> 

(2,  6),  (2V2,  6V2). 

17.  A  house  worth  $8000  depreciates  10%  in  value  each 
year.  What  will  it  be  worth  at  the  end  of  7  years  ? 

18.  An  automobile  selling  at  $800  depreciates  in  use 
yearly  30%  of  its  cost.  What  is  it  worth  at  the  end  of 
3  years? 

19.  Show  that  the  product  of  any  two  terms  of  a  geo¬ 
metric  progression  equidistant  from  a  given  term  is  always 
the  same. 

20.  Show  that  if  each  term  of  a  geometric  progression  is 
subtracted  from  the  following  one,  the  successive  remain¬ 
ders  form  a  geometric  progression. 

21.  One  hundred  dollars  is  deposited  annually  for  six 
years  in  a  bank  which  pays  four  per  cent  compound  in¬ 
terest.  What  sum  is  due  the  depositor  at  the  end  of  six 
years  if  he  has  withdrawn  no  money  from  the  bank  during 
that  time  ? 

22.  A  father  deposits  a  certain  sum  in  a  bank  at  the 
beginning  of  the  school  year  each  of  the  four  years  his  son 
is  in  the  high  school.  If  this  amounts  to  sixteen  hundred 
dollars  when  the  boy  enters  college  after  his  high  school 
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course,  find  the  yearly  deposit  if  interest  is  compounded 
annually  at  four  per  cent. 

23.  A  good  ear  of  Dent  corn  has  about  400  grains.  Five 
per  cent  of  the  grains  on  such  an  ear  are'  unfit  to  plant. 
If  the  others  are  planted  and  each  produces  an  ear  like  the 
first,  how  many  bushels  of  corn  will  there  be  in  the  fifth 
year's  crop  if  each  ear  weighs  15  ounces  and  there  are  70 
pounds  of  corn  in  a  bushel  ? 


256.  Geometric  means.  The  geometric  means  between 
any  two  numbers  are  numbers  which  form,  with  the  given 
ones  as  the  first  and  last  terms,  a  geometric  progression. 

One  important  special  case  is  the  geometric  mean  be¬ 
tween  two  numbers  h  and  k.  This  is  ±  Vh  •  k. 


Proof.  There  would  be  three  terms  in  the  progression,  h 
being  the  first  and  k  the  last. 

Then  tn  =  ar^~^ 

becomes  k  =  hr^. 


Hence 


the  second  term  is  h 


=  ±Vkh. 


Hence  the  series  is  /i,  ±  V hk,  k. 


EXERCISES 

1.  Insert  three  geometric  means  between  3  and  48. 

Solution.  The  number  of  terms  is  five.  * 

Therefore  48  =  3  • 

•  Hence  =  16  and  r  =  +  2. 

the  series  is  3,  ±  6,  12,  ±  24,  48. 
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2.  Insert  four  geometric  means  between  1  and  248. 

3.  Insert  two  geometric  means  between  19  and  152. 

4.  Insert  three  geometric  means  between  —  7  and 

-  112. 

5.  Insert  one  geometric  mean  between  h  and  c. 

6.  Insert  two  geometric  means  between  h  and  c. 

7.  The  second  and  third  terms  of  a  geometric  pro¬ 
gression  are  a  and  h.  Find  the  first  term. 

8.  The  arithmetic  mean  of  two  numbers  is  26  and  their 
geometric  mean  is  24.  Find  the  numbers. 

9.  In  the  right  triangle  CD  is  perpendicular  to  the 
hypotenuse  AB.  It  is  proved  in  geometry  that  CD  is  a 
geometric  mean  be¬ 
tween  AD  and  BD. 

(а)  If  AD  =  9  and 
BD  =  16,  find  CD. 

(б)  If  CD  =  6  and 
BC  =  13,  find  AD 
and  BD. 

(c)  If  DC  =  20  and  AD  =  15,  find  BD,  AC,  and  BC. 

10.  In  the  adjacent 
figure  AJ5  touches  and 
AD  intersects  the 
circle.  It  is  proved 
in  geometry  that  AB 
is  a  geometric  mean 
between  AC  and 
AD. 

(а)  If  AB  =  10  and  AD  is  90,  find  AC. 

(б)  If  DC  =  7  and  AB  =  12,  find  AC  and  AD. 
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257.  Geometric  series.  The  indicated  sum  of  n  terms  of 
a  geometric  progression  is  called  a  geometric  series. 

In  symbols  this  sum,  Snt  is  indicated  by 

Sn  =  a  ar  -\-  ar‘^  -{■  ar^  +  •••  ar”~h 


In  practice  the  simplest  form  of  this  indicated  sum  is 
needed.  The  value  of  Sn  in  the  simplest  form  is  derived  as 
follows : 

Sn  —  a  +  ar  +  +  ar^  +  —  +  ar^-^  +  ar”“h  (1) 


Multiplying  both  members  of  (1)  by  (r)  gives 

Snr  =  ar  +  ar^  +  ar^  +  ar^  •••  +  ar”“^  +  ar”.  (2) 

Subtracting  (2)  from  (1),  all  terms  on  the  right  vanish  ex- 
cept  a  and  ar",  giving  =  a  -  ar^.  (3) 

SnO-  —  r)  =  a  —  ar^,  (4) 


Solving  (4), 


Sn  = 


a  —  ar^ 

1  -  r  * 


EXERCISES 

1.  Find  the  sum  of  the  first  eight  terms  of  2  +  6  +  18 

Solution.  Here  a  =  2,  r  =  S,  and  n  =  8. 

Substituting  in*8n  =  % — ^  gives 

1  —  r 

c.  2-23^  2-2-38 

^8  =  ^  _  3 —  zrj— 

=  -1+38  =-l  +  6561  =  6560. 

2.  Find  the  sum  of  nine  terms  of  3  +  6  +  12  +  •••. 

3.  Find  the  sum  of  seven  terms  of  5  —  10  +  20  —  •••. 
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4.  Find  the  sum  of  eight  terms  of  80  +  40  +  20  +  •••. 

6.  Find  the  sum  of  ten  terms  of  1  +  ^  . 

6.  Find  *87  for  2V2  —  4  +  4v"2+  •••. 

7.  Find  *89  for  3  +  f  +  f  + 

8.  Find  *810  for  -f  +  1  -f-  4-  •••• 

9.  Find  *89  for  . 

10.  Find  *83  for  m  +  2  4-  4  . 

11.  Find  the  sum  of  n  terms  of  5  4-  10  4-  20  4-  •••. 

12.  Find  the  sum  of  —  1  terms  of  c  4-  4-  4- 

g 

13.  Find  the  sum  of  seven  terms  of  -  4-  -  4-  —  4-  •••. 

c  a 

14.  Find  the  sum  of  ri  —  3  terms  of  -  4-  1  4-  -  4- 

c  a 

16.  The  sum  of  the  first  three  terms  of  a  geometric 
progression  is  65  and  the  difference  of  the  first  and  third  is 
40.  Find  the  terms. 

16.  The  sum  of  the  first  four  terms  of  a  geometric  pro¬ 
gression  is  30  and  the  sum  of  the  next  four  is  480.  Find  the 
series. 

17.  The  sum  of  three  numbers  which  are  in  arithmetic 
progression  is  21.  If  1,  5,  and  25  be  added  to  them  respec¬ 
tively,  the  results  are  in  geometric  progression.  Find  the 
numbers. 

18.  A  rubber  ball  falls  to  the  floor  from  a  height  of  72 
inches.  At  each  rebound  it  rises  thirty  per  cent  of  its 
previous  height.  How  far  has  it  moved  when  it  strikes 
the  floor  the  tenth  time  ? 

19.  A  vessel  containing  alcohol  was  emptied  of  one 
fourth  of  its  contents  and  then  filled  up  with  water.  This 
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was  done  five  times.  What  portion  of  the  original  contents 
was  then  in  the  vessel  ? 

20.  At  each  stroke  an  air  pump  withdraws  20  cubic  inches 
of  air  from  a  vessel  containing  200  cubic  inches.  After  every 
stroke  the  air  remaining  in  the  vessel  expands  and  com¬ 
pletely  fills  it.  What  fraction  of  the  original  quantity  of  air 
remains  in  the  vessel  at  the  end  of  the  eighth  stroke  ? 

258.  Infinite  geometric  series.  If  the  number  of  terms  of 
a  geometric  series  is  unlimited,  it  is  called  an  infinite 
geometric  series. 

In  the  progression  3,  6,  12,  •••  the  ratio  is  positive  and 
greater  than  1  and  each  term  is  greater  than  the  preceding 
one.  Such  a  progression  is  an  increasing  one.  It  is  obvious 
that  the  sum  of  an  unlimited  number  of  terms  in  an  in¬ 
creasing  geometric  progression  is  unlimited.  If  r  >  1 
(read  “  r  is  greater  than  1  th®  sum  can  be  made  as  large 
as  we  please  by  taking  a  sufficient  number  of  terms.  ’ 

If  the  geometric  progression  is  a  decreasing  one,  how¬ 
ever,  the  result  is  very  different.  In  the  decreasing  pro¬ 
gression  4,  2, 1,  •••  the  ratio  is  positive  and  less  than 

1,  and  each  term  is  less  than  the  preceding  one.  Here  the 
sum  of  the  first  three  terms  is  7,  the  first  four  7|-,  the  first 
five  7|-,  the  first  six  7|-,  etc.  Obviously,  the  more  terms 
taken  the  greater  is  the  sum.  But  no  matter  how  large  the 
number  of  terms  taken  their  sum  is  less  than  8.  This 
number  8  is  called  the  limit  of  the  series. 

Sn  =  4+  2  +  1+  -2+4-  ••*. 

This  series  and  its  limit  can  be  illustrated  by  the  motion  of 
a  point  along  a  line  in  the  diagram  on  the  following  page. 

Suppose  line  AX  is  eight  inches  long  and  a  point  starts 
from  A  and  moves  in  one  minute  to  point  B  which  is  ^  the 
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distance  to  X,  In  the  next  minute  it  moves  to  C,  -J-  tne 
remaining  distance.  In  the  third  minute  it  moves  to  D, 
-J-  the  remaining  distance,  etc.  But  the  point  will  never 
reach  X  nor  will  the  total  distance  it  moves  ever  quite 
equal  eight  inches. 

I - H - 1 - 1 - h-f-v 

A  ^  B  2  1 

The  formula  S„  =  ~ 

1  —  r 

becomes  Sn  =  - —  (1) 

1— rl— r 

For  the  preceding  series  we  have  a  =  4,  r  =  -J,  and  n  =  n. 
Substituting,  Sn  =  •  (2) 

S„  =  I  -  ^  =  8  -  4(i)"-h  (3) 

2  2 

Now  ay  =  i,  (i)’  =  i,  =  iV.  etc.  Hence  (i)"  be- 
comes  very  small  if  n  is  great.  Consequently 
approaches  zero  when  n  increases  without  limit.  Therefore 
the  right  member  of  (3)  approaches  8  if  increases  without 

limit.  That  is,  the  limit  of  Sn  is  ^  or  8.  In  general,  then, 

when  we  speak  of  the  sum  of  an  infinite  geometric  series 
we  mean  the  limit  which  the  sum  approaches  as  n  increases 
indefinitely. 

Moreover,  the  formula  (1)  above  becomes  for  a  de¬ 
creasing  series 
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EXERCISES 

Find  the  sum  of  the  following  infinite  geometric 
series : 

1.  3  -f-  1  4“  "3  "h  •••• 

Solution,  s  —  — ~ — 

1  ~  r 

Substituting,  s  =  -  =  4^. 

^  ~  3 

2.  84-4-j-2-f-l-l-  •••.  5.  25  -j-  5  -J-  1  “h  ”*• 

3.  9  +  3  +  1  +  6.  1  ~^  +  ‘4““^  +  *••• 

4.  12  +  3  +  f  +  7.  2  +V2  +  1  + 

8.  3  — \/3  “1“  1  “h  •••• 

9.  1  +  a:  +  4-  —  where  x  <  1. 

10*  6  4“^^^  4“  1  "h  ***• 

11.  1  4-  -  4-  4  4-  —  where  x  >  1. 

X  x^ 

12.  (m  4-  4-  1  4 - - h 

m  +  n 

13.  .323232  •••. 

Hint.  This  equals  * 

loo  ^  10,000  1,000,000  *** 

14.  .777  — .  16.  .020202  —. 

15.  .6464  — .  17.  .714285714285  -. 

18.  3.4242  -. 
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19.  ABC  is  an  equilateral  triangle  with  side  AB  equal 
to  4.  The  triangle  DEF  is  formed 
by  joining  the  midpoints  of  the  ad¬ 
jacent  sides  of  ABC.  Triangle  IGH 
is  formed  similarly,  and  so  on.  De¬ 
termine  the  series  formed  by  the 
areas  of  the  successive  triangles. 

Find  the  sum  of  the  areas  of  all  the 
triangles  drawn  as  there  supposed. 


20.  A  flywheel  whose  circumference  is  12  feet  makes 
2400  revolutions  per  minute.  If  it  slows  down  so  that  each 
second  it  makes  ninety-eight  per  cent  as  many  revolutions 
as  it  did  the  preceding  second,  how  far  will  a  point  on  its 
rim  have  traveled  by  the  time  it  has  stopped  ? 


Note.  In  the  study  of  geometric  progressions  we  have  seen  that 
the  sum  of  the  infinite  series  1  +  ^  +  +  3?^  +  •  •  •  is  a  definite  num¬ 

ber  when  X  has  any  value  less  than  1.  But  it  has  no  finite  value  when  x 
is  equal  to  or  greater  than  1 ;  that  is,  we  have  an  expression  which  we 
cannot  use  arithmetically  unless  x  has  a  properly  chosen  value.  If 
we  were  studying  a  problem  which  involved  such  a  series,  it  would 
be  a  matter  of  the  most  vital  importance  to  know  whether  the  values 
of  X  under  discussion  were  such  as  to  make  the  series  meaningless. 

This  question  of  distinguishing  between  expressions  which  converge 
(that  is,  the  sum  of  whose  terms  approaches  a  limit)  and  those  which 
do  not  has  an  interesting  history.  Newton  and  his  followers  in  the 
seventeenth  century  dealt  with  infinite  series  and  always  assumed  that 
they  converged,  as,  in  fact,  most  of  them  did.  But  as  more  compli¬ 
cated  series  came  into  use  it  became  more  difficult  to  tell  from  inspec¬ 
tion  whether  the  series  converged  or  not  for  a  given  value  of  the 
variable. 

It  was  not  until  the  beginning  of  the  nineteenth  century  that  Gauss, 
Abel,  and  Cauchy,  in  Germany,  Norway,  and  France  respectively, 
began  to  teach  this  subject  effectively  and  to  devise  far-reaching  tests 
to  determine  the  values  of  x  for  which  certain  series  converge  to  a 
finite  limit.  It  is  said  that  on  hearing  a  discussion  by  Cauchy  in  regard 
to  series  which  do  not  always  converge,  the  astronomer  Laplace  be¬ 
came  greatly  alarmed  lest  he  had  made  use  of  some  such  series  in 


PROGRESSIONS 


585 


his  great  work,  “  Celestial  Mechanics/"  He  hurried  home  and  denied 
himself  to  all  distractions  until  he  had  examined  every  series  in  his 
book.  To  his  intense  satisfaction  they  all  converged. 


MISCELLANEOUS  EXERCISES 


1.  Define  an  arithmetic  progression : 

(a)  in  symbols,  (b)  in  words. 

2.  Derive  the  formula  for  the  wth  term  of  an  arithmetic 
progression. 

3.  Derive  the  formula  for  the  sum  of  n  terms  of  an 
arithmetic  progression. 

4.  What  is  the  arithmetic  mean  between  two  numbers  ? 


6.  Define  a  geometric  progression : 
(a)  in  symbols,  (b)  in  words. 


6.  Derive  the  formula  for  the  nih  term  of  a  geometric 
progression. 

7.  Derive  the  formula  for  the  sum  of  n  terms  of  a 
geometric  progression. 

8.  Show  that  this  last  formula  is  equivalent  to 

c  a  —  rl 

ibn  —  ’ll  * 

1  —  r 


9.  Show  that  for  a  converging  geometric  progression 


Sn  = 


a 


1  —  r 


10.  In  the  equation 

i8(l  +  ry  —  p(l  +  r)^  —  p(l  +  r)2  —  p(l  +  r)  —  p  =  0 


show  that 


P  = 


Sr(l  -f  ry 
(1  +  r)4  -  l' 
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11.  A  loan  of  S  dollars  is  to  be  repaid  in  four  equal 
annual  payments  of  p  dollars  each.  Find  p  if  money  is 
worth  r  %. 


Solution*  The  sum  due  at  beginning  of  second  year  is 

S(l+r)-p.  (1) 

The  sum  due  at  beginning  of  third  year  is 

[8(1  +  r)  -  p](l  +  r)  -  p.  (2) 

The  sum  due  at  beginning  of  fourth  year  is 

[[8(1  +r)-p](l  +r)-p|(l  4-r)-p.  (3) 

The  sum  due  at  beginning  of  fifth  year  is 

[H-Sf(l  +r)-p](l  +r)-pKH-r)-p](l  +  r)  -  p.  (4) 


By  the  conditions  of  the  problem,  (4)  =  0,  for  all  the  debt 
has  then  been  paid.  Setting  (4)  equal  to  zero  and  simplifying, 

8(1  +  ry  —  p(l  +  r)^  —  p(l  +  r)2  —  p(l  +  r)  —  p  =0.  (5) 


Solving  (5)  for  p, 
P  = 


8(1  +  ry 


(1  +r)» +(1  +r)2 +(1  +r)+l' 

But  the  denominator  in  (6)  is  a  geometrical  series  whose  sum 

by  the  formula  8n  = - is  - - - 

1  —  r  r 


Substituting  this  last  value  for  the  denominator  of  (6), 


8r(l  +  ry 

(1  +ry  -  1 


(7) 


In  the  general  case,  if  we  have  n  annual  payments,  the 
exponents  4  in  (7)  would  be  replaced  by  n,  and  then 


_  8r(l  +  ry 
”  (1+  ry  -  1* 
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12.  A  loan  of  $600  is  to  be  repaid  in  four  equal  annual 
payments,  with  interest  at  6%.  Find  the  amount  of  each 
payment. 


13.  A  loan  of  $1000  is  to  be  repaid  in  four  equal  annual 
payments  with  interest  at  5%.  Find  the  payment  required. 

14.  The  equipment  of  a  certain  factory  cost  $25,000. 
The  estimated  depreciation  in  its  value  is  8%  yearly.  On 
that  basis  compute  its  value  at  the  end  of  5  years. 

15.  One  third  the  contents  of  a  vessel  containing  acid  was 
taken  out  and  replaced  by  water.  This  was  done  six  times. 
What  portion  of  the  acid  remained  in  the  vessel  ? 


16.  Each  square  in  the  *  adjacent 
figure  except  the  first  is  formed  by 
joining  the  mid-points  of  the  square 
next  larger.  If  AB  =  8,  show  that 
the  perimeters  of  the  squares  form 
a  decreasing  geometrical  progression. 
Find  the  sum  of  the  perimeters  of  all 
the  squares  which  may  be  so  drawn. 


CHAPTER  XXXVIII 

RATIO,  PROPORTION,  AND  VARIATION 

259.  Ratio.  The  ratio  of  one  number  a  to  a  second  num¬ 
ber  h  is  the  quotient  obtained  by  dividing  the  first  by  the 

second,  or  The  ratio  of  a  to  6  is  also  written  a :  b. 

0 

It  follows  from  the  above  that  all  ratios  of  two  numbers 
are  fractions  and  all  fractions  may  be  regarded  as  ratios. 

Thus  ?  and  are  ratios  as  well  as  frac- 

4  2c  m  —  n  V5 

tions. 

Since  ratios  like  the  above  are  fractions,  operations 
which  may  be  performed  on  fractions  may  be  performed 
on  these  ratios.  Hence  the  value  of  a  ratio  is  not 
changed  by  multiplying  or  dividing  both  numerator  (an¬ 
tecedent)  and  denominator  (consequent)  by  the  same 
number. 

EXERCISES 

Simplify  the  following  ratios  by  considering  them  as 
fractions  and  reducing  the  fractions  to  lowest  terms : 

1.  15  inches :  1  rod.  2.  100  inches :  mile. 

3.  2  pints :  7  gallons. 

4.  1  mile :  1  kilometer  (1  meter  =  39.37  inches). 

6.  .02  ton :  1  kilogram  (1  kilogram  =  2.205  lbs.). 

6.  A  lot  100  X  135  feet :  1  acre. 

588 
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7.  Which  is  the  greater  ratio  17 :  25  or  23 :  33  ? 

8.  In  an  alloy  of  52  ounces  of  zinc  and  copper  there 
are  12  ounces  of  zinc.  Find  the  ratio  of  zinc  to  copper. 

9.  Divide  $1800  into  two  parts  which  are  in  the  ratio 
of  5 : 7. 

10.  Separate  360  into  three  parts  in  the  ratio  of  3 :  5 :  7. 

11.  Show  that  — ^  if  x  is  positive. 

x  +  3  X  7 

Hint.  Reduce  the  fractions  to  respectively  equivalent  fractions 
having  a  common  denominator  and  then  compare  the  numerators. 

12.  Show  — if  X  is  positive. 

x  +  5  X  +  8 

13.  Show  — if  X  is  positive. 

a:  +  3  a:  +  5  ^ 

14.  Arrange  the  ratios  3:4;  7:8;  13 : 16  in  decreasing 
order  of  magnitude. 

15.  Simplify  (1  -  :  (1  +  |). 

- «  2  —  5  a  +  3 .  —  2  a  +  1 

a2  -  9  *  a2  -  5  a  +  6* 

a(x^  —  3a)—  ax(2  x  —  S) ,  ax 

(x^  —  3  x)^  *  —  3  a: 

18.  Which  is  the  greater  ratio  if  a  is  positive : 

7  2  a  7  -f~  4 

7  +  3g  7  +  5g' 

19.  If  a  positive  number  is  added  to  or  subtracted  from 
both  terms  of  a  proper  fraction,  what  change  is  produced 
in  the  value  of  the  fraction  ? 

20.  Separate  660  into  three  parts  such  that  the  ratio  of 
the  first  to  the  second  is  5 : 6  and  of  the  second  to  the 
third  is  9 : 11. 
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260.  Proportion.  A  proportion  is  a  statement  of  equality 
between  two  ratios.  Four  numbers,  a,  h,  c,  and  d,  are  in 
proportion  if  the  ratio  of  the  first  pair  equals  the  ratio  of 
the  second  pair. 

This  proportion  is  written 

a:h  =  c:d  or  j  =  % 

0  a 

Though  both  forms  are  equations,  the  second  is  the  more 
familiar  one  and  for  this  reason  is  preferable. 

Note.  By  the  early  mathematicians  ratios  were  not  treated  as 
if  they  were  numbers,  and  the  equality  of  two  ratios  which  we  know 
as  a  proportion  was  not  denoted  by  the  same  symbol  as  other  kinds  of 
equality.  The  usual  sign  of  equality  for  ratios  was  : a  notation  which 
was  introduced  by  the  Englishman  Oughtred  in  1631  and  was  brought 
into  common  use  by  John  Wallis  about  1686.  The  sign  =  was  used 
in  this  connection  by  Leibnitz  (1646-1716)  in  Germany,  and  by  the 
Continental  writers  generally,  while  the  English  clung  to  Oughtred’s 
notation. 

n  c 

In  the  proportion  v  =  the  first  and  fourth  terms  (a,  d) 

0  d 

are  called  the  extremes,  and  the  second  and  third  terms 
(6,  c)  are  called  the  means.  ' 

261.  Mean  proportional.  A  mean  proportional  between 

(1  'VY) 

two  numbers  a  and  b  is  the  number  m  if  —  =  -y-  •  It  follows 

,  o  7  /-I  mb 

that  =  ab,  or  m  =  ±Vab. 

If  —  =  =  36  and  m  =  ±  6. 

m  9 


262.  Third  proportional.  A  third  proportional  to  two 

numbers  a  and  b  is  the  number  t\i~  =  -• 

b  t 


A  third  proportional  to  3  and  5  is  i  if  |  =  y* 
/  _  25  hi 

i  t 


Whence 


Qottfried  Wilhelm  Leibnitz 
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'  263.  Fourth  proportional.  A  fourth  'proportional  to  three 
numbers  a,  b,  and  c  is  the  number  /  if  ^  =  -• 

A  fourth  proportional  to  6,  8,  and  12  is  /,  if  |  . 

Whence  /  =  16.  o  / 

EXERCISES 

1.  Find  a  mean  proportional  between  16  and  25. 

2.  Find  a  third  proportional  to  16  and  25. 

3.  Find  a  fourth  proportional  to  8,  20,  and  32. 

4.  Find  the  fourth  proportional  to  a^,  ah,  and  5 

5.  Find  a  mean  proportional  between  12  and  3 

6.  Find  a  fourth  proportional  to  1,  a  +  h,  and 

—  ab  6^. 

7.  Find  a  mean  proportional  to  (x^  +  ax  +  a^)^  and 
(x^  —  ax  +  a^y. 

8.  Find  a  third  proportional  to 

9.  In  the  adjacent  figure  CD  is 
perpendicular  to  the  diameter  AB. 

It  is  a  theorem  of  geometry  that 
CD  is  a  mean  proportional  be¬ 
tween  AD  and  DB.  If  the  radius 
is  26  and  BD  is  8,  find  CD. 

10.  If  four  quantities  are  in  pro¬ 
portion,  and  the  third  is  a  mean 
proportional  between  the  first  and 
second  is  a  mean  proportional  between  the  third  and 
fourth. 

264.  Test  of  a  proportion.  Since  a  proportion  is  an  equal¬ 
ity  between  two  ratios  (fractions),  it  is  therefore  an  equation. 


(x  —  'yy  and  x^  —  y^. 
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Hence  any  operation  which  may  be  performed  on  an  equa¬ 
tion  may  be  performed  on  a  proportion.  (See  Axioms, 
pages  56-58.) 


Thus,  in  the  proportion 


a 

b 


both  members  may  be 


multiplied  by  bd,  giving  ad  =  be.  Here  the  first  member 
is  the  product  of  the  extremes  of  the  proportion,  and  the 
second  member  is  the  product  of  the  means. 

Therefore  in  any  proportion  the  product  of  the  extremes 
equals  the  product  of  the  means. 


265.  Proportions  from  equal  products.  The  numbers 
which  occur  in  a  pair  of  equal  products  may  be  used  in 
various  ways  as  the  terms  of  a  proportion. 

Thus,  if  ad  =  6c, 

we  may  write  either  ?  =  4  oi*  -  =  v 

b  d  c  d 


Proof.  If  a  •  d  =  6  •  c  is  divided  by  hd,  we  obtain 

ad  he  a  c 

—  =  — ,  or  -  =  — 

bd  bd  b  d 

If  a  '  d  =  6  •  c  is  divided  by  cd,  we  obtain 

a  _  b 
c  d 


(1) 

(2) 


If  the  means  in  (1)  are  interchanged,  (2)  is  obtained.  This 
process  of  obtaining  (2)  from  (1)  is  called  alternation. 

If  a  •  d  =  6  •  c  is  divided  by  ac,  we  obtain 

-  =  -•  (3) 

c  a 


If  the  fractions  in  (1)  are  inverted,  (3)  is  obtained.  This 
process  of  obtaining  (3)  from  (1)  is  called  inversion. 
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EXERCISES 

1.  Write  by  alternation  (a)  ^  :  (b)  —  = 

^  q  s'  ^  ^  12  18 

2.  Write  by  inversion  (a)  ^  =  - ;  (h)  —  = 

q  s'  ^  12  16 

3.  Form  proportions  from  the  following : 

(а)  3*8  =  2  •  12.  (d)  2  x  =  3  m  +  6. 

(б)  8*7  =  14-4.  (e)  xy  =  a. 

(c)  uv  —  xy.  (/)  =  x^  —  y^, 

4.  Find  a  mean  proportional  between : 

(a)  1.44  and  .0256 ;  (&)  and  36 ; 

(c)  —  2  a6  +  6^  and  m^. 

6.  Find  a  fourth  proportional  to : 

(a)  8,  6,  and  30 ;  (6)  100,  64,  and  27 ; 

(c)  x‘^,  and  mx. 

6.  Find  a  third  proportional  to : 

(a)  7  and  40 ;  (b)  ax  and  x^. 


Solve  for  x : 


7. 


_8 

10 


10.  7 : 34  =  9 :  X. 


5 

• 

X 


9.  X :  8 


=  4:15. 


11.^^ 

a  —  b 


c 

_ -  • 

X 


ft  C 

If  7-  =  -,  prove  the  following  and  state  the  corresponding 
b  d 

theorems  in  words : 
a  b 


b  d 
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14.  =  . 

n/—  n/ — 

--  va  _  VC 

10.  -  “  — • 

a  +  6  c  +  d 

-~v-  =  T'  ■ 

Hint.  Add  1  to  each  member 
a  _  c 
b  ~  d 

d  b  c  d ^ 

a  c 


Hint.  Write  ?  =  ^  by  inver- 
0  d 

sion  and  add  1  to  each  member  of 
the  result. 


18. 


19. 


20. 


a  —  b 
~b~ 

a  —  b 
a 

a  b 
a  —  b 


c  —  d 
~d 

c  —  d 

-  • 

c 

c  d 
c  —  d 


The  proportions  given  in  Exercises  16,  18,  and  20  are 
said  to  be  derived  from  a:b  =  cidhy  addition,  subtraction, 
and  addition  and  subtraction,  respectively. 

show  that  the  following  equalities  are  true : 

b  d 


21. 


22. 


23. 


24. 


5  a 

5c 

• 

25. 

II 

1  , 

c^  —  d^ 

• 

b 

d 

62 

d2 

2  a 

2c 

26. 

-7 

1 

II 

d2 

-  ^ 

lb 

Id 

62 

d2 

a^ 

ac 

zn  -  • 

27. 

a2  -  62  __ 

C2  -  d2 

¥ 

bd 

2  ab 

2  cd 

5a 

+  b  

5  c  +  d 

• 

28. 

7a^-Sb\ 

CO 

1 

II 

d2 

—  • 

5  a 

—  b 

5  c  —  d 

5  ab 

5cd 

gg  a^^  ab  ^  —  a6  + 

*  c2  +  cd  +  —  cd  +  d^’ 


30.  In  the  proof  which  follows  give  the  reason  for  each 
step  and  state  the  result  verbally. 

If  a  _  c  _  e  g  +  c  +  c_g_c_c 

b  d  f  h  +  d-\-f  V  d  ] 


RATIO,  PROPORTION,  AND  VARIATION  595 


Proof,  Setting  each  of  the  given  ratios  above  equal  to  r. 


a  c 
d 


Then  from  (1),  a  =  hr,  c 
Adding  in  (2),  a  +  c  +  e 
Factoring  in  (3),  a  +  c  +  e 

Therefore  ?  +  ^  ^ 

Hence  by  (1)  and  (5), 

a  +  c  +  e 


=  r,  and  ~  =  r, 

f 

=  dr,  e  =  fr, 

=  6r  +  dr  +  fr, 
=  (h  +  d  +  f)r, 

=  r. 


&  +  d  +  / 


a 

b 


c 

d 


e 

—  • 

/ 


31.  If 

32.  If 


a 

b 

2 

3 


c 

d  ' 
15 


^  ^  a  c  +  u  +  X  u 

-  =  prove  -r— ^ ! —  =  — 

V  y  b  d  +  V  -i-  y  v 


33.  If  ? 


12  u  XU  i  2  +  10  +  12  2 

18’  3  +  15  +  18  3' 

=  2  =  prove  that  ^  +  ^  +  ^  =  r 
y  Vn  b  II  4-  V7  0 


(1) 

(2) 

(3) 

(4) 

(5) 


Solve  for  x : 

34.  (x  +  3) :  (a;  —  5)  =  12 : 23. 

35.  (3  a:  +  1) :  (4  X  —  3)  =  4  x :  (2  x  —  1). 

36.  (a  +  6) :  (a  —  6)  =  (c  +  x) :  (c  —  x). 

37.  (cl  c  i  (b  -{-  d  -|-  x)  =  di  b. 


PROBLEMS 

1.  A  lamp  post  9  feet  high  casts  a  shadow  7  feet  long. 
How  high  is  a  flag  pole  which  at  the  same  time  casts  a 
shadow  42  feet  long? 
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2.  The  bisector  of  an  angle  of  a  triangle  divides  the  oppo¬ 
site  side  into  segments  proportional  to  the  adjacent  sides. 
In  triangle  ABC  if 
AB  =  18,  AC  =  12, 
and  BC  =  25,  find 
the  segments  of  side 
BC  made  by  the  bi¬ 
sector  of  angle  A. 

3.  The  areas  of  two  similar  polygons  are  to  each  other 
as  the  squares  of  any  two  corresponding  sides.  If  the  cor¬ 
responding  sides  of  two  similar  polygons  are  30  inches  and 
42  inches  respectively  and  the  area  of  the  second  is  1296 
square  inches,  find  the  area  of  the  first. 

4.  Two  corresponding  sides  of  two  similar  trapezoids 
are  18  feet  and  28  feet  respectively.  The  area  of  the  first 
is  196  square  feet.  Find  the  area  of  the  second. 

5.  The  area  of  the  surface  of  a  sphere  is  4  ttt^.  If  S 
represents  the  surface,  R  the  radius,  and  D  the  diameter, 
show  that  for  any  two  spheres 

Si  _  Ri‘^  _  A' 

^2  A'  A^’ 

6.  Compare  the  areas  of  two  spheres  if  their  radii  have 
the  ratio  3  :  5. 


A 


7.  The  diameter  of  the  moon  is  2160  miles  and  of  the 
earth  7920  miles.  Find  the  ratio  of  their  surfaces. 


8.  The  volume  of  a  sphere  is 


4  ttR^ 


If  V  represents  the 


volume,  show  that  for  any  two  spheres 
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9.  Compare  the  volumes  of  two  spheres  whose  radii 
are  in  the  ratio  5 :  7. 

10.  Combining  the  results  of  Problems  5  and  8  show  that 

Zi 

V2 


11.  The  radius  of  the  sun  is  to  the  radius  of  the  earth  as 
109  : 1.  Find  the  ratio  of  their  volumes  and  the  ratio  of 
their  surfaces. 

•  12.  If  ABC  is  any  triangle  and  LM  is  a  line  parallel  to 
BCy  meeting  AB  at  L  and  AC  at  M,  it  is  proved  in  geom¬ 
etry  that 

area  ABC  ^  _  W 

area  ALM  WC 


If  in  the  adjacent  figure  the 
area  of  triangle  ABC  is  196 
square  inches  and  AL  is  15 
inches  and  AB  is  21  inches, 
find  the  area  of  the  triangle 
ALM.  What  is  the  area  of 
the  trapezoid  BCMLl 

13.  If  in  the  figure  of  Ex¬ 
ercise  12,  AL  is  18  and  AB 
is  28  and  ALM  equals  300 


A 


find  the  area  of  ABC. 


14.  If  in  the  figure  of  Exercise  12,  AL  is  12  feet  and  AB 
is  20  feet,  and  area  ABC  equals  400  square  feet,  find  the 
area  of  the  trapezoid  BCML.  * 

15.  If  in  the  figure  of  Exercise  12,  AL  is  60  feet  and 
area  ALM :  area  BCML  =  4:5,  find  AB, 

16.  If  in  the  figure  of  Exercise  12,  ABC  equals  twice 
BCML  and  AB  =  100,  find  AL  to  two  decimals. 
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17.  Compare  the  radii  of  two  spheres  whose  volumes 
are  in  the  ratio  of  64 :  343. 

18.  It  is  shown  in  physics  that,  ignoring  friction,  the  force 
F  required  to  hold  a 
weight  W  on  the  in¬ 
clined  plane  of  length  I 
and  height  h  is  deter¬ 
mined  by  the  propor¬ 
tion  F :W  =  h:  L  lih 
is  3  feet  and  I  is  15  feet,  what  force  will  be  required  to 
hold  a  weight  of  500  pounds  ? 

19.  If  W  is  240  pounds  and  the  ball-bearing  carriage 
carrying  it  weighs  30  pounds,  what  force  will  hold  W  ii  h 
is  5  and  7  =  13  ? 


20.  The  adjacent  figure  shows  a  wheel  and  axle.  It  is 
proved  in  physics  that  the  force  F  applied  to  the  cir¬ 
cumference  of  the  wheel  of 
radius*  r2  will  just  balance  a 
weight  W  hung  by  a  rope 
around  the  cylinder  of  radius 
Ti,  provided  F:W  =  ri :  r2. 

If  the  radius  of  the  wheel 
is  10  inches  and  that  of  the 
axle  is  3  inches,  what  force 
will  be  required  to  raise  a 
weight  of  200  pounds  ? 

21.  The  crank  of  a  wind- 
lass  is  24  inches  long  and  the 
cylinder  on  which  the  rope 


carrying  the  bucket  winds  up  is  8  inches  in  diameter. 
Find  the  force  on  the  crank  required  to  lift  a  bucket  of 
rock  weighing  280  pounds. 
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22.  If  a  plane  be  passed  parallel  to  the  base  of  a  pyramid 
as  in  the  accompanying  figure,  cutting  it  in  ERL,  then 

pyramid  PARC  _ 

pyramid  DKRL  ^ 

If  in  the  adjacent  figure  the  pyramids  are  64  and  125  cubic 
inches  respectively  and  the 
altitude  DH  is  50  inches, 
find  DS. 

23.  If  the  frustum  ABCKEL 
is  f  y  of  the  whole  pyramid 
and  DS  =  24,  find  DH. 

24.  If  KRL  divides  the 
pyramid  into  two  equal  parts 
and  DH  =  10,  find  DS  and 
SH  to  two  decimals. 

266.  Variation.  The  word 
quantity  denotes  anything  which  is  measurable,  such  as  dis¬ 
tance,  rate,  time,  and  area. 

Many  operations  and  problems  in  mathematics  deal 
with  numerical  measures  of  quantities,  some  of  which  are 
fixed  and  others  constantly  changing.  Such  problems  as 
deal  with  the  relation  of  the  numeric  measures  of  at  least 
two  changing  quantities  are  called  problems  in  variation. 

The  theory  of  variation  is  really  involved  in  proportion. 
This  fact  will  become  evident  after  a  study  of  the  illustra¬ 
tions  of  the  different  types  of  variation  here  given. 

The  equation  x  =  5y  may  refer  to  no  physical  quantities 
whatever,  yet  it  is  possible  to  imagine  y  as  taking  on  in 
succession  every  possible  numeric  value,  and  the  value  of 
X  as  changing  with  every  change  of  y,  and  consequently 


D 
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always  being  five  times  as  great  as  the  corresponding 
value  of  y.  In  this  sense,  which  is  strictly  mathematical, 
X  and  y  are  variables. 

267.  Direct  variation.  One  hundred  feet  of  iron  wire  of 
a  certain  size  weighs  8  pounds.  Obviously  200  feet  of  the 
same  wire  would  weigh  16  pounds,  a  piece  300  feet  long 
would  weigh  24  pounds,  and  so  on. 

Here  we  have  two  variables,  17 (weight)  and  L (length), 
so  related  that  the  value  of  W  depends  on  the  value  of 
L,  in  such  a  way  that  W  increases  proportionately  as  L 
increases.  That  is,  W  is  directly  proportional  to  L. 
Hence  if  Wi  and  W 2  are  any  two  weights  corresponding  to 
the  lengths  Li  and  L2  respectively 

T7i:172  =  Li:L2.  (1) 

The  fact  expressed  by  (1)  can  be  stated  in  the  form  of 
a  variation,  thus :  W  varies  as  L. 

In  general,  if  x  varies  as  y,  and  x  and  y  denote  any  two 
corresponding  values  of  the  variables,  and  Xi  and  yi  a 
particular  pair  of  corresponding  values  of  these  variables. 


then 

^  =  y.. 

(2) 

Xi  yi 

From  (2), 

X  =rAy. 

(3) 

yi/ 


But  —  is  a  constant,  being  the  quotient  of  two  definite 
yi 

numbers,  while  x  and  y  denote  any  corresponding  values  of 
the  variables. 

Call  this  constant  K,  and  (3)  may  be  written 


X  =  Ky, 


(4) 
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That  is,  if  one  variable  varies  as  a  second^  the  first  always 
equals  the  second  multiplied  by  some  constant. 

Thus  for  the  iron  wire  just  mentioned,  W  =  yfo-  L, 
or  -2  3-  L.  Here,  though  W  varies  as  L  varies,  W  is  always 
equal  to  L  multiplied  by  the  constant  • 

EXERCISES 

1.  If  X  varies  as  y  and  x  =  5  when  y  =  9,  find  y  when  x 
is  16. 

Solution,  The  variation  is  direct. 

Therefore, 

Solving, 

2.  If  X  varies  as  y  and  x 
X  =  27. 

3.  If  X  varies  as  y  and  x  =  n  when  y  =  v,  find  x  when 
y  is  m, 

4.  If  X  varies  as  y  and  x  =  6  when  y  —  15,  find  k  in 
X  =  ky, 

5.  A  certain  quantity  of  gas  is  inclosed  in  a  gas  holder. 
If  the  volume  of  the  gas  varies  as  the  temperature  and  the 
volume  is  500  cubic  feet  when  the  temperature  (absolute) 
is  300°,  what  is  the  volume  when  the  temperature  rises 
30°  ?  when  it  falls  100°  ? 

6.  If  the  volume  of  gas  in  a  gas  holder  is  1,000,000  cubic 
feet  at  300°,  find  the  change  in  temperature  if  it  causes  an 
increase  in  volume  of  100,000  cubic  feet. 

7.  One  quantity  may  vary  directly  as  the  square  root  of 
another.  Express  this  relation  in  symbols:  (a)  as  a 
variation,  (6)  as  a  proportion. 


_5  _  9 
16  y 

y  =  28|. 

=  12  when  y  =  35,  find  y  when 
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8.  One  quantity  may  vary  as  the  cube  of  another. 
Express  this  relation  in  symbols:  (a)  as  a  variation, 
(b)  as  a  proportion. 


268.  Inverse  variation.  If  two  variables  are  so  related 
that  one  increases  as  the  other  decreases  and  vice  versa, 
either  variable  is  said  to  vary  inversely  as  the  other.  For 
example,  if  the  area  of  a  triangle,  A,  is  constant  while  the 
base,  b,  and  altitude,  a,  vary,  the  base  varies  inversely  as 
the  altitude.  This  is  apparent  from  the  equation  A  =^ab. 

Similarly  if  d  is  the  distance  covered  by  a  motor  bus 
each  trip,  and  r  its  speed,  and  t  the  time,  d  =  rt.  Here  for 
a  fixed  route  of  length  d,  t  varies  inversely  as  r. 


Therefore 


1:1^ 

Ti  r2 


In  the  form  of  a  variation  (5)  becomes  t  varies  as  — 

r 

In  general,  x  varies  inversely  as  y  when  x  varies  as  the 
reciprocal  of  y ;  that  is. 


X  varies  as 


1 

• 

y 


And  if  X  and  y  denote  any  two  corresponding  values  of 
the  variable,  and  Xi  and  yi  a  particular  pair  of  correspond¬ 
ing  values. 


x:xi  =  -  :  — • 

y .  yi 


Whence  —  =  or  xy  =  Xiyi.  (8) 

yi  y 


But  Xiyi  is  a  constant,  being  the  product  of  two  definite 
numbers.  Call  this  constant  K. 

Then  (8)  becomes  xy  =  K, 
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That  is,  if  one  variable  varies  inversely  as  another,  the 
product  of  the  two  is  a  constant. 

Many  phenomena  in  nature  are  governed  by  a  law  which 
involves  inverse  variation,  and  the  square  or  the  cube  of  one 
of  the  variables  concerned.  Thus  the  force  of  gravitation  be¬ 
tween  two  bodies  varies  inversely  as  the  square  of  the  distance 
between  them.  And  the  force  with  which  a  magnet  attracts  a 
piece  of  soft  iron  varies  inversely  as  the  square  of  the  distance 
between  them.  Also  the  intensity  of  light  or  sound  varies  in¬ 
versely  as  the  square  of  the  distance  of  the  observer  from  the 
source  of  the  light  or  the  sound.  The  tide-producing  force  of 
the  moon  on  the  ocean  varies  inversely  as  the  cube  of  the 
moon’s  distance  from  the  earth. 


EXERCISES 

1.  If  X  varies  inversely  as  t  and  x  =  10  when  t  is  2, 
find  X  when  Hs  60. 


Solution,  The  variation  is  inverse. 


Therefore, 

Solving, 


10 :  X 


X  •  _i_. 
2  •  60 


2.  If  X  varies  as 
y  is  4. 

3.  If  ^  varies  as 
t  =  m. 

4.  If  s  varies  as 
s  =  20. 


1 

y 

1 

t 

1 

d 


and  X  =  3  when  y  =  S,  find  x  when 
and  y  =  u  when  t  =  x,  find  y  when 
and  s  =  4  when  d  =  6,  find  d  when 


5.  If  the  pressure  on  a  certain  quantity  of  gas  in  a  gas 
holder  is  changed  without  changing  the  temperature,  then 
Boyle’s  law  holds.  This  is  sometimes  stated  piVi  =  P2O2J 
where  p  represents  pressure  and  v  the  volume.  State  this 
equation  as  a  proportion.  State  it  as  a  variation. 


c 
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6.  Six  hundred  cubic  feet  of  gas  in  a  gas  holder  is  under 
a  pressure  of  24  pounds  to  the  square  inch.  Use  Boyle’s  law 
and  determine  the  volume  if  without  changing  the  temper¬ 
ature  the  pressure  is  changed  to  (a)  20  pounds;  (6)  30 
pounds. 

7.  The  pressure  on  3600  cubic  feet  of  air  at  60  pounds 
per  square  inch  is  changed  so  that  the  volume  becomes 
2400  cubic  feet.  Find  the  pressure. 

8.  One  quantity  may  vary  inversely  as  the  square  root 
of  another.  Express  such  a  relation  in  symbols  (a)  as  a 
variation,  (b)  as  a  proportion. 

9.  One  quantity  may  vary  inversely  as  the  square  or 
the  cube  of  another.  Express  each  of  these  relations  in 
symbols  (a)  as  a  proportion,  (6)  as  a  variation. 


269.  Joint  variation.  One  quantity  is  said  to  vary 
jointly  as  two  others  when  it  varies  directly  as  their 
product.  For  example,  the  wages  of  a  workman  varies 
jointly  with  the  amount  he  receives  per  hour  and  the 
number  of  hours  he  works.  If  W  represents  his  total 
wages,  p  the  amount  received  per  hour,  and  n  the  number 
of  hours  he  works,  W  =  np.  Similarly  the  formula  for  the 
area  of  a  rectangle  A  =  ab  is  an  example  of  joint  variation. 
One  variable  often  varies  jointly  as  the  product  of  more 
than  two  variables. 

Thus  the  pressure  of  a  horizontal  wind  on  a  roof  varies 
jointly  as  the  square  of  the  wind’s  velocity,  the  area  of  the 
roof,  and  the  cosine  of  the  angle  which  the  roof  makes  with 
the  vertical. 

In  general,  any  variable  x  varies  jointly  as  two  others, 

2/ and  2:,  if  . 

X  varies  as  yz ;  (1) 

that  is,  if  X  varies  as  the  product  of  the  two. 
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If  X  varies  jointly  as  y  and  Zy  and  if  x,  2/,  and  z  denote 
any  corresponding  values  of  the  variables,  while  Xi,  ^1,  and 
Zi  denote  a  particular  set  of  such  values,  then 


From  (2), 


X  _  yz  ^ 

(2) 

xi  yiZi 

• 

11 

(3) 

\yiZi/ 

But  in  (3)  the  fraction  is  a  constant,  since  cci,  yi, 

yizi 

and  Zi  are  particular  values  of  the  variables  x,  and  z. 
Calling  this  constant  K,  we  may  write  x  varies  as  yz  as  the 
equation  „ 

X  — 


One  variable  may  vary  directly  as  another  variable  (or 
several  variables)  and  inversely  as  still  another  (or  several 
others).  Also  one  variable  may  vary  as  the  square,  or  the 
cube,  or  the  square  root,  or  the  reciprocal,  or  as  any 
algebraic  expression  whatever  involving  the  other  variable 
(or  variables). 

EXERCISES 

I 

1.  If  X  varies  jointly  as  y  and  2;,  and  x  =  30  when  y  =  S 
and  z  =  10,  find  x  when  ^  =  18  and  2:  =  4. 


Solution.  The  variation  is  joint. 


Therefore, 

Solving, 


30  _  8  >  10 
X  18-4 

X  =  27. 


2.  If  X  varies  as  uv,  and  x  =  300  when  =  35  and  v  =  24, 
find  X  when  u  =  100  and  ?;  =  60. 

3.  If  A  varies  as  hb,  and  A  =  84  when  h  =  16  and  h  =  50, 
find  A  when  /i  =  30  and  b  =  40. 
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PROBLEMS 

1.  The  intensity  (brightness)  of  light  varies  inversely  as 
the  square  of  the  distance  from  the  source  of  light.  A  book 
is  held  2  feet  from  a  lamp  and  later  5  feet  distant.  At 
which  distance  does  it  appear  brighter?  How  many  times 
as  bright  ? 

2.  The  intensity  of  sound  varies  inversely  as  the  square 
of  the  distance  from  the  source  of  the  sound.  Compare  the 
intensity  of  the  sound  of  a  bell  for  a  listener  who  is  at  first 
300  feet  away  and  later  is  2  miles  distant. 

3.  The  safe  load,  W,  for  a  beam  varies  jointly  as  the 
thickness  t,  the  depth  d,  and  inversely  as  the  length  I 
between  the  supports.  Express  this  relation  between  PT, 
tf  d,  and  I  by  a  proportion. 

4.  A  safe  load  of  2000  pounds  is  carried  by  a  beam 
16  feet  long,  4  inches  thick,  and  18  inches  deep.  What  is 
the  safe  load  for  a  beam  of  the  same  material  half  as  long, 
half  as  thick,  and  half  as  deep  ? 

■  5.  If  X  varies  as  y  and  inversely  as  z,  represent  this 
relation  in  symbols  by  a  proportion. 

6.  If  X  varies  as  and  inversely  as  the  square  root  of  z, 
represent  this  relation  in  symbols  by  a  proportion  and  by  a 
variation. 

7.  The  volume  of  a  given  weight  of  gas  varies  inversely 
as  the  pressure  and  directly  as  the  temperature.  Express 
this  relation  between  v,  p,  and  <  by  a  proportion  and  by  a 
variation. 

8.  If  the  volume  is  600  when  p  =  32  and  t  =  320,  find 
the  volume  when  p  =  48  and  t  =  360. 
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11.  If  a  pendulum  100  cent! 


9.  The  time  of  vibration  of  a  pendulum  varies  directly 
as  the  square  root  of  its  length  and  inversely  as  the  force 
of  gravitation.  Express  the  rela¬ 
tion  between  t,  Z,  and  by  a  pro¬ 
portion. 

10.  If  a  pendulum  100  centi¬ 
meters  long  vibrates  once  in  1 
second,  find  the  period  of  a  pen¬ 
dulum  121  centimeters  long. 


meters  long  vibrates  once  in  one 
second  at  sea  level  where  the  force  of  gravitation  is  982, 
find  the  time  of  one  vibration  of  a  pendulum  144  centi¬ 
meters  long  on  top  of  a  mountain  where  the  force  of  gravi¬ 
tation  is  970. 


12.  The  weight  of  an  object  above  the  surface  of  the 
earth  varies  inversely  as  the  square  of  its  distance  from  the 
center  of  the  earth.  Express  this  relation  as  a  variation 
and  also  as  a  proportion. 

13.  An  object  weighing  160  pounds  at  the  earth's  surface 
would  weigh  how  much  800  miles  above  the  surface? 
2000  miles  above  the  earth's  surface?  (Radius  of  earth 
equals  4000  miles.) 

14.  A  meteorite  weighs  one  ton.  How  far  from  the 
earth's  surface  was  it  when  its  weight  was  half  as  much  ? 
one  tenth  as  much? 


15.  The  weight  of  any  object  below  the  surface  of  the 
earth  varies  directly  as  its  distance  from  the  center.  An 
object  weighs  100  pounds  at  the  earth's  surface.  Find 
its  weight  (a)  800  miles  below  the  surface,  (b)  2000  miles 
below  the  surface,  (c)  at  the  center.  (Radius  of  earth 
=  4000  miles.) 
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16.  The  pressure  of  wind  on  a  plane  surface  varies  jointly 
as  the  area  of  the  surface  and  the  square  of  the  wind's 
velocity.  Express  this  relation  as  a  variation  and  as  a 
proportion. 

17.  If  the  pressure  of  the  wind  blowing  20  miles  per 
hour  is  .8  of  a  pound  on  one  square  foot,  find  the  pressure 
on  one  wall  of  a  building  100  feet  long  and  120  feet  high. 

18.  Newton's  law  of  gravitation  states  that  the  force  of 
attraction  between  two  bodies  (spheres)  varies  as  the 
product  of  their  masses  and  inversely  as  the  square  of  the 
distance  between  them.  Express  this  relation  as  a  varia¬ 
tion  and  as  a  proportion. 

19.  The  mass  of  the  sun  is  330,000  times  the  mass  of  the 
earth  and  the  distance  between  them  (that  is,  the  distance 
between  their  centers)  is  93,000,000  miles.  The  force  of 
attraction  between  the  sun  and  the  earth  is  36  X  10^^  tons. 
If  the  earth's  mass  is  81  times  the  mass  of  the  moon,  find 
the  attraction  between  the  earth  and  the  moon  if  the  dis¬ 
tance  between  them  is  240,000  miles. 


CHAPTER  XXXIX 

DETERMINANTS 


270.  Determinants  of  the  second  order.  The  arrange- 

5  2 

has  been  given  the  meaning 


ment  of  numbers 
5-3  —4*2,  whic 


4  3 

1  equals  7. 

Such  an  arrangement  is  called  a  determinant.  Since 
it  has  two  rows  and  two  columns,  it  is  said  to  be  of  the 
second  order. 

A  determinant  of  the  second  order  really  represents  a 
number,  and  this  number  is  easily  found  since 


a  c 
b  d 


=  ad  —  be. 


Accordingly 


Similarly 


7 

6 


3 

4 


5-6 
2  3 


=  7 . 4  -  3 . 6  =  28  -  18  =  10. 


=  5-3  -  2(-  6)=  15  +  12  =  27. 


The  preceding  operations  can  be  reversed  and  the  differ¬ 
ence  or  sum  of  two  products  written  as  a  determinant  of 
the  second  order. 


Thus  pq  —  uv  can  be  written 


p 

V 

or 

P 

u 

or 

q 

V 

u 

Q 

V 

q 

u 

P 

u 

V 


since  each  equals  pq  —  uv. 
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Similarly  mn  —  r  =  m^n  —  1-r  = 


Also 


3-7  -  2-4  = 


m  r 

1  n 

3  4 

2  7 


EXERCISES 

Find  the  value  of  the  determinants : 

1. 

2. 

3. 


4 

1 

4. 

8  - 

-  3 

15 

4 

2 

3 

2 

5 

7.  3 

18  - 

3 

5  - 

2 

6. 

6 

5 

8.  4  a 

-9 

68 

3 

4 

7 

3 

14 

16 

11 

9 

6. 

18 

4 

9.  m 

15 

11 

4 

7 

12 

3 

-  6 

8 

10. 


3m 


m^  0 
w}  2  m 


11.  ax 


(a  —  x) 
{a  +  x) 


a 

X 


12. 


-  4 


(a  +  6)  (a  —  b) 
(a  —  b)  (a  +  6) 


Write  as  a  determinant : 


13.  mx  — 

14.  an  —  be. 


15.  az  +  xy. 

16.  ab  —  m. 


17.  cd  —  ab. 

18.  X  —  y. 


Write  as  the  quotient  of  two  determinants : 


19. 


20. 


ab  —  cd 

--  • 

pq  —  ml 

am  —  15 
2x  —  2y 


X 


-  6 


23. 


21. 

22. 


x‘^  —  y*^ 
x^  -j-  y^ 


3  a  —  1 

5a—  xy 
4  X  —  3  a 


ax  +  ay. 
be  -  ad 
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271.  Solution  by  determinants.  The  foregoing  principles 
are  easily  applied  to  the  solution  of  any  linear  system  in 
two  unknowns  by  means  of  determinants  of  the  second 
order. 

The  ordinary  solution  of  the  system  ax  ■\-hy  =  c  (1) 

dx  +  ey  =  f  (2) 

/V.  ce  —  hf  af  —  cd 

gives  X  = - and  y  =  — - r— / 

ae  —  bd  ae  —  bd 


Using  determinants  x  = 


and  y  = 


ce  -  bf 

c  b 
f  e 

ae  —  bd 

a  b 

d  e 

• 

a  c 

af  —  cd  

d  f 

ae  —  bd 

a  b 

d  e 

(3) 

(4) 


If  the  denominators  in  (3)  and  (4)  are  zero  and  the 
numerators  are  not  zero,  then  no  set  of  roots  exists  for 
(1)  and  (2). 

The  determinant  expressions  for  x  and  y  in  (3)  and  (4) 
can  be  used  as  general  formulas  to  solve  any  pair  of  linear 
equations  in  two  unknowns.  The  determinant  forms 
can  be  easily  remembered  and  written  down  at  once  if 
we  observe  the  following  points : 


I.  The  determinants  in  the  denominators  are  identical, 
and  each  is  formed  by  the  coefficients  of  x  and  y  as  they  stand 
in  the  original  equations  (1)  and  (2). 

II.  The  determinant  in  the  numerator  of  the  value  of  x  is 
formed  from  the  denominator  by  replacing  the  coefficients  of  x, 

by  the  constant  terms  ^  • 
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III.  The  determinant  in  the  numerator  of  the  value  of  y 
is  formed  from  the  denominator  hy  replacing  the  coefficients  of 

f  by  the  constant  terms 
e  I 


Example 

Solve  by  determinants :  I  ?  ^  ^  ”99^^ 

Solution.  Writing  the  equations  in  standard  form,  we  have 

ri3  X  +  3  2/  =  14, 

1  7  X  — 2  y  =  22. 


Then 


14  3 

22-2 
13  3 

7-2 


-  28  -  66  ^  -  94 

-  26  -  21  “  -  47 


In  solving  for  ^  the  denominator  is  the  same  as  before : 


Hence  y  = 


13  14 

7  22 


286  -  98  188 


-  47 


47 


-  47 


=  -4. 


Check  as  usual. 


EXERCISES 

Solve  by  determinants  and  check  results : 


1.  5  X  +  2  ^  =  16, 
3  X  +  4  ^  =  18. 

2.  4  X  +  2/  =  2, 

X  —  2  2/  =  5. 


3.  7  h  —  k  =  2, 

6  h  —  k  =3. 

4.  3  X  =  4  ^  +  14, 
3  2/  =  4  X  —  14. 
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5.  6  s  +  8  ^  26, 

5  s  —  3  ^  =  70. 


6.  4  a;  + 


2^ 


3^ 


3^  +  !^+4=0. 


7.^+f  =  7, 
6  4 

2  X  y  _  o 

T"  ~  8  ~ 


8.  4  X  +  2  2/  =  m, 

2  X  -{-  4  2/  =  '?^. 

9.  mi/  +  3  2:  =  3  +  6  m, 
m^^  +  2:  =  5  m. 

10.  a?i  +  6?;  =  a  +  &, 
au  —  hv  —  a  —  b. 


11.  - +- 

m  w 


u  —  V 


_  m  +  n 
mw  ^ 

—  'TlL.hJIl. 
mn 


12.  +  (6  +  c)2:  =  1, 

aa:  =  1  —  (6  +  c)i/. 


272.  Determinants  of  the  third  order.  By  definition  any 
arrangement  of  numbers  like : 


Oi 

61 

Cl 

02 

62 

C2 

03 

63 

C3 

^16203  +  (hhci  +  azhiC2  -  aihzC2  -  (hbiC^  -  azh2Ci.  (1) 


Such  an  arrangement  is  called  a  determinant  of  the 
third  order  because  it  has  three  rows  and  three  columns. 
Each  of  the  nine  numbers  in  the  determinant  is  called  an 
element, 

/ 

Grouping  terms  in  the  right  member  of  (1), 
we  get 


(ai&2C3  -  ciihzC2)-\-{a2hzCi  -  (hbic^) {aJ)iC2  -  ^362^1),  (2) 

ai(62C3  -  &3C2)-  (h{biCz  -  hzCi)^-az{hiC2  -  62C1),  (3) 


or 


and 


ai 


&2 

&3 


C2 

C3 


-  02 


&1 

63 


Cl 

C3 


+  03 


61 

62 


Cl 

C2 


(4) 
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From  (1),  (2),  (3),  and  (4) 


ai 

61 

Cl 

02 

62 

C2 

Os 

63 

C3 

=  ai 


h2 

&3 


C2 

C3 


Cl 

C3 


+  0'S 


h 

h 


Equation  (5)  shows  that  a  determinant  of  the  third 
order  can  be  expressed  in  terms  of  three  determinants  of 
the  second  order,  the  elements  of  the  latter  being  elements 
of  the  third-order  determinant. 

The  second-order  determinants  of  (5)  can  always  be 
easily  written  because  their  method  of  formation  is  gov¬ 
erned  by  two  principles : 

I.  The  coefficients  of  the  second-order  determinants  are 
the  elements  of  the  first  column  of  the  third-order  determinant, 
the  sign  of  sl2  being  minus. 


II.  The  elements  of  the  second-order  determinants  are  those 
not  in  the  same  row  or  column  with  the  coefficients  ai,  a2,  as. 

b2  C2 


Thus  the  elements  of 


ba  C3 


are  not  in  the  first  row  or  column 


as  is  the  coefficient  ai. 


Hence 


2  3  4 
5  16 

3  7  4 


=  2 


1  6 
7  4 


-  5 


3  4 
7  4 


+  3 


3  4 
1  6 


=  -  76  +  80  +  42  =  46. 


EXERCISES 

Find  the  value  of : 


111 

2. 

111 

3. 

5-11 

3  2  1 

• 

2  1-1 

• 

6-2  0 

2  5  3 

3-1  1 

0  2  3 

DETERMINANTS 


615 


4. 

3-2  4 

5. 

9  5  4 

6. 

111 

12 

2  3-2 

5  2  3 

• 

5  6  5 
16  4  6 

• 

0  13 
10  8 

10. 


a  8  4 
6  4  5 
c  5  6 


8. 


X  y  1 
3  4  1 
-8  6  1 


11.  all 

6c  1  6  1 

1  1  c 


9. 

Xi 

Vi 

1 

X2 

2/2 

1  • 

Xs 

2/3 

1 

12. 


(a  +  6)  2  1 

2  (a  —  6)  1  • 

3  3  1 


273.  The  general  linear  system  in  three  variables.  The 
method  of  addition  and  subtraction  applied  to  the 
system 


gives  X  = 


aix  +  hiy  +  Ciz  =  di,  (1) 

-  (hx  +  62?/  +  C2Z  =■-  (ky  (2) 

.  CL3X  +  hy  +  CzZ  =  ds,  (3) 

di62C3  -{-d^b^Ci  -\rdzhiC2 — dJ)2Ci  —  d\bzC2  ~~  d26iC3, 

^16203 +026301 +a36iC2  -  036201  -  O163C2  -  O261C3 ' 

Uld203  +02d3Ci  +O3di02  —  Clsd^Cl  —  0'ldsC2  — (hdlC^  /r\ 

^^162^3+026301  +  036102  — 0362C1  —  0163C2  — 0261C3 


Oi62d3+0263di+036id2  — 0362di — dih^d^  — (hbid^  /n\ 

^^162^3+026301+036102  —  O362C1  —  O163C2  —  O261C3 


By  grouping  and  factoring  as  in  section  272  the  values 
(4),  (5),  and  (6)  become 
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(7)  (8)  '  (9) 


h 

Cl 

ai 

d. 

Cl 

Oi 

61 

di 

^2 

h 

C2 

02 

^2 

C2 

02 

hi 

(^2 

da 

63 

C3 

,  y  = 

03 

ds 

C3 

,  z  —  . 

03 

^3 

ds 

ai 

61 

Cl 

Oi 

61 

Cl 

Oi 

hi 

Cl 

(h 

62 

C2 

02 

62 

C2 

02 

hi 

C2 

as 

63 

C3 

03 

63 

C3 

03 

63 

C3 

The  fractions  (4),  (5),  and  (6)  are  general  results,  and 
can  be  used  as  formulas  to  solve  any  three  simultaneous 
equations  in  three  variables,  but  the  equivalent  forms  (7), 
(8),  and  (9)  are  far  more  easily  remembered.  These  can 
be  written  down  at  once  for  any  system  of  three  equations 
in  three  variables  since 

I.  The  determinants  in  the  denominators  are  identical 
and  each  is  formed  by  the  coefficients  of  x,  y,  z,  as  they  stand 
in  the  original  equations, 

11.  Each  determinant  in  the  numerator  is  formed  from  the 
denominator  by  putting  the  column  of  constant  terms  {as  they 
stand  in  the  original  system)  in  place  of  the  column  of  the 
coefficients  of  the  variable  whose  value  is  sought. 

If  the  denominator  of  (7),  (8),  and  (9)  is  zero  and  the 
numerators  are  not  zero,  then  no  set  of  roots  exist  for  (1), 
(2),  and  (3). 

Example 

Solve,  using  determinants : 


x  +  Sy  =  2  —  5  z, 

(1) 

^2x-\-z  =  y-\-l, 

(2) 

h  y  1  z  =  —  10. 

(3) 

1, 
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Solution,  Rewriting  in  standard  form, 

x  +  Sy-\-5z  =  2, 
2x-y-\-z  =  l, 
Sx-\-5y-^7z  =  —  10. 


From  I  and  II,  page  616, 


X  = 


2 

1 

-  10 


3  5 
-11 

5  7 


1 

2 

3 


y 


1 

2 

3 


3  5 
-11 
5  7 

2  5 
1  1 
-  10  7 


20 


100 

20 


120 

20 


5 


6. 


(4) 

(5) 

(6) 


The  value  of  z  can  now  be  more  easily  obtained  by  substi¬ 
tuting  the  values  of  x  and  y  already  found  in  (1),  (2),  or  (3) 
than  by  determinants. 

Substituting  in  (2),  —  10-i-2:=  —  6+1. 

Hence,  z  =  5. 

Check  as  usual. 

EXERCISES 

Solve  for  x,  y,  and  z  as  in  the  preceding  example  and 
check  results. 

1.  X  +  ^  +  2:  =  27,  2,  2x-j-y  —  z=3, 

X  —  y  -i~  z  =  9,  X— 3y~l-z  =  2, 

X  y  —  z  =  5,  x-hy  —  5z=-~  8. 

8,  3  X  -h  y  =  22, 
x-j-y  —  3z=  —  7, 
x  +  32:  +  ^=  —  11. 

Hint.  The  first  equation  is  3  x  +  2/  +  0  2:  =  22.  The  coefficient 
zero  must  never  be  omitted  in  using  determinants. 
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4.  8  X  +  2/  =  25,  5.  X  +  ^  =  2  a, 

x  +  22/  =  5,  x+;2  =  3a, 

2y  z  =  2,  y  z  ~  4:  a, 

6.  .4  X  +  .3  ^  —  8  2  =  4, 

.5  X  +  2:  +  .8  2/  =  1.2, 

2.6  2:  +  .3  —  X  =  .5  y. 

7.  3x  +  2;2:  =  6a  —  2i/, 

X  —  5^  +  62:  =  2a  —  116, 

6x  —  82:  =  12a  +  8  6. 

8.  ax  +  hy  =  0, 
cx  —  by  =  2  be, 

bx  ciz  —  cy  =  6^. 

ax  by  —  cz  =  2  ab, 
ay  —  bx  cz  =  2  be, 
ax  —  by  +  cz  =  2  ae. 


274.  Determinants  of  the  fourth  order.  Linear  systems 
in  four  unknowns  lead  to  determinants  of  the  fourth  order, 
linear  systems  in  five  unknowns  lead  to  determinants  of 
the  fifth  order,  and  so  on.  To  find  the  value  of  a  fourth- 
order  determinant  we  first  express  it  as  four  determinants 
of  the  third  order.  Each  of  these  can  then  be  evaluated 
as  in  section  273. 


ai 

61 

Cl 

0*2 

h 

C2 

(k 

U3 

bz 

C3 

dz 

a4 

64 

C4 

di 

bz 

C2 

^2 

61 

Cl 

di 

ai 

bz 

C3 

dz 

—  02 

bz 

C3 

dz 

64 

C4 

di 

bz 

C4 

di 

61 

Cl 

di 

bz 

Cl 

di 

as 

62 

C2 

di 

—  04 

bz 

C2 

di 

64 

C4 

di 

bz 

C3 

dz 

Note  that  the  signs  of  the  coefficients  are  alternately  plus 
and  minus.  Similarly  a  fifth-order  determinant  can  be  ex- 
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pressed  in  terms  of  five  determinants  of  the  fourth  order  and 
so  on.  In  general  a  determinant  of  order  n  can  be  expressed 
in  terms  of  n  determinants  of  order  n  —  1, 

EXERCISES 

Find  the  value  of : 


1 

2 

3 

4 

X 

V 

2  1 

0 

1 

1 

1 

4. 

1 

0 

0 

1 

0 

1 

1 

0 

0 

.2 

2 

1 

• 

0 

3 

5 

1 

0 

1 

0 

1 

1 

4 

3 

8 

X 

y 

z 

1 

0 

1 

0 

0 

5. 

1 

1 

1 

1 

1 

2 

0 

0 

4 

-  3 

— 

1 

1 

0 

4 

1 

1 

— 

4 

-  1 

— 

1 

1 

1 

1 

1 

1 

X 

y 

z 

1 

2 

2 

3 

4 

6. 

1 

10 

10 

1 

1 

1 

0 

1 

0 

— 

8 

-8  - 

8 

1 

• 

0 

1 

1 

5 

6 

0 

0 

1 

Note.  Like  so  many  other  discoveries,  the  determinant  notation 
was  noticed  independently  by  two  men.  In  a  letter  to  a  friend,  writing 
in  1693,  Leibnitz  outlined  the  method  of  solving  equations  by  means 
of  determinants,  but,  so  far  as  we  know,  he  used  the  notation  in  his 
own  work  very  little,  and  certainly  did  not  publish  it  during  his  life¬ 
time.  In  fact,  the  letter  in  which  this  reference  is  found,  did  not  come 
to  light  until  1850,  and  the  fact  that  Leibnitz  knew  anything  about 
determinants  was  not  generally  recognized  until  after  that  time. 

In  1750  Cramer,  a  professor  in  the  university  at  Geneva,  redis¬ 
covered  this  method  of  solving  linear  systems,  and  his  work  had  the 
good  fortune  to  be  accepted  by  scholars,  forming  the  real  beginning  of 
the  development  of  the  subject.  Since  that  time  a  great  many  have 
written  on  the  subject,  and  to-day  determinants  are  used  in  every  field 
of  advanced  mathematics. 
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No. 

Squares 

Cubes 

Square 

Roots 

Cube 

Roots 

No. 

Squares 

Cubes 

Square 

Roots 

Cube 

Roots 

1 

1 

1 

1.000 

1.000 

51 

2,601 

132,651 

7.141 

3.708 

2 

8 

1.414 

1.260 

52 

2,704 

140,608 

7.211 

3.733 

3 

9 

27 

1.732 

1.442 

53 

2,809 

148,877 

7.280 

3.756 

4 

16 

64 

2.000 

1.587 

54 

2,916 

157,464 

7.348 

3.780 

5 

25 

125 

2.236 

1.710 

55 

3,025 

166,375 

7.416 

3.803 

6 

36 

216 

2.449 

1.817 

56 

3,136 

175,616 

7.483 

3.826 

7 

49 

343 

2.646 

1.913 

57 

3,249 

185,193 

7.550 

3.849 

8 

64 

512 

2.828 

2.000 

58 

3,364 

195,112 

7.616 

3.871 

9 

81 

729 

3.000 

2.080 

59 

3,481 

205,379 

7.681 

3.893 

10 

100 

1,000 

3.162 

2.154 

60 

3,600 

216,000 

7.746 

3.915 

11 

121 

1,331 

3.317 

2.224 

61 

3,721 

226,981 

7.810 

3.937 

12 

144 

1,728 

3.464 

2.289 

62 

3,844 

238,328 

7.874 

3.958 

13 

169 

2,197 

3.606 

2.351 

63 

3,969 

250,047 

7.937 

3.979 

14 

196 

2,744 

3.742 

2.410 

64 

4,096 

262,144 

8.000 

4.000 

15 

225 

3,375 

3.873 

2.466 

65 

4,225 

274,625 

8.062 

4.021 

16 

256 

4,096 

4.000 

2.520 

66 

4,356 

287,496 

8.124 

4.041 

17 

289 

4,913 

4.123 

2.571 

67 

4,489 

300,763 

8.185 

4.062 

18 

324 

5,832 

4.243 

2.621 

68 

4,624 

314,432 

8.246 

4.082 

19 

361 

6,859 

4.359 

2.668 

69 

4,761 

328,509 

8.307 

4.102 

20 

400 

8,000 

4.472 

2.714 

70 

4,900 

343,000 

8.367 

4.121 

21 

441 

9,261 

4.583 

2.759 

71 

5,041 

357,911 

8.426 

4.141 

22 

484 

10,648 

4.690 

2.802 

72 

5,184 

373,248 

8.485 

4.160 

23 

529 

12,167 

4.796 

2.844 

73 

5,329 

389,017 

8.544 

4.179 

24 

576 

13,824 

4.899 

2.885 

74 

5,476 

405,224 

8.602 

4.198 

25 

625 

15,625 

5.000 

2.924 

75 

5,625 

421,875 

8.660 

4.217 

26 

676 

17,576 

5.099 

2.963 

76 

5,776 

438,976 

8.718 

4.236 

27 

729 

19,683 

5.196 

3.000 

77 

5,929 

456,533 

8.775 

4.254 

28 

784 

21,952 

5.292 

3.037 

78 

6,084 

474,552 

8.832 

4.273 

29 

841 

24,389 

5.385 

3.072 

79 

6,241 

493,039 

8.888 

4.291 

30 

900 

27,000 

5.477 

3.107 

80 

6,400 

512,000 

8.944 

4.309 

31 

961 

29,791 

5.568 

3.141 

81 

6,561 

531,441 

9.000 

4.327 

32 

1,024 

32,768 

5.657 

3.175 

82 

6,724 

551,368 

9.055 

4.344 

33 

1,089 

35,937 

5.745 

3.208 

83 

6,889 

571,787 

9.110 

4.362 

34 

1,156 

39,304 

5.831 

3.240 

84 

7,056 

592,704 

9.165 

4.380 

35 

1,225 

42,875 

5.916 

3.271 

85 

7,225 

614,125 

9.220 

4.397 

36 

1,296 

46,656 

6.000 

3.302 

86 

7,396 

636,056 

9.274 

4.414 

37 

1,369 

50,653 

6.083 

3.332 

87 

7,569 

658,503 

9.327 

4.431 

38 

1,444 

54,872 

6.164 

3.362 

88 

7,744 

681,472 

9.381 

4.448 

39 

1,521 

59,319 

6.245 

3.391 

89 

7,921 

704,969 

9.434 

4.465 

40 

1,600 

64,000 

6.325 

3.420 

90 

8,100 

729,000 

9.487* 

4.481 

41 

1,681 

68,921 

6.403 

3.448 

91 

8,281 

753,571 

9.539 

4.498 

42 

1,764 

74,088 

6.481 

3.476 

92 

8,464 

778,688 

9.592 

4.514 

43 

1,849 

79,507 

6.557 

3.503 

93 

8,649 

804,357 

9.644 

4.531 

44 

1,936 

85,184 

6.633 

3.530 

94 

8,836 

830,584 

9.695 

4.547 

45 

2,025 

91,125 

6.708 

3.557 

95 

9,025 

857,375 

9.747 

4.563 

46 

2,116 

97,336 

6.782 

3.583 

96 

9,216 

884,736 

9.798 

4.579 

47 

2,209 

103,823 

6.856 

3.609 

97 

9,409 

912,673 

9.849 

4.595 

48 

2,304 

110,592 

6.928 

3.634 

98 

9,604 

941,192 

9.899 

4.610 

49 

2,401 

117,649 

7.000 

3.659 

99 

9,801 

970,299 

9.950 

4.626 

50 

2,500 

125,000 

7.071 

3.684 

100 

10,000 

1,000,000 

10.000 

4.642 

INDEX 


Abel,  526,  584 
Abscissa,  277 

Addition,  check  for,  52 ;  of  dis¬ 
similar  terms,  49  ;  in  equations, 
56 ;  of  fractions,  193,  379  ; 
of  negative  numbers,  36,  37 ; 
order  of,  49;  of  polynomials, 
51 ;  of  radicals,  306,  425 ;  of 
similar  terms,  48 ;  solution  by, 
391 ;  by  use  of  scale,  34 
Algebra,  derivation  of  name,  75 
Algebraic  fractions,  182 
Algebraic  sum,  37 
Alternation,  592 
Antilogarithms,  538 
Arabic  notation,  227 
Arabs,  4,  75,  117,  227,  300,  305 
Arithmetic  mean,  567 
Arithmetic  progressions,  564 
Arrangement,  96 
Ascending  powers,  96 
Axioms,  56,  57,  58 

Bacon,  Roger,  227 
Base,  logarithmic,  527 
Binomials,  51,  359,  361,  364,  369  ; 
difference  of  squares,  156; 
product  of  two,  139,  141 
Binomial  theorem,  518 
Braces,  83 
Brackets,  83 
Briggs,  528,  551 

Cancellation,  184 

Cardan,  335,  584 

Cauchy,  584 

Center  of  gravity,  237 

Changes  of  sign  in  a  fraction,  198 

Character  of  roots,  482 

Checking,  52,  97,  114,  117,  353 


Circle,  489 
Coefficients,  18 

Completing  the  square,  326,  438 
Complex  fractions,  210 
Complex  numbers,  457 
Conjugates,  462 
Constant  term,  169 
Coordinates,  278 
Cosine,  552 
Cotangent,  552 
Cramer,  619 
Cube  root,  412,  620 
Cubic  equations,  174 
Cubic  functions,  468,  471 ;  imag¬ 
inary  roots  of,  476 

Decimal  equations,  224 
Dependent  equations,  392 
Derived  equations,  392 
Descartes,  Rene,  4,  42,  284,  335 
Descending  powers,  96 
Determinants,  609  ;  fourth  order, 
618 ;  second  order,  609 ;  solu¬ 
tion  of  equations  by,  611 ; 
third  order,  613 
Determinate  systems,  394,  395 
Difference,  of  cubes,  364  ;  of  like 
pow^ers,  369;  of  squares,  361, 
363 

Diophantos,  334 
Direct  variation,  600 
Discriminant,  444,  483 
Division,  check  for,  114,  117 ;  in 
an  equation,  58 ;  of  exponents, 
401 ;  of  fractions,  207,  380 ; 
inexact,  116;  by  logarithms, 
542  ;  by  a  monomial,  108,  111 ; 
by  a  polynomial,  113  ;  of  posi¬ 
tive  and  negative  numbers,  42  ; 
of  radicals,  316,  428;  in  sys- 
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terns  of  equations,  510 ;  by 
zero,  43 

Divisor,  inverting,  208 

Elimination,  390 
Ellipse,  490 

Equations,  12,  55,  351,  373 ;  of 
condition,  72,  3M  ;  containing 
decimals,  224 ;  containing  frac¬ 
tions,  215 ;  cubic,  174  ;  deter¬ 
minate  and  indeterminate,  394 ; 
equivalent,  352 ;  exponential, 
546;  graphs  of,  276;  with 
imaginary  roots,  464  ;  involv¬ 
ing  fractions,  383 ;  irrational, 
450 ;  linear,  169 ;  literal,  124, 
231 ;  quadratic,  169,  325,  438 ; 
roots  of,  73,  353;^  in  several 
unknowns,  394 ;  simple,  169 ; 
simultaneous,  253,  260;  solu¬ 
tion  of,  by  factoring,  169,  170; 
systems  of,  253 
Equivalent  fractions,  189 
Equivalent  systems,  506 
Euclid,  375 
Euler,  526 

Evolution,  law  of,  402 
Expansion  in  series,  521 
Exponential  equations,  546 
Exponents,  17,  319,  401 ;  in 
division,  401 ;  in  evolution, 
402 ;  in  involution,  402 ;  in 
multiplication,  401 
Expressions,  integral,  358 ;  ra¬ 
tional,  358 

Extracting  a  root  with  logarithms, 
544 

Extraneous  roots,  450 
Extremes,  product  of,  239 

Factor  theorem,  367 
Factorial  notation,  523 
Factoring,  144,  358,  371 ;  general 
directions  for,  166 ;  solution  of 
equations  by,  169,  373 
Factors,  16,  18,  185;  highest 
common,  374 ;  monomial,  359 ; 
prime,  358 ;  rationalizing,  317 
Formula,  solution  by,  441 


Fractional  exponents,  319  . 
Fractional  radicands,  simplifica¬ 
tion  of,  308 

Fractions,  376;  addition  and 
subtraction  of,  193,  379 ;  alge¬ 
braic,  182 ;  changes  of  sign  in, 
198,  377 ;  complex,  210 ;  divi¬ 
sion  of,  207,  380;  equations 
containing,  215,  221,  383 ; 

equivalent,  189,  378;  multipli¬ 
cation  of,  204,  380 ;  reductions 
of  mixed  expressions  to,  202 ; 
reduction  of,  to  lowest  terms, 
184 ;  simultaneous  equations 
containing,  260 
Fulcrum,  236 

Functions,  467,  468 ;  notation 
for,  468 

Fundamental  operations,  341 
Galileo,  551 

Gauss,  Karl  Friedrich,  331,  335, 
457,  465 

General  linear  system  in  three 
variables,  615 
Geometric  mean,  577 
Geometric  progression,  573 ;  nth 
term  in,  574 

Geometric  series,  579 ;  infinite, 
581,  584 

Graphical  presentation,  494 
Graphical  solution,  389,  473,  474, 
491 

Graphs,  22,  467 ;  bar,  22 ;  circle, 
23,  29 ;  of  equations,  276,  280 ; 
of  formulas,  285 ;  line,  23,  25 ; 
of  quadratic  equations,  469, 
486 ;  of  quadratic  systems,  491 
Greeks,  117 

Hamilton,  William  Rowan,  93 
Highest  common  factor,  374  - 
Hindus,  42,  44,  227,  335,  522 
Homogeneous  systems,  503 
Hyperbola,  488 
Hypotenuse,  296,  311 

Identities,  72 

Imaginary  numbers,  303,  419, 
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456,  565;  addition  and  sub¬ 
traction  of,  458;  division  of 
462 ;  multiplication  of,  459 
Imaginary  roots,  464,  475 
Inconsistent  systems,  391 
Independent  equations,  392 
Indeterminate  equations,  394 
Index,  19,  303 

Infinite  geometric  series,  581,  584 
Integral  expressions,  358 
Interpolation,  in  logarithms,  536 ; 

in  trigonometry,  554 
Inverse  variation,  602 
Inversion,  592 
Inverting  the  divisor,  208 
Involution,  law  of,  402 
Irrational  equations,  450 
Irrational  numbers,  302,  418 

Joint  variation,  604 

Kepler,  551 

Kronecker,  Leopold,  42 

Laplace,  584 
Law  of  probability,  497 
Leibnitz,  619 
Lever,  236 

Linear  equations,  169,  351 ;  solu¬ 
tion  of,  by  factoring,  373 
Linear  functions,  468 
Linear  systems,  252,  389 ;  graphs 
of,  283 ;  literal,  269 ;  solution  of, 
by  addition  and  subtraction, 
254  ;  solution  of,  by  determin¬ 
ants,  611 ;  solution  of,  by  substi¬ 
tution,  258 ;  in  three  variables, 
615 

Literal  equations,  124,  231,  269 
Logarithms,  527 ;  tables  of,  534 ; 
of  trigonometric  ratios,  558, 
560 

Lowest  common  denominator, 
189 

Lowest  common  multiple,  187,378 
Mantissa,  531 

Mean,  239 ;  arithmetic,  567 ; 
geometric,  577 


Mixed  expressions,  reduction  of, 
to  fractions,  202 
Monomial  factors,  359 
Monomials,  48 ;  addition  of,  48 ; 
division  of,  108,  111,  344; 
multiplication  of,  343 ;  square 
root  of,  144 ;  subtraction  of,  68 
Moors,  227 
Morse,  S.  F.  B.,  331 
Motion,  uniform,  127 
Multiple,  lowest  common,  378 
Multiplication,  90,  343 ;  check 
of,  97 ;  in  an  equation,  57 ;  of 
•  exponents,  401 ;  of  fractions, 
204,  380 ;  by  logarithms,  540 ; 
of  polynomials,  92,  95 ;  of 
positive  and  negative  numbers, 
40 ;  of  radicals,  313,  426 

Napier,  Sir  John,  228,  526,  530, 
551 

Negative  exponents,  403 
Negative  numbers,  32 ;  addition 
of,  36,  37 ;  division  of,  42 ; 
multiplication  of,  40 ;  subtrac¬ 
tion  of,  38 

Newton,  Sir  Isaac,  131,  526,  584 
Notation,  factorial,  523 
Numbers,  imaginary,  419,  456; 
irrational,  418;  rational,  418; 
real,  419 

Numeric  value,  37 

Operations,  order  of,  20;  signs 
of,  1,  2,  3 
Ordinates,  277 

Origin,  in  graphical  representa¬ 
tion,  278;  of  symbols,  3 

Parabola,  470 

Parentheses,  19,  345;  in  equa¬ 
tions,  99,  102 ;  inclosing  in,  87, 
88 ;  removal  of,  83,  84,  85 
Pascal’s  triangle,  519 
Percentage,  228 
Plotting  points,  279 
Polynomials,  343,  359  ;  addition 
of,  51 ;  with  a  binomial  factor, 
148 ;  as  denominators,  221 ; 
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division  of,  111,  113,  344; 
with  a  monomial  factor,  146; 
multiplication  of,  343  ;  square 
root  of,  414 ;  subtraction  of,  69 
Positive  and  negative  numbers, 
32 ;  addition  of,  36,  37 ;  divi¬ 
sion  of,  42 ;  multiplication  of, 
40 ;  subtraction  of,  69 
Powers,  96 
Prime  factors,  144 
Primes,  233 

Principal  roots,  303,  412 
Probability  curve,  498 
Problems,  solution  of,  63,  355; 

translation  of,  into  equations,  7  8 
Product,  of  like  terms,  90 ;  of 
means  and  extremes,  239 ;  of 
two  binomials,  137,  139,  141 ; 
of  unlike  terms,  90 
Products,  special,  346 
Progressions,  564,  573 
Proportion,  239,  588 ;  test  of,  591 
Proportional,  fourth,  591 ;  mean, 
590;  third,  590 

Proportions  from  equal  products, 
592 

Quadratic  equations,  169,  325, 
438 ;  graphs  of,  486 ;  history 
of,  334 ;  simultaneous,  335 ; 
solution  of,  by  completing  the 
square,  326 ;  theory  of,  478 
Quadratic  functions,  468,  469 
Quadratic  systems,  491,  499 
Quadratic  trinomial,  161,  164, 
362,  363 

Radicals,  19,  302,  418;  addition 
and  subtraction  of,  306,  425; 
division  of,  316,  428 ;  multipli¬ 
cation  of,  313,  426 ;  sign  of, 
419 ;  simplification  of,  304,  421 
Radicand,  303 

Raising  to  a  power  by  logarithms, 
543 

Raleigh,  Sir  Walter,  4 
Rational  expressions,  358 
Rational  numbers,  302,  317,  418 
Rationalization,  316 


Rationalizing  factor,  317,  429 
Ratios,  237, 574, 588 ;  trigonomet¬ 
ric,  553,  555 
Reciprocal,  267 
Recorde,  4,  289 

Reduction  of  mixed  expressions 
to  fractions,  202 

Relation  between  roots  and  co¬ 
efficients,  479,  480 
Remainder,  116 
Remainder  theorem,  366 
Roots,  of  an  equation,  73,  353, 
482  ;  extraneous,  450 ;  imagi¬ 
nary,  464,  475,  476 ;  principal, 
303 

Satisfying  an  equation,  353 
Scale,  34,  35 

Second  degree,  equations  of,  169 
Series,  expansion  in,  521 ;  geo¬ 
metric,  579 ;  sum  of,  569 
Sign,  of  a  fraction,  377 ;  of  a 
radical,  419 
Significant  figures,  295 
Simple  equations,  169 
Simplification,  of  fractional  radi- 
cands,  308;  of  radicals,  304, 
421 

Simultaneous  equations,  253,  260, 
335 

Sine,  552 

Solution,  by  addition  and  sub¬ 
traction,  391 ;  by  completing 
,  the  square,  438;  by  deter¬ 
minants,  511 ;  by  factoring, 
373 ;  by  formula,  441 ;  of 
problems,  355;  by  substitu¬ 
tion,  390 

Special  products,  134,  346 
Speed,  127 

Square  root,  411,  620;  of  alge¬ 
braic  expressions,  288 ;  of 
arithmetic  numbers,  291,  415; 
of  monomials,  144 ;  of  poly¬ 
nomials,  414 ;  of  surds,  432 
Squares,  of  binomials,  134 ;  dif¬ 
ference  of  two,  156,  361,  363; 
trinomial,  152,  360 
Stifel,  19,  335,  522 
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Subscripts,  233 

Subtraction,  342;  in  an  equa¬ 
tion,  57 ;  of  fractions,  193, 379 ; 
of  monomials,  68;  of  polyno¬ 
mials,  69 ;  of  positive  and  nega¬ 
tive  numbers,  38;  of  radicals, 
306,  425 

Sum  of  like  powers,  369 
Surd,  419 ;  square  root  of,  432 
Symbols,  origin  of,  3 
Symmetric  systems,  507 
Systems,  involving  a  linear  and 
a  quadratic  equation,  335; 
equivalent,  506 ;  homogene¬ 
ous,  503 ;  linear,  252,  389, 
499 ;  quadratic,  499,  503,  510 ; 
solvable  by  quadratics,  499 ; 
symmetric,  507 

Tangent,  552 
Tartaglia,  519 
Telegraph,  331 
Terms,  16 ;  similar,  48 
Theon,  299 

Theorem,  binomial,  518;  factor, 
367 ;  remainder,  366 


Theory  of  quadratic  equations, 
478 

Translation  of  problems  into 
equations,  78 
Transposition,  74,  352 
Trapezoid,  178 
Triangle,  177,  296,  298,  310 
Trigonometric  ratios,  553;  loga¬ 
rithms  of,  558,  560 ;  natural, 
555 

Trigonometry,  552 
Trinomials,  51,  360,  362;  quad¬ 
ratic,  152,  161,  164,  362.  363 
Trinomial  squares,  360 

Uniform  motion,  127 
Unknown,  55 

Variation,  240,  588,  599;  direct, 
600 ;  inverse,  602 ;  joint,  604 
Vieta,  Francois,  320,  335 

Wallis,  John,  65,  408 

I 

Zero,  division  by,  43 ;  as  expo¬ 
nent,  403 
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